R. M. Hristev

Tha WY Haok




The ANN Book — R. M. Hristev — Edition 1
(supercede the draft (edition 0) named “Artificial Neural Networks")

Copyright [0 1998 by R. M. Hristev

This book is released under the GNU Public License, ver. 2 (the copyleft license). Basically
“..the GNU General Public License is intended to guarantee your freedom to share and

change free software—to make sure the software is free for all its users...”. It also means
that, as is free of charge, there is no warranty.




Preface

[ JAbout This Book

In recent years artificial neural networks (ANN) have emerged as a mature and viable
framework with many applications in various areas. ANN are mostly applicable wherever
some hard to define (exactly) patterns have to be dealt with. “Patterns” are taken here in
the broadest sense, applications and models have been developed from speech recognition to
(stock)market time series prediction with almost anything in between and new ones appear
at a very fast pace.

However, to be able to (correctly) apply this technology it is not enough just to throw some
data at it randomly and wait to see what happens next. At least some understanding of the
underlying mechanism is required in order to make efficient use of it.

Please note that this book is released in electronic format (IATEX) and under the
GNU Public Licence (ver. 2) which allow for free copying and redistribution as long
as you do not restrict the same rights for others. See the licence terms included
in file “LICENCE.txt”. A freeware version of IATEX is available for almost any type of
computer/OS combination and is practically guaranteed to produce the same high quality
typesetting output. On Internet the URL where you can find the latest edition/version of
this book is “ftp://ftp.funet.fi/pub/sci/neural/books/". Note that you may find
two files there: one being this book in Postscript format and the other containing the source
files, the source files contain the IATEX files as well as some additional programs — e.g. a pro-
gram showing an animated learning process into a Kohonen network. The programs used in
this book were developed mostly under Scilab, available under a very generous licence (basi-
cally: free and with source code included) from “http://www-rocq.inria.fr/scilab/".
Scilab is very similar to Octave and Matlab. Octave is also released under the GNU licence,
so it's free.

This book make an attempt to cover some of the basic ANN development: some theories,
principles and ANN architectures which have found a way into the mainstream.

First part covers some of the most widely used ANN architectures. New ones or variants
appear at a fast rate so it is not possible to cover them all, but these are among the few ones
with wide applications. This part would be of use as an introduction and for those who have
to implement them but do not have to worry about their applications (e.g. programmers
required to implement a particular ANN engine for some applications — but note that some
important algorithmic improvements are explained in the second part).

Second part takes a deeper insight at the fundamentals as well as establishing the most
important theoretical results. It also describes some algorithmic optimizations/variants for
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U marginal note

ANN simulators which require a more advanced math apparatus. It is important for those
who want to develop applications using ANN. As ANN have been revealed to be statistical by
their nature it requires some basic knowledge of statistical methods. An appendix containing
a small introduction to statistics (very bare but essential for those who did not studied
statistics) have been developed.

Third part is reserved to topics which are very recent developments and usually open-ended.

For each section (chapter, sub-section, e.t.c.) there is a special footnote designed in partic-
ular to refer some bibliographic information. These footnotes are marked with the section
number (e.g. 2.3.1 for sub-section numbered 2.3.1) or with a number and an “.*" for chap-
ters (e.g. 3.* for the third chapter). To avoid an ugly appearance they are hidden from the
section’s title. Follow them for further references.

The appendix(es) contains also some information which have not been deemed appropriate
for the main text (e.g. some useful mathematical results).

The next section describes the notational system used in this book.

|:|Mathematical Notations and Conventions

The following notational system will be used (hopefully into a consistent manner) trough
the whole book. There will be two kind of notations: one which will be described here and
most of the time will not be explained in the text again; the other ones will be local (to the
chapter, section, e.t.c.) and will appear also in the marginal notes in the place where they
are defined/used first, marked with the symbol O like the one appearing here.

So, when you encounter a symbol you don’t know what it is: first look in this section, if
is not here follow the marginal notes upstream from the point where you encountered it
till you find it and there should be its definition (you should not go beyond the current
chapter).

Proofs are typeset in a smaller (8 pt.) font size and refer to previous formulas when not
explicitly specified. The reader may skip them, however following them will enhance its
skills in mathematical methods used in this field.

Do not worry about (fully) understanding all notations defined here, right now. Return here
when the text will send you (automatically) back.

* % %

ANN involves heavy manipulations of vectors and matrices. A vector will be often repre-
sented by a column matrix:

T
X =
TN
and in text will be often represented by its transposed x* = (z; --- xx) (for aesthetic

reasons and readability). Also it will be represented by lowercase bold letters.

A scalar product between two vectors may be represented by a product between the corre-
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spondent matrices:

X'y:Zl‘iZ/iZXTY

(3

The other matrices will be represented by uppercase letters. A inverse of a matrix will be
marked by (-)~!.

There is an important distinction between scalar and vectorial functions. When a scalar
function is applied to a vector or matrix it means in fact that is applied to each element in
turn, i.e.

f(z1)
flx)= : , f:R—>R
flan)
is a scalar function and application to a vector is just a convenient notation, while:
91(x)
g(x) = : , g:IR{N%IR{K
9K (%)

is a vectorial function and generally K # N. Note that bold letters are used for vectorial
functions.

One operator which will be used is the The A(i,:) notation will represent row ¢ of [ :
matrix A, while A(:, 7) will stand for column j of the same matrix.

Another operation used will be the Hadamard product, i.e. the element-wise product Hadamard
between matrices (or vectors) which will be marked with ®. The terms and result have

to have same dimensions (number of rows and columns) and the elements of result are the 0 ©
product of the corresponding elements of terms, i.e.

air -+ Qin bin - bin
A= : , B= : =
Qg1 Qkn ber -+ ben
anbin -+ apbin
C=A0B= : _
agiber - agnbin
ANN acronym for Artificial Neural Network(s).
© Hadamard product of matrices (see above for definition).
(Henr a convenient notation for (:) ® - ® () = (-)O"
—_———

n
matrix “scissors” operator: A(i : j, k : £) selects a submatrix from matrix
A, made from rows i to j and columns k to £. A(i,:) represents row i
while A(:, k) represents column k.

()t transposed of matrix (-).
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()
E{flg}

V{f}

sign(z)

)

Ti

Yj

2k

ty

Wi, Wi

complement of vector (-). it involves swapping 0 <+ 1 for binary vectors
and —1 ¢ +1 for bipolar vectors.

module of (-) (absolute value), when applied to a matrix is an element-
wise operation (by contrast to the norm operation).

norm of a vector or matrix — the actual definition may differ depending
of the metric used.

mean value of a variable.

expectation of event f (mean value), given event g. As f and g are
usually functions then £{f|g} is a functional.

variance of f. As f is usually a function then V{f} is a functional.

1 if x>0
the sign function, defined as sign(z) = < 0 ifz=0.
-1 ifz<0

In case of a matrix, it applies to each element individually.

a matrix having all elements equal to 1, its dimensions will be always
such that the mathematical operations in which is involved are correct.

a (column) vector having all elements equal to 1, its dimensions will be
always such that the mathematical operations in which is involved are
correct.

a matrix having all elements equal to 0, its dimensions will be always
such that the mathematical operations in which is involved are correct.

a (column) vector having all elements equal to 0, its dimensions will be
always such that the mathematical operations in which is involved are
correct.

the unit square matrix, assumed always to have the correct dimensions
for the operations in which is involved.

component i of the input vector.

the input vector: xT

= (1 - an)
output of the output neuron j.

the output vector of output layer: y' = (y1 -+ yk)
output of a hidden neuron k.

the output vector of a hidden layer: z*' = (21 -+ zu)
component k of the target pattern.

the target vector — desired output corresponding to input x.

w; the weight associated with i-th input of a neuron; w;; the weight
associated with connection to neuron j, from neuron i.
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w11 -7 WIN
w the weight matrix W = : : , note that all weights

WK1 . WKN
associated with a particular neuron j (j = 1, K) are on the same row.

a; total input to a neuron j, the weighted sum of its inputs, e.g. a; =
>~ wj;x; — for a neuron receiving input x, w;; being the weights.
all ¢

a the vector containing total inputs a; for all neurons in a same layer,
usually a = Wzye,, where zp,. is the output of previous layer.

f activation function of the neuron; the neuron output is f(a;) and the
output of current layer is z = f(a).

I the derivative of the activation function f.

E the error function.

Cr class k.

P(Cy) prior probability of a pattern x to belong to class &.

P(Xy) distribution probability of a pattern x to be in pattern subspace X,.

P(Cy,X,) join probability of a pattern x to belong to class k and pattern subspace
Xy.

P(X|Cx) class-conditional probability of a pattern x to belonging to class k to be
in pattern subspace Xjy.

P(Cr|X¢) posterior probability of a pattern x to belong to class k£ when is from
subspace Xy.

D probability density.

Note also that wherever possible will try to reserve index ¢ for input components, j for hidden
neurons, k for output neurons and p for training patterns with P as the total number of
(lerning) patterns.

Ryurick M. Hristev
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CHAPTER ]_

Basic Neuronal Dynamics

[ ]1.1 Simple Neurons and Networks

First attempts at building artificial neural networks (ANN) were motivated by the desire to
create models for natural brains. Much later it was discovered that ANN are a very general
statistical' framework for modelling posterior probabilities given a set of samples (the input
data).

The basic building block of a (artificial) neural network (ANN) is the neuron. A neuron is a
processing unit which have some (usually more than one) inputs and only one output. See
figure 1.1 on the following page. First each input z; is weighted by a factor w; and the

whole sum of inputs is calculated > w;z; = a. Then a activation function f is applied
all inputs

to the result a. The neuronal output is taken to be f(a).

Generally the ANN are build by putting the neurons in layers and connecting the outputs of
neurons from one layer to the inputs of the neurons from the next layer. See figure 1.2 on
the next page. The type of network depicted there is also named feedforward (a feedforward
network do not have feedbacks, i.e. no “loops™). Note that there is no processing on the
layer 0, its role is just to distribute the inputs to the next layer (data processing really starts
with layer 1); for this reason its representation will be omitted most of the time.

Variations are possible: the output of one neuron may go to the input of any neuron,
including itself; if the outputs on neuron from one layer are going to the inputs of neurons
from previous layers then the network is called recurrent, this providing feedback; lateral

1*For more information see also [BB95], it provides with some detailed theoretical neuronal models for
true neurons.

UIn the second part of this book it is explained in greater detail how the ANN output have a statistical
significance.
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\7 | \7 |
z; Xwi 1oy ' a " f(a) | f(a)
| ! | !
i i
weighted sum activation
unit unit
inputs output

Figure 1.1: The neuron

(layer 0) layer 1 layer L —1 layer L

Figure 1.2: The general layout of a (feedforward) neural network.
Layer 0 distributes the input to the input layer 1. The
output of the network is (generally) the output of the out-
put layer L (last layer).

feedback is done when the output of one neuron goes to the other neurons on the same
layer?.
So, to compute the output, an “activation function” is applied on the weighted sum of
inputs:

total input = a = Z w; - T;

all inputs

output = activation function Z wi-x; | = f(a)

all inputs

2This is used into the SOM/Kohonen architecture.
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More general designs are possible, e.g. higher order ANNs where the total input to a neurons
contains also higher order combinations between inputs (e.g. 2-nd order terms, of the form
w;jT;2;); however these are seldom used in practice as it involves huge computational efforts
without clear-cut benefits.

The tunable parameters of an ANN are the weights {w;}. They are found by different

mathematical procedures® by using a given set of data. The procedure of finding the
weights is named learning or training. The data set is called learning or training set and
contain pairs of input vectors associated with the desired output vectors: {(x;,y;)}. Some
ANN architectures do not need a learning set in order to set their weights, in this case the
learning is said to be unsupervised (otherwise the learning being supervised).

|:| Remarks:

O Usually the inputs are distributed to all neurons of the first layer, this one being
called the input layer — layer 1 in figure 1.2 on the facing page. Some networks
may use an additional layer which neurons receive each one single component
of the total input and distribute it to all neurons of the input layer. This layer
may be seen as a sensor layer and (usually) doesn’t do any (real) processing. In
some other architectures the input layer is also the sensor layer. Unless otherwise
specified it will be omitted.

[ The last layer is called the output layer. The output set of the output neurons
is (commonly) the desired output (of the network).

O The layers between input and output are called hidden layers.

|:|1.2 Neurons as Functions

Neurons behave as functions. Neurons transduce an unbounded input activation z(t) at a
time ¢ into a bounded output signal f(z(t)). Usually a sigmoidal or S—shaped curve, as
in figure 1.3 on the next page describes the transduction. This function (f) is called the
activation or signal function.

The most used function is the logistic signal function:

1

fo=1rea

which is sigmoidal and strictly increases for positive scaling constant ¢ > 0. Strict mono-
tonicity implies that the activation derivative of f is positive:
r_ df

f :%:cf(l—f)>0

The threshold signal function (dashed line) in figure 1.3 on the following page illustrates
a non-differentiable signal function. The family of logistic signal function, indexed by ¢,
approaches asymptotically the threshold function as ¢ = +o00. Then f transduce positive
activations signals a to unity signals and negative activations to zero signals. A discontinuity

3Most usual is the gradient-descent method and derivatives.
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o0 f

Figure 1.3: Signal f(a) as a bounded monotone-nondecreasing func-
tion of activation a. Dashed curve defines a threshold
signal function.

occurs at the zero activation value (which equals the signal function's “threshold”). Zero
activation values seldom occur in large neural networks*.

The signal velocity df [dt, denoted f measures the signal’s instantaneous time change. f
is the product between the change in the signal due to the activation and the change in the
activation with time:

. df da

- — !5
F=gea =11

[ ]1.3 Common Signal Functions

The following activation functions are more often encountered in practice:

1. Logistic:
1
1 =1rea
where ¢ > 0, ¢ = const. is a positive scaling constant. The activation derivative is
dj
fl= d—f =cf(1— f) and so f is monotone increasing (f > 0). This function is the
a

most common one.
2. Hyperbolic-tangent:

C ca

e’ —e”

f(a) = tanh(ca) = m

where ¢ > 0, ¢ = const. is a positive scaling constant. The activation derivative is

d
f'= d—J; =¢(1— f?) > 0 and so f is monotone increasing (f < 1).

4Threshold activation functions were used in early developments of ANN, e.g. perceptrons, however
because they were not differentiable they represented an obstacle in the development of ANNs till the
sigmoidal functions were adopted and gradient descent techniques (for weight adaptation) were developed.
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3. Threshold:
1 ifax>2
fla)=<0 ifa<0
ca otherwise (z € [0,1/¢])
where ¢ > 0, ¢ = const. is a positive scaling constant. The activation derivative is:
f(a) = daf _ )0 if a € (.—oo,O)U [1/¢,00)
da ¢ otherwise
Note that is not a true threshold function as it have a non-infinite slope between 0
and c.
4. Exponential-distribution:
f(a) = max(0,1 —e™ )
where ¢ > 0, ¢ = const. is a positive scaling constant. The activation derivative is:
df
' — Y _ .,—ca
fl@) = = ce
and for a > 0, supra-threshold signals are monotone increasing (f' > 0). Note: since
the second derivative f”" = —c?e~°® the exponential-distribution function is strictly
convex.
5. Ratio-polynomial:
an
=max [ 0, —— forn>1
f(a) mx( c—l—a”> n
where ¢ > 0, ¢ = const.. The activation derivative is:
= df _ cna™~t
da  (c+a")?
and for positive activation supra-threshold signals are monotone increasing.
6. Pulse-coded: In biological neuronal systems the information seems to be carried

by pulse trains rather than individual pulses. Train-pulse coded information can be
decoded more reliably than shape-pulse coded information (arriving individual pulses
can be somewhat corrupted in shape and still accurately decoded as present or absent).

The exponentially weighted time average of sampled binary pulses function is:
t
0= [ atetas
—0o0

t being time, where the function g is:

1 if a pulse occurs at ¢
g(t) = :
0 if no pulse at ¢

and equals one if a pulse arrives at time ¢ or zero if no pulse arrives.

The pulse-coded signal function is: f(¢) : [0,1] — [0, 1].

Ut g
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Proof. If g(t) =0, Yt then f(t) = 0 (trivial).
If g(t) =1, Vt then

t
ft) = / e Ttds=e"t— lim et=1
— 00

88— —00

When the number of arriving pulses increase then the “pulse count” can only increase so f is
monotone nondecreasing. O



CHAPTER 2

The Backpropagation Network

The backpropagation network represents one of the most classical example of an ANN,
being also one of the most simple in terms of the overall design.

D2.1 Network Structure

The network consists of several layers of neurons. The first one (let it be layer 0) distributes
the inputs to the input layer 1. There is no processing in layer 0, it can be seen just as a
sensory layer — each neuron receive just one component of the input (vector) x which gets
distributed, unchanged, to all neurons from the input layer. The last layer is the output
layer which outputs the processed data; each output of individual output neurons being a
component of the output vector y. The layers between the input one and the output one
are hidden layers.

|:| Remarks:

O Layer 0 have to have the same number of neurons as the number of input com-
ponents (dimension of input vector x).

O The output layer have to have the same number of neurons as the desired output
have (i.e. the dimension of the output vector y dictates the number of neurons
on the output layer).

O In general the input and hidden layers may have any number of neurons, however
their number may be chosen to achieve some special effects in some practical
cases.

The network is a straight feedforward network: each neuron receives as input the outputs feedforward
network
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(layer 0) layer 1 layer £ — 1 layer ¢ layer L —1 layer L

Figure 2.1: The backpropagation network structure.

of all neurons from the previous layer (excepting the first sensory layer). See figure 2.1.

O zer, werj, Xp,  The following notations are used:
tp(xp), 20i, Ne, L,

Ji e 2y is the output of neuron j from layer /.

e wyy; is the weight by which output of neuron j from layer £ — 1 contribute to input
of neuron k from layer /.

® X, is training input vector no. p.
e t,(xp) is the target (desired output) vector no. p (at training time).

e 2o is the ¢ component of input vector. By notation, at training time, zo; = x;, where
x; is the component i of one of input vectors, for some p.

e Ny is the number of neurons in layer /.

e L is the number of layers (the input layer is no. 0, the output layer is no. L).

e P is the number of training vectors, p =1, P

The learning set is (according to the above notation) {(x,,t,)},_1 5.

[ ]2.2 Network Dynamics

2.2.1 Neuron Output Function

The activation function used is usually the logistic:

f(a):m ; f:R—(0,1), ¢>0, ¢=const. (2.1)
R O . ) (22)

da [l 4+ exp(—ca)]?
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but note that the backpropagation algorithm is not particularly tied up to it.

2.2.2 Network Running Function

Each neuron compute at output the weighted sum of its input to which it applies the signal
function (see also figure 2.1 on the facing page):

Ne_1
2z = f Z Wekj2e—1, (2.3)
=t

It must be computed in succession for each layer, starting from input and going trough all
layer in succession till the output layer is reached.

A more compact matrix notation may be developed as follows. For each layer (except 0), a
matrix of weights W, is build as:
Werr 0 WeIN,_,
W, = . .
WeN,1 tt WEN, N,

(note that all weights associated with a particular neuron are on the same row) then,
considering the output vector of the previous layer z; 1

zi 1= (210 o zeaN,,)
the output of the actual layer £ may be calculated as:
z = f(ag) = (flan) - flaew,))

where ay = W[ Zy—1.

2.2.3 Network Learning Function

The network learning process is supervised i.e. the network receives (at training phase) both
the raw data as inputs and the targets as output. The learning involves adjusting weights
so that errors will be minimized. The function used to measure errors is usually the sum-of-
squares defined below but note that backpropagation algorithm is not particularly tied up
to it.

Definition 2.2.1. For an input pattern x and the associated target t, the sum-of-squares
error function E(W) (E is dependent on all weights W) is defined as:

Nt

EW) =3 Y lerq(x) — ty(x))?

g=1
where zrq is the output of neuron q from the output layer i.e. the component q of the
output vector.

Note that all components of input vector will influence any component of output vector,
thus 21y = 214(x).

g we

DZ[

Da[

0E, W

O ZLq
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U Eot.

0 Nw

Ut

delta rule

|:| Remarks:

O Considering all learning samples (the full training set) then the total sum-of-
squares error sum-of-squares error Eyo. (W) (Eyo. is also dependent of all weights
as E) is defined as:

B (0) = 3 3BV = 33 L) ~tale) (29)

The network weights are found (weights are adapted/changed) step by step. Considering

Ny the total number of weights then the error function E : R™ — R may be represented

OE(W)
8w,_;ji

as a surface in the R 1 space. The gradient vector VE = { } shows the

direction of (local) maximum of square mean error and {wy;;} are to be changed in the

opposite direction (so “—" have to be used) — see also figure 2.3 on the next page.

In the discrete time ¢ approximation, at step ¢t + 1, given the weights at step ¢, the weights
are adjusted as:

DE(W)
K Owris
Weji

Weji (t + 1) = ngi(t) aEP(W) ‘

P
= we;i(t) — p
Wt I pz:; Owyj;

where 1 = const., > 0 is named the learning constant and it is used for tuning the speed
and quality of the learning process.

In matrix notation the above equation may be written simply as:
W(it+1)=W(t) —uVE (2.5)

because the error gradient may also be considered as a matrix or tensor, it have the same
dimensions as W .

|:| Remarks:

0 The above method does not provide for a starting point. In practice, weights are
initialized with small random values (usually in the [—1, 1] interval).

O The (2.5) equation represents the basics of weight adjusting, i.e. learning, in
many ANN architectures; it is known as the delta rule:

AW =W(t+1) - W(t) x —VE

O If p is too small then the learning is slow and it may stop the learning process
into a local minimum (of E), being unable to overtake a local maximum. See
figure 2.3 on the facing page.

O If u is too large then the learning is fast but it may jump over local minimum
of E) which may be deeper than the next one. See figure 2.3 on the next page
( y P g g
(Note that in general that is a surface).

O Another point to consider is the problem of oscillations. When approaching error
minima, a learning step may overshot it, the next one may again overshot it
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Figure 2.2: Oscillations in learning process.  The weights move
around E minima without being able to reach it (arrows
show the jumps made by the learning process).

local maximum

local minimum

gy

Figure 2.3: E(w) — Total square error as function of weights. VE
points towards the (local) mazimum.

bringing back the weights to a similar point to previous one. The net result is
that weights are changed to values around minima but never able to reach it.
See figure 2.2. This problem is particularly likely to occur for deep and narrow
minima because in this case VE is large (deep = steep) and subsequently AW
is large (narrow = easy to overshot).

The problem is to find the error gradient VE. Considering the “standard” approach (i.e.
{VE}ZJ'Z' ~

A for some small Awyj;) this would require an computational time of the
Weji

order O(N3,), because each calculation of E require O(Nw ) and it have to be repeated
for each wgj; in turn.

The importance of the backpropagation algorithm resides in the fact that it reduces the
computational time of VE to O(Nyw ), thus greatly improving the speed of learning.

Theorem 2.2.1. Backpropagation algorithm. For each layer (except 0, input), an error
gradient matrix may be build as follows:

backpropagation
0 (VE),
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oF ... __0OFE
Owge11 Owein,
(VE)e=| - : , (=1L
oF e, 0B
Owen,1 Owen,N,_;
UvV,E For each layer, except L the error gradient, with respect to neuronal outputs, may be defined
as:
OE OE —
VZeEE(BZu 8Z€Ne)’ t=1L-1
The error gradient with respect to network output zy, is considered to be known and de-
pendent only on network outputs {zr,(x,)} and the set of targets {t,}.
V. E = known.
Then considering the error function E and the activation function f and its total derivative
f' then the error gradient may be computed recursively according to the formulas:
VauE =W, Vo E® f(ar1)] calculated recursively from L — 1 to 1 (2.6a)
(VE); = [V, E0 f'(ar)] 2/, for layers ¢ =1,L (2.6b)
0 zg where zy = X.

Proof. The error E(W) is dependent on wy;; trough the output of neuron (j,1) i.e. z4;:
OE  OFE Oz
8’LU[]‘7; 32:[]' 8’LU[]‘7;

and each derivative is computed separately

3Z{j
Weji

0 term

Ny
32[]‘ 0
= f § Weim=L—1,m =
8’LU[]‘7; 8’LU[]‘7; |: m—1 J

Ng—1 5 Ne_1
’
=f E Wejme—1,m | * W E Weime—1,m | =
m=1 i m=1

= f'(ae;) - 20—1,5

because weights are mutually independent.

0 term

8Z(j

Neuron z;; affect E trough all following layers that are intermediate between layer £ and output (the
influence being exercised through the interposed neurons).

0z¢41,m
Z[j

First affected is next, ¢ + 1, layer, trough term (and then the dependency is carried on next

successive layers):

N
OE il OE  dzpp1m
32:[]' me—1 8Z(+1,m 32:[]'
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Neya N,
oF o
= e |:f (Z wl+l,qul’q>:| =

azl’+l,n7, 32[]‘ g=1

Nega oOF N, P N,
’
= 37 . f Zwl’+l,nzqzl’q . 3— Zwl’-#—l,qulq =
m=1 Y%+1,m q=1 i \g=1
e oF
’
= > ——— f(ag1,m) We1,mj
m=1 3Z{+1,m

which represents exactly the element j of column matrix Vz,E as build from (2.6a). The above formula
applies iteratively from layer L — 1 to 1, for layer L, V,, E is assumed known.
Finally, the desired derivative is:

Nega OF

m—1 8Zl+l,m

OE  OE 9z,
8’(1}[]'1‘ n Bz“ Bw[ji n

fl(al+l,m)wl+l,mj:| f'(aej) ze-1,:
representing the element found at row j, column i of matrix (VE), as build from (2.6b). a

Proposition 2.2.1. If using the logistic activation function and sum-of-squares error func-
tion then the error gradient may be computed recursively according to the formulas:

Vo, E=z5(x)—t (2.7a)
Ve E=cWh, - [vzHlE Oz ©(1- le)] for ¢=T,L—1 (2.7b)
(VE), = ¢ [VZZEQZ;Z ® (i—zf)] . for (=T,L (2.7¢)

where zg = X

Proof. From definition 2.2.1:
OF

0zL;

=zpj—tj = Vg E=2zp—t

By using (2.2) in the main results (2.6a) and (2.6b) of theorem 2.2.1, and considering that f(a;) = z; the
other two formulas are deducted immediately. O

2.2.4 Initialization and Stop

Weights are initialized (in practice) with small random values and the adjusting process
continue by iteration.

The stopping of the learning process can be done by one of the following methods:
O choosing a fixed number of steps t = 1, T.

O the learning process continue until the adjusting quantity Awgj; = weji(at time t+1) —
Weji(at time ¢) 1S under some specified value, V¢, Vj, Vi.

O learning stops when the total error, e.g. the total sum-of-squares Ei , attain a minima
on a test set, not used for learning.

|:| Remarks:

O If the trained network performs well on the training set but have bad results
on previously unseen patterns (i.e. it have pour generalization capabilities) then
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this is usually a sign of overtraining (assuming, of course, that the network is
reasonably build and there are a sufficient number of training patterns).

[ ]2.3 The Algorithm

The algorithm is based on discrete time approximation, i.e. timeist=0,1,2,....

The activation and error functions and the stop condition are presumed to be chosen (known)
and fixed.

Network running procedure:

1. The input layer is initialised, i.e. the output of input layer is made to be x:

Zop = X

For all layers ¢ = 1, L — starting with first hidden layer 1 — do:
7= f (Weze—1)

2. The output of the network is taken to be the output of the output layer, i.e. y = zj,.
Network learning procedure:

1. Initialize all {wj;} weights with (small) random values.

2. For all training sets (x,,t,) (as long as the stop condition is not met) do:

(a) Run the network to find the activations on all neurons a, and then the derivatives
f'(a). The network output y, = z1.(xp) = f(ar) will also be required on next
step.

NOTE: The algorithm require the derivatives of activation functions for all neu-
rons. For most activation functions this may be expressed in terms of activation
itself, i.e. f'(ay) = g(z¢), as is the case for logistic, see (2.2). This approach may
reduce the memory usage or increase speed (or both in case of logistic function).

(b) Using (yp,tp), calculate V,, E, e.g. for sum-of-squares use (2.7a).
(c) Compute the error gradient.

e For output layer (VE)y, is calculated directly from (2.6b) (or from (2.7¢)
for sum-of-squares and logistic).

e Forall other layers ¢ = 1, L — 1, going backwards from L—1 to 1, calculate
first V,, E using (2.6a) (or (2.7b) for sum-of-squares and logistic).

Then calculate (VE), using (2.6b) (or respectively (2.7¢)).
(d) Update the W weights according to the delta rule (2.5).

(e) Check the stop condition and exit if it have been met.

|:| Remarks:

O In most cases' a better performance is obtained when training repeatedly with
the whole training set. A shuffling of patterns is recommended, between repeats.

1But e.g. not when patterns form a time series.



2.3. THE ALGORITHM

17

O Trying to stop error backpropagation when is below some threshold value § may

also improve learning, e.g. in case of sum-of-squares the V,, £ may be changed
to:

forq=1,Ng

0 otherwise

OE  )zpg—ty iflzpg —ty >0
c‘)qu o

i.e. rounding towards 0 the elements of V,, E smaller than 4.
The classical way of calculating the gradient, i.e.

OF " E(ngi + E) — E(ngi — E)
8w,_;ji 2¢e ’

€20

while too slow for direct usage, is an excellent tool for checking the correctness
of algorithm implementation.

There are not (yet) good theoretical methods of choosing the learning parameters
(constants) p and §. The practical, hands-on, approach is still the best. Usual
values for p are in the range [0.1,1] (but some networks may learn even faster
with ¢ > 1) and [0, 0.1] for 4.

In accordance with neuron output function (2.1) the output of the neuron have
values within (0, 1) (in practice, due to rounding errors, the range is in fact [0, 1]).

If the desired outputs have values within [0, 00) then the following transforming
function may be used:

y(x) =1 —exp(—az) , «a>0, a=const.

which have the inverted:

The same procedure described above may be used for inputs.

This kind of transformation can be used each time the desired input/output falls
beyond neuron activation function range.

By no means reaching the absolute minima of E is guaranteed. First the training
set is limited and the error minima with respect to the learning set may will
generally not coincide with the minima considering all possible patterns, but in
most cases should be close enough for practical applications.

On the other hand, the error surface have a symmetry, e.g. swapping two neu-
rons from the same layer (or in fact their weights) will not affect the network
performance, so the algorithm will not search trough the whole weight space but
rather a small area of it. This is also the reason for which the starting point,
given randomly, will not affect substantially the learning process.

0d
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bias
U wero

Figure 2.4: Bias may be emulated with the help of an additional neu-
ron zgo those output is always 1 and is distributed to all
neurons from next layer (exactly as for a “regular” neu-
ron).

[]2.4 Bias

Some problems, while having an obvious solution, cannot be solved with the architecture
described above?. To solve these, the neuronal activation (2.3) is changed to:

Ng_1
zor = f | wero + D Wikjze-1, (2.8)
j=1
and the new parameter wy¢yo introduced is named bias.

As it may be immediately be seen the change is equivalent to inserting a new neuron zy,
whose activation (output) is always 1, on all layers except output. See figure 2.4.

The required changes in neuronal outputs and weight matrices are:
we10 we11 o WeIN,
~T Irr
Z; = (1 Zin e Z[NZ) and W, =

WeN,0 W¢N,1 - WIN,N,_y

biases being added as a first column in W;, and then the neuronal output is calculated as
z¢ = f(ag) = f(Wyze1).

—_~—

The error gradient matrix (VE), associated with W, is:

oOF oOF oOF

Oweio Ower T bwan,_,
N
(VE), = : ; :
oF °0E oE
Owenyo  Oweng1 Owen,Ny_ 4

Following the changes from above, the backpropagation theorem becomes:

2E.g. the tight encoder described later.
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Theorem 2.4.1. Backpropagation with biases. If the error gradient with respect to
neuronal outputs V,, E is known, and depends only on (actual) network outputs {zr,(x,)}

and targets {t,}:

V., E = known.

then the error gradient (with respect to weights) may be calculated recursively according to
formulas:

Vo E=W,, - Vi E® f'(ag1)]  calculated recursively from L —1 to 1 (2.9a)

(VE), = [V, E® f'an)] - 77, for layers { =T, (2.9b)
where zy = X.
Proof. See theorem 2.2.1 and its proof.

Equation (2.9a) results directly from (2.6a).

——

Columns 2 to Ny_; + 1 of (VE), represents (VE), given by (2.6b).

The only terms to be calculated remains those of first column of (VE)I, i.e. terms of the form 6350,
J
j being the row index. But these terms may be written as (see proof of theorem 2.2.1):
OE  OE Oz
311)[]‘0 32[]‘ 3’(1)[]'0
where ;Tf_ is term j of V5, already calculated, and from (2.8):
J
Dz ’ ’
= f'(ag;) - 1= f(ag
awljo f( l]) f( lj)
As Z;_1,1 = 1 (by construction) then formula (2.9b) proves correct. O

Proposition 2.4.1. If using the logistic activation function and the sum-of-squares error
function then the error gradient may be computed recursively using the formulas:

Vo E=2zr(x)—t (2.10a)
Vo B = W, - [VZHIE 21 (A —2ze1)| fort=T,0L -1 (2.10b)
(/V_\E/)l =c [VZEE 0z (1 —2)| -7, fort =1,L (2.10c)

where zg = X.

Proof. It is proved the same way as proposition 2.2.1 but using theorem 2.4.1 instead. O

|:| Remarks:

O The algorithm for a backpropagation ANN with biases is (mutatis mutandi) iden-
tical to the one described in section 2.3.

O In practice, biases are usually initialized with 0.

backpropagation
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momentum
O«

[ ]2.5 Algorithm Enhancements

2.5.1 Momentum

The weight adaption described in standard (“vanilla”) backpropagation (see section 2.2.3)
is very sensitive to small perturbations. If a small "bump” appears in the error surface the
algorithm is unable to jump over it and it will change direction.

This situation is avoided by taking into account the previous adaptations in learning process
(see also (2.5)):

AW (t) = W(t+1) = W(t) = — uVEly ) + aAW(t 1) (2.11)

This procedure is named backpropagation with momentum and a € [0,1) is named the
momentum (learning) parameter.

The algorithm is very similar (mutatis mutandi) to the one described in section 2.3. As
the main memory consumption is given by the requirement to store the weight matrix
(especially true for large ANN), the momentum algorithm requires double the amount of
standard backpropagation, to store AW for next step.

|:| Remarks:

O When choosing the momentum parameter the following results have to be con-
sidered:

e if & > 1 then the contribution of each Awg;; grows infinitely.
e if & 2 0 then the momentum contribution is insignificant.
so a should be chosen somewhere in [0.5,1) (in practice, usually a ~ 0.9).

0 The momentum method assumes that the error gradient slowly decreases when
approaching the absolute minimum. If this is not the case then the algorithm
may jump over it.

O Another improvement over momentum is the flat spot elimination. If the error

surface is very flat then VE = 0 and subsequently AW = 0. This may lead to
a very slow learning due to the increased number of training steps required. To
avoid this problem, a change to the calculation of error gradient (2.6b) may be
performed as follows:

(266) = (VE)psaudo = {Va E© [f'(a0) +ep 1] } -4,

where (VE)¢ pseudo i5 no more the real (VE),. The ¢y is named flat spot elimi-
nation constant.

Several points to note here:

e The procedure of adding a term to f’ instead of multiplying it means that
(VE) ¢ pseudo is more affected when f’ is smaller — a desirable effect.

25.1[BTW95] p. 50
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Figure 2.5: Learning with momentum. A contributing term from the
previous step is added.

e The error gradient terms corresponding to a weight close to input layer is
smaller than a similar term for a weight more closely to the output layer
because the effect of changing the weight gets attenuated when propagated
trough layers. So another effect of ¢y is the speed up of weight adaptation
in layers close to input, again a desirable effect.

e The formulas (2.7¢), (2.9b) and (2.10c) change the same way:

(VE) ¢t pseudo = € {VZZE ® [z@ ® (1 - 2) + -ﬂ } 2l (2.12a)

—~—

(VE) i psesto = {Va B O [F'(a0) + ¢ - 1] } -7, (2.12b)

—~—

(VE) pseudo = € {Vz,_,E O] [zz ® (1 —2) + s i] } Zr, (2.12¢)

O In physical terms: The set of weights W may be though as a set of coordinates
defining a point in the space R . During learning, this point is moved towards
reducing the error E. The moment introduce an “inertia” proportional to «,
such that when changing direction under the influence of VE “force” it have a
tendency to keep the old direction of movement and “overshot” the point given
by —uVE. See figure 2.5.

The momentum method assumes that if the weights have been moved in some
direction then this direction is good for the next steps and is kept as a trend:
unwinding the weight adaptation over 2 steps (applying (2.11) twice, for ¢ — 1
and t) it gives:

AW(t) = —pu VE|y 4y —apn VE|y_q) + QAW (t — 2)

and it can be seen that the contributions of previous AW gradually disappear
with the increase of power of « (as a < 1).

2.5.2 Adaptive Backpropagation

The main idea of this algorithm came from the following observations:

e If the slope of the error surface is gentle then a big learning parameter could be used
to speed up learning over flat spot areas.

252[BTW95] p. 50
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Uz D

U po

e If the slope of the error surface is step then a small learning parameter should be used
to avoid overshooting the error minima.

e In general the slopes are gentle in some directions and step in the other ones.

This algorithm is based on assigning individual learning rates for each weight w;; based on
the previous behavior. This means that the learning constant p becomes a matrix of the
same dimension as .

The learning rate is increased if the gradient kept the direction over last two steps (i.e. is
likely to continue) and decreased otherwise:

Tpesi(t —1)  if Awpss(t) Awgji(t — 1) >
pesi(t) = peji( ) ' weji(t) Awegi( )20 (2.13)
'D/j,[ji(t — 1) if Angi(t) Angi (t — 1) <0

where Z > 1 and D € (0,1). The Z parameter is named the adaptive increasing factor and
the D parameter is named the adaptive decreasing factor.

In matrix form, equation (2.13) may be written considering the matrix of Awg;; sign changes,
i.e. sign[AW(t) © AW (¢t —1)]:

u(t) = {(Z - D) sign [sign(AW () © AW (t = 1)) + 1| +D- T} op(t—1)  (214)

Proof. The problem is to build a matrix containing 1-es corresponding to each Awy;;(t)Awg;;(t—1) >0
and 0-es in rest. This matrix multiplied by 7 will be used to increase the corresponding ji,;; elements. The
complementary matrix will be used to modify the matching f,;; which have to be decreased.

The sign(AW (t) ® AW (t — 1)) matrix have elements consisting only of 1, 0 and —1. By adding 1 and
taking the sign again, all 1 and 0 elements are transformed to 1 while the —1 elements are transformed to
zero. So the desired matrix is

sign [sign(AW(t) OAW(t—1)) + T]
while its complementary is
1 sign [sign(AW(t) OAW(t — 1)) + I]
Then the updating formula for p finally becomes:
u(t) = Tu(t — 1) ® sign [sign(AW(t) OAW(t— 1)) + T]

+Dult—1)® {T — sign [sign(AW(t) OAW(t—1)) + T] } m|

|:| Remarks:

O {peji} is initialized with a constant o and AW (t — 1) = 0. Learning parameter

matrix 4 is updated after each training session (considering the current AW (t)).
For the rest the same main algorithm as described in section 2.3 apply.

Note that after initialization, when 1(0) = po and AW (0) = 0, the first step
will lead automatically to the increase u(1l) = Zug, so po should be chosen
accordingly.

Also, this algorithm requires three times as much memory compared to standard
backpropagation, to store y and AW for next step, both being of the same size
as W.
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O If Z =1 and D =1 then the effect of algorithm is obviously void.

In practice Z € [1.1,1.3] and D < 1/7 gives the best results for a wide spectrum
of applications.

O Note that sign(AW(t) ® AW (¢t — 1)) could be replaced by sign(AW(t)) ®
sign(AW(t — 1)). This is a tradeoff between one floating point multiplication
followed by a sign versus two sign operations followed by an integer multiplication;
whatever is faster may depend on the actual system used.

Due to the fact that the next change is not exactly in the direction of the error gradient
(because each component of VE is multiplied with a different constant) this technique may
cause problems. This may be avoided by testing the output after an adaptation has taken
place: if there is an increase in output error then the adaptation should be rejected and the
next step calculated with the classical method; then the adaptation process can be resumed
at next step.

2.5.3 SuperSAB

SuperSAB (Super Self-Adapting Backpropagation) is a combination of momentum and
adaptive backpropagation algorithms.

The algorithm uses adaptive backpropagation for the wg;; terms who continue to move in
the same direction and momentum for the others, i.e.:

o If Angi(t) Awgj; (t —1) > 0 then:
preji(t) =T peji(t — 1)

OE

Awgji(t +1) = —peji(t) Fwr
di lw (1)

the momentum being 0 because it’s not necessary, the learning rate grows in geomet-
rical progression due to the adaptive algorithm.

o If Angi(t) Awgj; (t — 1) < 0 then:

peji(t) = D pueji(t — 1)

OF
Awm(t + 1) = —lgji 5 — OéAngi (t)
Owji W(t)
Note the “—" sign in front of a which being used to cancel the previous “wrong”

weight adaption (not to boost Awg;; as in momentum method); the corresponding
feji is decreased to get smaller steps.

In matrix notation SuperSAB rules are written as:

u(t) = {(Z — D) sign [sign(AW(t) O AW(t—1)) +T] +D T} Opt—-1)

AW (t+1) = —u(t) © VE — aAW (1) ® {T _ sign [sign(AW(t) ©AW(t — 1)) + I] }

253[BTW095] p. 51
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Proof. The first equation came directly from (2.14).

For the second equation, the matrix
T sign [sign(AW(t) OAW(Et — 1)) + I]

contains, as elements, 1 if Awg;;(t)Aw,;; < 0 and zero in rest, so momentum terms are added exactly to
the wy;; requiring it, see proof of (2.14). O

|:| Remarks:

O While this algorithm uses the same main algorithm as described in section 2.3 (of
course with the required changes) note however that the memory requirement is
four times higher than for standard backpropagation, to store supplementary p
and two AW.

O Arguably, the matrix notation for this algorithm may be less beneficial in terms of
speed. However: there is a benefit of splitting the effort of implementation into
two levels, a lower one, dealing with matrix operations and a higher one dealing
with the implementation of the algorithm itself. Beyond this an efficient matrix
operations implementation may be already developed for the targeted system (e.g.
an efficient matrix multiplication algorithm may be several times faster than the
classical one when written specifically for the system used®, there is also the
possibility of taking advantage of the hardware, threaded matrix operation on
multiprocessor systems e.t.c.).

All algorithms presented here may be sees as predictors (of error surface features) from
the simple momentumto the more sophisticated SuperSAB. Based on previous behaviour of
error gradient, they try to predict the future behaviour and change learning path accordingly.

[ ]2.6 Applications

2.6.1 Identity Mapping Network

The network consists of 1 input, 1 hidden and 1 output neurons with 2 weights: w; and
wa. See figure 2.6 on the next page.

This particular network, while of little practical usage, it presents some interesting fea-
tures:

e there are only 2 weights so it is possible to visualize exactly the error surface see
figure 2.7 on the facing page;

e the error surface have a local maxima and a local minima, note that if the weights are
“trapped” into the local minima the standard backpropagation can't move forward as
V E becomes zero there.

The problem is to configure w; and ws such that the identity mapping is realized for binary
input.

3For a fast implementation of a matrix multiplication on a RISC processor , 8 times speed increase, see
[Mos97]. For a multi-threaded matrix multiplication see [McC97].
26.1[BTW95] pp. 48-49
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input hidden output

Figure 2.6: The identity mapping network

E(’U}l,wg)

1.237

0.250

local maximum local minimum

Figure 2.7: The error surface for identity mapping network.

The output of input neuron is z, = zg; (by notation). The output of hidden neuron zy; is
(see (2.3)):

1
1+ exp(—cwi201)

211

The output of the output neuron is:

1 1

1+ exp(—cw2z1) 14 exp (71+exp(ci”§wlzm))

221 =

The identity mapping network tries to map its input to output i.e.

for z; = zon =0 = t1(2’01) =0
1

forzeg =201 =1 = tQ(Z()l)

The square mean error is (2.4), where P =2 and N, = 1:

P 1

Eror (w1, wz) = % Z Z [224(2p) — tq(xp)]2

p=1¢=1
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input

O O hidden

Figure 2.8: The 4-2-4 encoder: 4 inputs, 2 hidden, 4 outputs.

1
2

1 ’ 1 ’
—w] + — 1]
1+exp ( 2 ) 1+ exp (_1+ex_pc(1i2cw1))

For ¢ = 1 the error surface is shown in figure 2.7 on the page before. The surface have a
local minimum and a local maximum.

2.6.2 The Encoder

This network is also an identity mapping ANN (targets are the same as inputs) with a single
hidden layer which is smaller in size than the input/output layers. See figure 2.8.

Beyond any possible practical applications, this network shows the following:

e the architecture of an backpropagation ANN may be important with respect to its
purpose;

e the output of a hidden layer is not necessary meaningless,
e the importance of biases.

The input vectors and targets are:

0

X1 = ) X2 = X3 =

OO O =
O = O O
_ o O O

1
0 )
0

The idea is that the inputs have to be “squeezed” trough the bottleneck represented by
hidden layer, before being reproduced at output. The network have to find a way to encode
the 4-component vectors on a 2-component vector, the output of hidden layer. Obviously
the encoding is given by:

w= (@) () = () =)
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Note that one of x; vectors will be encoded by z;. On a network without biases this
means that the output layer will receive total input a and considering the logistic activation
function then the corresponding output will always be y™ = (0.5 0.5 0.5 0.5) and this
particular output will be weights-independent. One of the input vectors may never be learned
by the encoder. In practice usually (but not always) the net will enter in oscillation trying to
learn two vectors on one encoding so there will be two unlearn vectors. When using biases
this do not happen as the output layer will always receive something weight-dependent.

An ANN was trained with the following parameters:
learning parameter = 4 = 2.5
momentum = a = 0.9

flat spot elimination = ¢y = 0.25

and after 200 epochs the outputs of hidden layer became:

b= ()= () () ()

and the corresponding output:

0.9975229 0.0000140
| 0.0047488 | 0.9929489
Y1=1 00015689 | > Y27 [8735-10° | °
1.876 - 10—8 0.0045821
0.0020816 7.297.10" 1
[ 72411012 | o0.0000021
Y3= 1 0997392 | Y*7 | 0.0021213
0.0010320 0.9960705

|:| Remarks:

O The encoders with N; = log, Ny are called tight encoders, those with N; <
logy Ny are loose and those with N; > log, Ny are supertight.

O It is possible to train a loose encoder on an ANN without biases as the null vector
doesn’t have to be among the outputs of hidden neurons.






CHAPTER 3

The SOM/Kohonen Network

The Kohonen network represents an example of an ANN with unsupervised learning.

[ ]3.1 Network Structure

A SOM (Self Organizing Map, known also as Kohonen) network have one single layer, let 0O N, K
name this one the output layer. The additional input (“sensory”) layer just distribute the

inputs to output layer, there is no data processing on it. Into the output layer a lateral

(feedback) interaction is provided (see also section 3.3). The number of neurons on input

layer is N — equal to the dimension of input vector and for output layer is K. See figure 3.1

on the next page.

|:| Remarks:

O Here the output layer have been considered unidimensional. Taking into account
the “mapping" feature of the Kohonen networks the output layer may be consid-
ered — more convenient for some particular applications — multidimensional.

O A multidimensional output layer may be trivially mapped to a unidimensional one
and the discussion below will remain the same.

E.g. a bidimensional layer K x K may be mapped to a unidimensional layer
having K2 neurons just by finding a function f : K x K — K to do the relabel-
ing/numbering of neurons. Such a function may be e.g. f(j,¢) = ({ — 1)K +j
which maps first row of neurons (1,1)...(1, K) to the first K unidimensional

chunk and so on (j,¢ =1, K).

3.1See [BTW95] pp. 83-89 and [Koh88] pp. 119-124.

29
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inter-neuronal
distances

< ----< (O lateral feedback
layer

g

|

Figure 3.1: The Kohonen network structure.

output

feedback strenght

distance between

output neurons

Figure 3.2: The lateral feedback interaction function of the “mezican
hat” type.

The important thing is that all output neurons receive all components of the
input vector and a little bit of care is to be taken when establishing the neuronal
neighborhood (see below).

In general, the lateral feedback interaction function is indirect — i.e. neurons do not receive
the inputs of their neighbors — and of “mexican hat” type. See figure 3.2. The closest
neurons receive a positive feedback, the more distant ones receive negative feedback and
the far away ones are not affected.

|:| Remarks:

O The distance between neuron neighbors in output layer is (obvious) a discrete
one. It may be defined as being O for the neuron itself (auto-feedback), 1 for the
closest neighbors, 2 for the next ones, and so on. On multidimensional output
layers there are several choices, the most obvious one being the Euclidean.

O The feedback function determines the quantity by which the weights of neuron
neighbors are updated during the learning process (as well as which weights are
updated).
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O The area affected by the lateral feedback is named neuronal neighborhood.

O For sufficiently large neighborhoods the distance may be considered continue
when carrying some types of calculations.

DS.Z Types of Neuronal Learning

3.2.1 The Learning Process

Let W = {wj;},_7 be the weight matrix and x = {z;},_7 be the input vector for a
i=1,N

(output) neuron, i.e. the total input to the (output) layer is a = Wx. Note that each row

from W represents the weights associated with one neuron and may be seen as a vector

W (j,:) of the same size and from the same space RY as the input vector x. R is named

the weight space.

When an input vector x is presented to the network, the neuron having its associated weight
vector W (k,:) closest to x, i.e. the one for which:

W (k, )" = x| = min_ [ (5, Dt = x|

Jj=1,

is declared “winner”. All neurons included in its vicinity (neuronal neighborhood), including
itself, will participate to the “learning” of x. The other ones are not affected.

The learning process consists of changing the weight vectors W (j,:) towards the input
vector (positive feedback) There is also a “forgetting” process which tries to slow down the
progress (negative feedback).

It can be immediately seen why the feedback is indirect: the neurons are affected by being
in the neuronal neighborhood of the winner, not by receiving directly the winner's output.

Considering a linear learning — changes are restricted to occur only in the direction of a
linear combination of x and W (j,:) for each neuron — then:

% = ¢(Xa W) - 7(X7 W)

where ¢ and v are scalar (possibly nonlinear) functions, ¢ representing the positive feedback,
~ being the negative one. These two functions have to be build in such a way as to affect
only the neuronal neighborhood of winning neuron k, which vary in time as the input vector
is function of time x = x(t). Note that here the winning neuron appears implicitly as it
may be determined from x and .

Various adaptation models (differential equations for W) can be build for the neurons (from
the output layer) of the Kohonen network. Some of the more simple ones which may
be analyzed (at least to some extent) analytically are discussed in the following sections.
To simplify further the discussion it will be considered (at this stage) that the neuronal
neighborhood is sufficiently large to contain the whole network. Later it will be shown
how to limit weight change/adaptation to targeted neurons by using the lateral feedback
function.

32See [Koh88] pp. 92-98.

neuronal
neighborhood

0w,
weight space

0, vy
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Oa, g

3.2.2 The Trivial Equation

One of the most simple equations is a linear differential:

dWT(g’:):O‘XT_ﬂw(jﬁ) i a,8>0; a,B=const.; j=1,K

which in matrix form becomes:

dd—VtV =alx" — W (3.1)

and with initial condition W (0) = W, the solution is:

t
W)= |l / KT P dt' |+ W | e=Pt

0

which shows that for t — oo, W (j,:) is the exponentially weighted average of x(t) and do
not produce any interesting effects.
Proof. The equation is solved by the method of variation of parameters. First, the homogeneous equation:
aw
— W =0
pral
have a solution of the form:

W(t) = Ce Pt | C = matrix of constants

The general solution for the nonhomogeneous equation (3.1) is found by considering C = C(t). Then:
aw _ dC
— —pt —Bt
— =—ce P'=pC(t)e
dt dt pe®

and by replacing in (3.1) it gives:

dC ~
o e Pt _ ge(t) e Pt = adxT(t) — BC(t) e Pt =
dC t
e adxT() et = c@t) = ai/xT(t') A dt’ + ' (C' = matrix of constants)
0
and, at t =0, W(0) = C' = Wp. O

3.2.3 The Simple Equation

The simple equation is defined as:

dWT(tJ’) =aa;(t)x’ - AW (,:), a,8>0, aB=const., j=1K
and in matrix notation it becomes:
dd_V]I:/ =aa(t)x’ — W
and consequently, as a = Wx then:
W = W(axx — gI)

dt
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In the time-discrete approximation:

aw AW W(t+1)—W(t)
dt At (t+1)—t

= W (t) [ox(t) x"(t) - BI]

= W(t+1)=W() [ax(t)x"(t) - BI+1], t€ N, W(0) = Wy (initial condition)

so the general solution is:

W(t) =W 1:[ [ax(t")x" (') — BI + 1] (3.2)

t'=0

|:| Remarks:

00 For most cases the solution (3.2) is either divergent or converges to zero, both
cases unacceptable. However, for a relatively short time, the simple equation may
approximate a more complicated, asymptotically stable, process.

For t or a relatively small, such that the superior order terms O(a?) may be neglected, and
considering b = 0 (no “forgetting” effect) then from (3.2):

W) ~Wy | T+« 2_: x(t') xT(t")

3.2.4 The Riccati Equation

The Riccati equation is defined as:

dW(j,: _

% =ax" - Ba;W(j,:), «B>0, af=const., j=1K (3.3)
and after the replacement a; = W (j,:)x = xTW(j,:)" (note that [W(j,:)]* = W(j,:)*
for brevity), it becomes:

WG o far — g (5,9 WG, ) (3.4

or in matrix notation:
% — oixT — BOVxiT) o W (3.5)
Proof. Equation (3.3) may be written as: L% = o1x™ — 8(al’) ® W and a = Wx. O

For general x = x(t), the Riccati equation is not integrable directly (of course beyond the
trivial x¥' = W (j,:) = 6) However a statistical approach may be performed.

Proposition 3.2.1. Considering a statistical approach to the Riccati equation (3.4), if there

is a solution, i.e. tlim W exists, then the solution of W is of the form:
—00

. o~ (x)T . ~
Iim W =,/— T
A, 5

O W(@,)*
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where (x) = E{x|W} = const., independent of W and time; i.e. all W (j,:) became parallel
with (x) in RY and will have the norm ||W (j,:)|| = \/a/B (the Euclidean metric being
used here).

oe Proof. As x and W (4,:) may be seen as vectors in RN space, then let § be the angle between them. From
the scalar product, cos @ is:

W(j,:) x
T I G I
a|xl, W3, )l where ||x||2 = xTx and ||[W(j4,:)]|> = W(j,:) WT(j,:), the Euclidean metric being used here.

When bringing under the £{-|W} operator, as x is obviously independent of W (is the input vector), it goes
to x — (x). Then the expected value of dcosf/dt is:

dcosf dW(é;&:)(x> W(j,:)<x>d\|wd(tj,=)||
£ wh=¢ : - R w (3.6)
dt WG DI WG DI G
AW (§.5)(x)
D Term G imeon
a6 aw(5.) () S o _

First ||W(j,:)T| T = W0 t)” oo 2 as (x) is time independent. Then, by multiplying (3.4) to the right
by x:

AW (j, : ) . .

) axTo— gTWT () W) x = el — AW G,

(as for two matrices (AB)T = BT AT is true), and then this term becomes:

_ allGll* = BW (s 0) (x)?
W (s DIHIG! WG DG

(as x — (x) under E{-|W} operator).

AW (j,)(x)
dt

W (j,0) (o) LW (G2
W (G2 1) ]

First the derivative d||W (j,:)||/dt is found as follows:

. d||W (4,:
AWGIE {znwu,:)n LIl

O Term

d 28D W (5,:)T (because [|W (j,)[|2 = W(j,)) W(5,:)T) -
AW G, _ AW () W,)T
dt dt (W,
and by using (3.4) then
d”Wd(tjv)” — [axT —BXTW(j,Z)TW(j,Z)] ‘rl[//v(?;,))u
- [axTW(j, I =B W G WG WG]

1 T _ -, - AT

= gy X WO e = 8w G WG]

W(]a ) o 2.\ (]2

= W @~ AW (3.7)

(as xTW(5,:)T = W(j,:)x and W(j,:) W(4,:)T = [|[W(j4,:)||?). By replacing back into the wanted term
and as x — (x):

dW(J 1) (x)

_ WG, )6 (e = BIW (G, )II?)
W, : )||||< M WG DI G]




3.2. TYPES OF NEURONAL LEARNING

35

Replacing back into (3.6) gives

deosd| | . [ el = BIWG,) P WG — BIWE,IP)
{ at ‘W}*g{ WG AN WG, )BT
L all®IPIW G P — WG, ()]
=¢{ W G, R w)

= e e { gy wh =ewen e { i v} Go

Existence of tlim W means that # stabilizes in time and then its derivative limit is zero and the expected
—00

£

v}

value of the derivative is also zero (as it will remain zero after reaching the limit):

lim dcos 0 :025{ dcos® W}
t—oo dt dt

By using (3.8), it follows immediately that £{sin §|W} = 0 and then E{0|W} = 0, i.e. all E{W(j,:)|W}
are parallel to (x).

The norm of W(j,:) is found from (3.7). If tlim W (4,:) does exists then the expectation of d||W(j,:)||/dt
— 00
W} =0

E{a—BIWEHIPIWY=0 = (EWGHIN =

have to be zero:

e{ M = e { i Al

but as W (j,:) # 0, this may happen only if

Finally, combining all previously obtained results:

i TR, — W@ 7"
tgrgocos(W(J,.):<x>) =1 = tl_lfgo TWLOT — TGO = lim W) = @ (x)T -
dim WG9l = /G t—o0 VB (=)l

3.2.5 More General Equations

Theorem 3.2.1. Let o« > 0, a = Wx and y(a) an arbitrary function such that E{~(a)|W}
exists. Let x = x(t) a vector with stationary statistical properties (and independent of W ).

Then, if a learning model (process) of type:

WU ox® —(a) W) . =T K (39)

or, in matrix notation:

dd—vl/ =alx" — ['y(a) TT} oW

have nonzero bounded W solutions for t — oo, then it must be of the form:

lim W oc1-(x)"

t—o0

where (x) is the mean of x(t); i.e. all W (j,:) become parallel to (x) in RY .

Ua,a, vy
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O (xxT), Amax,

Umax

Proof. Let 0 be the angle between (x) and W (j,:) vectors in RY then, from the scalar product: cosf =

m The £{dcos0/dt|W} is calculated in similar way as in proof of proposition 3.2.1.

deos| VTGO WG o) R
5{ dt ‘W} 5{ WG W62 W} (3.10)
Multiplying (3.9) by x, to the right, gives:
de(f’ ) % = axTx — y(a;) W) x = allxll? — v(a;) W0, ) x] (3.11)

The d||W (j,:)||/dt derivative is calculated in similar way as in proof of proposition 3.2.1 to give:
diw @, )l _ dW (5,0 W(G,)T

a a WG
and then, by using (3.9):
dHW(Jy)” —« XTW(j,;)T _ o W(],) W(j,:)T Y [W(],) X} - . .
a WG T TG e @ eIl G

The (3.11) and (3.12) results are used in (3.10) (and also x — (x)) to give:
dcos _ af[(x)[1* — y(a;) [W(j,:)(x)]
{5y =

at WG ANIG]
WG] (o SREESY (@) WG I) ‘W}
WG, DI 1]

and, after simplification, it becomes:

deost| N o f IEOIRIWG, 2 — (WG90
5{ at ‘W}* 5{ WG, I

v}

Existence of lim W means that the 6 stabilizes in time and then lim (dcos/dt) = 0, and then the
t— 00 t—o0

expected value is zero as well: £{dcos0/dt|W} = 0. But this may happen only if:

{1 w0 e e (IIPIWGII - WGAE W) =0 &

W, 2)(x) - -
5{HW(J',:)\|||<>«>||‘W}*1 & ElesfiWi=1

i.e. lim @ =0 and then W(j,:) and (x) become parallel for t — oo, i.e. lim W(j,:) oc (x)T. O
t— o0 t— o0

Theorem 3.2.2. Let o« > 0, a = Wx and y(a) an arbitrary function such that £{~(a)|W}
exists. Let (xx') = &{xx"

matrix of input vector). Let Apmax = max ¢ the maximum eigenvalue of (xx') and umax

W} (in fact xx* does not depend on W as is the covariance

the associated eigenvector.

Then, if a learning model (process) of type:

T g™~ 5(a)W (5.2 (3.13)

or, in matrix notation:

~

aw = aax! — ['y(a) lT] oW

32.55ee [Koh88] pp. 98-101.

oo
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have nonzero bounded W solutions for t — oo, they have to be of the form:

W x 1uk

max

provided that W max # 0, where W(0) = Wy, ie. all W(j,:) become parallel to upm., O Wy
in RN .

Proof. Let )\; be an eigenvalue and u, the corresponding eigenvector of (xxT) such that (xxT)u, = Apup,. 0 A, uy
= _ _W(,)u,
Let 0, be the angle between W (j,:) and u, such that cos 6, = WG A TeeT - 06,

E{dcos0;/dt|W} is calculated the same way as in proof of theorem 3.2.1:

d cos b, A 4, (W (j,:) u,] AL
£ wl—¢ : . e W (3.14)
dt W (G, ) el W (s DI (el

Note that xxT — (xxT) when passing under the £{:|W} operator.

From (3.13), knowing that a; = W(j,:) x then:

%(tj’:) =aW (5, )xx" —7(a;) W)
then, multiplying by u, to the right and knowing that (xxT)u, = Ayuy, it follows that
de—(g’) up = aW(j,:) xxTug —y(a;) W(4,:) ug
g{fvev} aW (4, ) (xxTyup — v(a;) W, ) up = (are — v(a;)) W, ) ug] (3.15)

The other required term is d||W (3, :)||/dt which again is calculated in similar way as in proof of theorem 3.2.1:
AWl _ dW (i) W(G,)T
dt dt - [[W(5,:)l

and, by using (3.13), a; = W (j,:)x and W(5,:) W(5,:)T = |[W(j,:)]|?, then:

dIWG Il WG xTWE,HT W) WG,)T
i T WGl ) Gl
LI XXT i T
Jmtey 0 LRI o) WG (3.16)
Replacing (3.15) and (3.16) results back into (3.14) gives:
dcosfy _ of (@ —7(a;)) [W(5,:) ug]
5{ it W} ‘5{ W Gyl e
WG u] (o MEEEEIROT () WG ) ‘W}
W Go )12 Tuel

and, after simplification, it may be written as:

deosty |\ W) exWEIT W)
{ m W}* 5{(” WG, )P >||W(j:¢)||\|llz||

v}
Lets take uy = umax and the corresponding Ay = Amax. The above formula becomes:

(o) o o T L )

The existence of lim W means that Omax stabilizes in time and thus lim dcosOmax/dt = 0 and so is its
t— o0 t—o0
expected value. As W (j,:) umax # O then:

CWEENWE T W, ) x WG DT| Y
5{““ TSI W}‘O @ 5{ TSI ‘W}‘*m“ (3.17)
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U Wo, PLupa

the equality being possible only for Amax, in accordance to the Rayleigh quotient (See the mathematical
appendix).

T

As the matrix xxT is symmetrical (and so is (xxT), i.e. (xxT) = ((xxT))T) then an orthogonal set of

eigenvectors may be build (see the mathematical appendix). A transformation of coordinates to the system

{u¢},_17v may be performed by using the matrix U build using the set of eigenvectors as columns (and then
UTU =T as uluy, = 6y, 6 being the Kroneker symbol). Then W (j,:)T — W’(5,:)T = UW(j4,:)7T,
W (i) = W(3,5) = W(i,5) UT, also

WGP = WGP = W, UTUW (G, = W(E)IW (G, )" = W0,
and W’(j,:) may be represented as a linear combination of {u;}:

W’(ja:) = szu?
L

wy being the coefficients of the linear combination (u; appear transposed because W (j,:) is a row matrix).

Knowing that UT (xxT)U is a diagonal matrix with eigenvalues on the main diagonal (and all others being
zero, see again the mathematical appendix) and using again the orthogonality of {u,} (i.e. u;,Fuk = 0gg)
then:

WG, )W (5,07 =Y Aewf  and WGP =) W]
L L

Replacing back into (3.17) (with W’(j,:) replacing W (3,:)) gives:
by 2
g{leﬁ_W}:Amx

p)
> wi
which may happen only if all w;, — 0 except the one wmax corresponding to Umax, i.e. tlim W(j,:) =
— 00

o Uty O

T
WmaxUmax

At first glance the condition Wup,, # 0 at all £, met in theorem 3.2.2 seems to be very
hard. In fact it is, but in practice have a smaller importance and this deserves a discussion.

First, the initial value of W, let W(0) = W, be that one, should be chosen such that
Wolmax # 0. But W (4, :)umax 7 0 means that W (j,:) £ umax, i.e. W(J,:) is not contained

in a hyperplane P, perpendicular on una., (in RY). Even a random selection on W,
would have good chances to stand this condition, even more so as unax is seldom known
exactly in practice, being dependent on the stochastic input variable x (an exact knowledge
of umax would mean a knowledge of an infinite series of x(t)).

Second, theorem 3.2.2 says that, statistically, W (3, :) vectors will move towards either umax
Of —Umax depending upon what side of P+, is Wo(j,:), i.e. away from Py, . However
the proof is statistical in nature and there is a small but finite probability that, at same t,
W(j,:)(t) falls into P_y,,,. What happens then, tell us (3.15): as W (j, :)umax = O then

%(tj’:) Umax = 0 and this means that all further changes in W (j, :) are contained in P,

i.e. W(j,:) becomes trapped in Py,

The conclusion is then that the condition Wunax # 0, Vi, may be neglected, with the
remark that there is a small probability that some W (j,:) weight vectors may become
trapped and then learning will be incomplete.
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[ ]3.3 Network Dynamics

3.3.1 Network Running Function

As previously discussed, x, W (j,:) € RV, the weight space.

For each input vector x, the neuron k for which:

llx = W(k,) || = min_[lx—W(,)"|
J=1,K

is declared winner, i.e. the one with for which the associated weight vector W (k, :) is closest
to x (in weight space). The winner is used to decide which weights get changed using the
current input vector x. All and only the neurons found into the winner's neighborhood
participate to learning, i.e. will have their weights changed/adapted. All other weights
remain unchanged at this stage; later a new input vector may change the winner and thus
the area of change.

|:| Remarks:

O ||x — W(j,:)T|| is the (mathematical) distance between vectors x and W (j,:).

N

This distance is user definable but most used is the Euclidean 4/ > (z; — wj;)-
i=1

O As the learning of the network is unsupervised, i.e. there are no targets.

O If the input vectors x and weight vectors {W (j,:)},_17 are normalized ||x|| =
[|W (4, :)|| (to the same value, not necessary 1), e.g. in an Euclidean space:

N N

2 _ 2 s
Exi— gwﬂ , j=1LK
i=1 i=1

i.e. x(t) and W (j,:) are points on a hyper-sphere in RY, then the dot vector
product can be used to find the matching. The winner neuron is that & one for
which:

i.e. the winner is that neuron for which the weight vector W (k,:) points to the
closest direction to that one to which points the input vector x.

This operation is a little faster as it skips a subtraction operation of type: x —
W (j,:)T, however it requires normalization of x and W (3, :) which is not always
desirable in practice.

3.3.2 Network learning function

The learning process is an unsupervised one. Time is considered to be discrete t = 1,2, ....
The weights are time dependent W = W (¢). The learning network is feed with data x(t).

At time t = 0 the weights are initialized with (small) random values. The weights at time
t are updated as follows:
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O For x(t) find the winning (output) neuron k. See section 3.3.1.
O Update weights according to the model chosen, see section 3.2 for a selection of
learning models:
d
dw = avy. dt
dt
which in discrete time approximation (dt — ¢t — (t — 1) = 1) becomes:
dw
AW =W({#t) -W((iE—-1) = o (3.18)
3.3.3 Initialization and Stop condition
Weights are initialized (in practice) with small random values (normalized or not) and the
adjusting process continue by iteration.
The stopping of the learning process may be done by one of the following methods:
O choosing a fixed number of steps t =1, 7.
O the learning process continue until the adjusting quantity Awj; = wj; (¢ + 1) — wj;(t)
falls under some specified value, i.e. Aw;; < €, where € is the threshold.
3.3.4 Remarks
The mapping feature of Kohonen networks
Due to the fact that the Kohonen algorithm “moves” the weights vectors towards the input
vectors the Kohonen network tries to map the input vectors, i.e. the weights vectors will try
to copy the topology of input vectors in the weight space. The mapping occurs in the
weight space. See section 3.5.2 for an example. For this reason Kohonen networks are
SOM also called self ordering maps or SOM.

Activation Function

Note that the activation function, as well as the neuronal output is irrelevant to the learning
process.

Incomplete Learning

Even if the learning is unsupervised, in fact, a poor choice of learning parameters may lead to
an incomplete learning (so, in fact, a full successful learning is “supervised” at a “highest”
level). See section 3.5.2 and figure 3.6 for an example of an incomplete learning.

[ 13-4 The algorithm

1. For all neurons in output layer: initialize weights with random values.
2. If working with normalized vectors then normalize the weights.

3. Choose a model — type of neuronal learning. See section 3.2 for some examples.
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4. Choose a model for the neuronal neighborhood — lateral feedback function. See also
section 3.5 for some examples.

5. Choose a stop condition. See section 3.3.3.

6. Knowing the learning model, the neuronal neighborhood function and the stop condi-
tion, build the final equation giving the weight adaptation formula. See section 3.5.1
for an example of how to do this.

7. In discrete time approximation repeat the following steps till the stop condition is
met:

(a) Get the input vector x(t).

(b) For all neurons j in output layer, find the “winner” — the neuron k for which:

I%(t) = W (k,)"|| = min_|[x(t) = W(j,)"|

j=1,K
or, if working with normalized vectors:

W(k,:)x = W(j,:)x

ax
j=1,K

(c) Knowing the winner, change weights by using the adaptation formula built at
step 6.

[ ]3.5 Applications

3.5.1 The Trivial Model with Forgetting Function

This application is without practical value but it shows how to build a weight adaptation
formula. It also gives some examples of neuronal neighborhood models. The topics discussed
here apply to many types of Kohonen networks.

Let choose the trivial equation (3.1) as learning model:

dw

—r = alx" — W (3.19)

Next let consider h(k,j) the function modelling neuronal neighborhood, i.e. the lateral
feedback. This function should be of “mexican hat” type, i.e.

>0 for j relatively close to k
h(k,j) < <0 for j far, but not too much, from &
=0 for j far away from k

This function will be generally a function of “distance” between k and j, the distance being
user definable. Considering z, and z; the “coordinates” then h = h(|z; —x|). Let X(TK) =

(z1---7K) be the vector containing the neuron coordinates, then h(|x(x) — z(x)1]) will
give the vector containing adaptation height around winner k, for the whole network.

O h

neuronal
neighborhood
lateral feedback

O X(K)
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Figure 3.3: The simple lateral feedback function.

To account for the neuronal neighborhood model chosen, equation (3.19) have to be changed
to:
dw o ~
= [h(|x(K) — 2eid)) 1T] ® [a1xT — W (3.20)

Note that the elements of h(|x (k) — m(K)kiD corresponding to neurons outside neuronal

neighborhood of winner are zero and thus, for these neurons: %(tj’:) =0, i.e. their weights

remain unchanged for current x.
Various neuronal neighborhood may be of the form:

e Simple lateral feedback function:

hy forje{k—ny,...,k k+ny} (positive feedback)

—h_ forje{lk—ny—n_,...,k—ny —1}U
h(j, k) = {k+ny+1,...)k+ny+n_}
(negative feedback)
0 in rest
O hy, h_ where hy € [0,1], hy = const. defines the height of positive/negative feedback and

nt > 1, ny € N defines the neural neighborhood. See figure 3.3.

e Exponential lateral feedback function:
h(j, k) = hpe *° | for |j — k| < n

where hy > 0, hy = const. defines the positive feedback and there is no negative
one and n > 0, n = const. defines the neuronal neighborhood. See figure 3.4 on the

facing page.
stop condition Finally the stop condition may be implemented by multiplying the right side of equation
Or (3.20) by a function 7(t) with the property tlim 7(t) = 0. This way (3.20) becomes:
—00
daw

5 =@ [h(|X(K) - Hf(K)kil)iT] ® [aixT - ﬂW] (3.21)
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2

Figure 3.4: The exponential lateral feedback function h(z) =e * .

The convergence of 7(t) to zero ensures that lim LV — 0 and thus the weight adaptation,
—r00

i.e. learning process, stops eventually.
Various stop functions may be of the form:
o Geometrical progression function:

— At - . - -
= i .
T(t) TinitTratio s Tinity Tratio € (0; ]-) »  Tinity Tratio — const

where Tigir and Tyatio are the initial/ratio values.

e Exponential function:
7(t) = Tine/®

where f(t) : N — [0, 00) is a monotone increasing function.

Note that for f(¢) =t and ¢ € N this function is a geometrical progression.

In discrete time approximation, using (3.21) into (3.18) gives:
W(t+1) = W) +7(t) [h(x) — 2onl)) iT] ® [aixT — AW (3.22)

(note also that the winner k is also time dependent, i.e. 7 (g ), = Z(x )k (X(t))).

|:| Remarks:

[0 The above considerations are easily extensible to multidimensional Kohonen net-
works. E.g. for a bidimensional K x K layer, considering the winner k, the
interneuronal Euclidean distance, squared, will be:

(x(r0) — T 1) + (Y () — Yy l) >

¥(x) holding the second coordinate. Of course h also changes to:

~

h=h((x(x) — 2k 1) + (¥ (5) = Y(xyk1) %)
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3.5.2 Square mapping
This example shows the mapping feature of a Kohonen network, a way (among many other
possibilities) to build multidimensional networks and possible defects in learning process.
Let be a Kohonen network with 2 inputs and 8 x 8 neurons (bidimensional output layer with
K = 8). The trivial equation model, in discrete time approximation, will be used here, see
section 3.5.1.
As the network is bidimensional will do the following changes:
0 Xk e The “z" coordinates of neurons, in terms of interneuronal distances, are kept in a
matrix X g of the form:
1 2 8
~ 1 2 8
Xgg=1(L 2 - 8= "
1 2 8
U Yir) while the “y" coordinates are:
; 11 1
Yoo = | T _ 2 2 2
é 8 8§ ... 8
and it becomes immediately that the layout of network is (coordinates (z,y) are in
parentheses):
A particular neuron will be then identified by two numbers (j, 7).
O D(k) e Considering (?(k)k,k,>Y(K)k,y,) the coordinates of winner then the interneuronal
squared distances may be kept in a matrix D(k,, k,) as:
D(ky, ky) = (X(x) = Z(r)kak, D + Vi) = Y(rphak, 1)
e The lateral feedback function is
D(k,, k) )
h((kg, k,),t) = hiexp | ———Y%
(( y) ) P ( (dinitdfate)2
where hy = 0.6, dinit = 5 and dyate = 0.993.
e The stop function is
T(t) = 7—initTrtate
where Tinir = 1 and Tyate = 0.993.
e The weights are kept in two matrices W; and W5 corresponding to the two compo-

nents of input vector. The weight vector associated to a particular neuron (j, j,) is

(w15, 5, , W23, 5,)-
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1.0 X 1.0
0.9 0.9 A
08 g 08 1
0.7 1N 0.7 T
0.6 1 0.6 A
05 05 1
0.4 0.4 A
03 03 A
02 NP 02 -
\ ,@g—(\
01 - ‘Vay 01 1

0.0 0.1 0.2 03 04 05 06 0.7 08 09 1.0 0.0 0.1 0.2 03 04 05 06 0.7 0.8 09 1.0

Figure 3.5: Mapping of the [0,1] x [0,1] square by an 8 x 8 network.
These are snapshots taken at t = 0 (upper-left), t = 7
(upper-right), t = 15 (lower-left) and t = 120 (lower-
right).

e The constants of trivial equation are taken to be a =1 and g = 1.

Then the general weights updating formulas are:

Wit + 1) = Wi(t) + 7(t) h((ka, ky), ) © [xl 1 - W, (t)]
Walt + 1) = Wa(t) + 7(8) h((ke i), 1) © [22(0)T = Wa(0)]

The pair of weights associated with each neuron (w1, j, , w2j,j,) may also be represented as
points in the [0, 1] x [0, 1] square. A successful learning will try to cover as much as possible
of the area. See figure 3.5 where the evolution of training is shown from ¢ = 0 (upper—left)
to final stage (down-right). Lines are drawn between closest neighbors (network topology
wise). The weights are the points at intersections.

|:| Remarks:

O Even if the learning is unsupervised, in fact, a poor choice of learning parameters
(a, hy, et.c) may lead to an incomplete learning. See figure 3.6 on the
following page: small values of feedback function at the beginning of learning
makes the network to be unable to “deploy” itself fast enough leading to the
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Figure 3.6: Incomplete learning of the [0,1] x [0,1] square by an 8 x 8
network.

appearance of a “twist' in the mapping. The network was the same as the one
used to generate figure 3.5 including same inputs and same weights initial values.
The only parameters changed were: hy = 0.35, dinit = 3.5, drate = 0.99 and
Trate = 0.9999.



CHAPTER 4:

The BAM/Hopfield Memory

This network illustrate an associative memory. Unlike the classical von Neumann systems
where there is no link between memory address and its contents, in ANN, part of information
is used to retrieve the rest associated with it This kind of memory is named associative.

[ ]4.1 Associative Memory

Definition 4.1.1. Let be P pairs of vectors {(x1,y1),...(xp,yp)} with x, € RY and
yp € RE, N, K, P € Nt called exemplars.

Then the mapping M : RN — RX s said to implement an heteroassociative memory if:
M(xp) =y, Vp=T1,P
M(x) =y, Vxsuchthat|x—x,| <|x—x¢| V=1,P, L#p
Definition 4.1.2. Let be P pairs of vectors {(x1,y1),...(xp,yp)} with x, € RN and
yp € RE, N, K, P € Nt called exemplars.

Then the mapping M : RN — RE s said to implement an interpolative associative
memory if:

M(xp) =yp Vp=1,P and
Vd = Je such that M(x, +d) =y, +e, deRY,ecRE d,e#0
ie. ifx #xp, theny = M(x) #y,, Vp=1,P.

41See [FS92] pp. 130-131.

47

U xp, vp, P

heteroassociative
memory

interpolative asso-
ciative memory
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Kroneker symbol

autoassociative
memory

The interpolative associative memory may be build from a set of orthonormal set of exem-
plars {x,}. The M function is then defined as:

P
M(x) = (Z ypxg> X (4.1)

Proof. Orthogonality of {x,} means that x;fo = 0p¢, where 6,/ is the Kroneker symbol.

From equation 4.1:

P P P
M(xg) = (Z ypx§> X0 =) YpXpXe = Y YpOpt = Y1
p=1 p=1 p=1

and for some x = x; + d:

P
M) =M(x;+d)=y;+e where e= Z ypxgd
p=1

(obviously M(x, + d) = M(x;) + M(d)). |

Definition 4.1.3. Let be a set of P vectors {xi,...xp} with x, € RN and N,P € N*
called exemplars.

Then, the mapping M : RN — RN s said to implement an autoassociative memory if:
M(xp) =%, Vp=1,P
M(x) =%, Vxsuchthat||x —x,|| <||x—x¢]| Y=1,P, L#p

In general x will be used to denote the input vector and y the output vector into an
associative memory.

[ ]4.2 The BAM Architecture

The BAM (Bidirectional Associative Memory) implements a interpolative associative mem-
ory and consists of 2 layers of neurons fully interconnected.

The figure 4.1 on the facing page shows the net as M(x) = y but the input and output
may swap places, i.e. the direction of connection arrows may be reversed and y play the
role of input, using the same weight matrix (but transposed, see below).

Considering the weight matrix W then the network output is y = WX, i.e. the activation
function is identity f(x) = x.

According to (4.1), the weight matrix may be build using a set of orthogonal {x,} and the
associated {y,}, as:

P
W= ZYPXE (4.2)
p=1

425ee [FS92] pp. 131-132.
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Figure 4.1: The BAM network structure.

If the {y,} are also orthogonal then the network is reversible. Considering y layer as input
then:

x=WTy
Proof. As for two matrices it is true that (AB)T = BT AT then from (4.2):

P
wh=> xyy
p=1

By using the orthogonality property ygy[ = dp¢, the proof is very similar to the one for (4.1) (replacing
X < y). O

|:| Remarks:

O According to (4.2) the weights can be computed exactly (within the limitations
of rounding errors).

O The activation function of neurons was assumed to be the identity: f(a) = a.
Because the output function of a neuron should be bounded so should be the
data network is working with (i.e. x and y vectors).

O The network can be used as autoassociative memory considering x = y. The
weight matrix becomes:

P
_ T
W = g XpX,,
p=1

[ ]4.3 BAM Dynamics

4.3.1 Network Running

The BAM functionality differ from others by the fact that weights are not adjusted dur-
ing a training period but calculated from the start from the set of vectors to be stored

{va yp}p:l,_P'

43.1See [FS92] pp. 132-136.
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The procedure is developed for vectors belonging to Hamming space! H. Due to the fact
that most information can be encoded in binary form this is not a significant limitation and
it does improve the reliability and speed of the net.

Bipolar vectors are used (with components having values either +1 or —1). A transition to
and from binary vectors (having component values either 0 or 1) can be easily done using

the following relation: x = 2% — 1 where x is a bipolar (Hamming) vector and X is a binary
vector.

From a set of vectors {x,,y,} the weight matrix is calculated by using (4.2). Both {x,}
and {y,} have to be orthogonal because the network works in both directions.

The procedure works in discrete time approximation. An initial x(0) is applied to the input.
The goal is to retrieve a vector y; corresponding to the closest x; to x(0), where {x¢,y¢}
are from the exemplars set (stored into the net, at the initialization time, by the mean of
the calculated weight matrix).

The information is propagated forward and back between layers = and y till a stable state
is reached and subsequently a pair {x¢,y,} belonging to the set of exemplars is found (at
the output of x respectively y layers).

The procedure is as follows:

e At t = 0 the x(0) is applied to the net and the corresponding y(0) = Wx(0) is
calculated.

e The outputs of = and y layers are propagated back and forward, till a stable state is
reached, according to the formulas (for convenience [W (:,4)]T = W(:,i)T):

+1 W) Tyl) >0
zi(t+1) = fFW ()T y#) = @) #W(, i) y@E)=0, i=1,N
-1 ifW()Tyt) <0

+1 Wy, )x(t+1) >0
yi(t+1) = fFW (G, ) x(t +1)) = y;(t) FW(G,)x(Et+1)=0, j=1LK
-1 W, )x(E+1)<0
Note that the activation function f is not the identity.

In matrix notation the formulas may be written as:

x(t +1) = sign(WTy(t)) + | sign(WTy(1))|° @ x(t)
y(t +1) = sign(Wx(t + 1)) + | sign(Wx(t + 1))|° @ y(t)

and the stable condition means: sign(WTy(t)) = sign(Wx(t + 1)) = 0.
Proof. sign(WTy(t)) gives the correct (+1) values of x(¢ + 1) for the changing components and
make Z'i(t —+ 1) =0if W(:,i)Ty = 0.

The vector |sign(Wy(t))|C have its elements equal to 1 only for those x; components which have
to remain unchanged and thus restores the values of x to the previous ones (only for those elements
requiring it).

1See math appendix.
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The proof for second formula is similar. O

Convergence of the process is ensured by theorem 4.3.1.

When working in reverse y(0) is applied to the net, x(0) = WTy(0) is calculated and the
formulas change to:

y(t +1) = sign(Wx(t)) + |sign(Wx(t))|° ® y(t)

(4.4)
x(t +1) = sign(WTy(t + 1)) + |sign(WTy(t + 1))|° © x(t)
4.3.2 The BAM Energy Function
Definition 4.3.1. The following function: OF
- BAM energy
Ex,y)=-y Wx (45)  function

is called BAM energy function’®.
Theorem 4.3.1. The BAM energy function have the following properties:

1. Any change in x or'y during BAM running results in a decrease in E i.e.:

B (x(t+1),y(t+1)) < Ex(x(t),y(t))
2. E is bounded below by Epmjn = — >~ |wji].
i

3. When E changes it must change by an finite amount, i.e. AE = E; 1 — E; is finite.

Proof. 1. Let consider that just one component k of vector y changes from t to t+1, i.e. yp (t+1) # yg(t).
Then from equation (4.5):

AE:EH_l — Ey =

N K N N K N
= | =Dt Dweszmi — DD yiwiimi | — | =D ye@) wpimi — YD yywjia
i=1 j=1i=1 i=1 j=1i=1
£k j#k
N
= lye(t) =y (t+ D] D> weiws = [y(t) — ye(t + D)IW (k) x
i=1

According to the updating procedure, see section 4.3.1:

Y1 i W(k)x>0
ye(t+1) = quyp(t) T W(k,:)x=0
-1 if W(k,:)x<0

As it was assumed that yj; changes then there are two cases

o yi(t) = +1 and it changes to yx(t + 1) = —1. Then yi(t) —yr(t +1) > 0 and W(k,:)x < 0
(according to the algorithm) so AE < 0.

e yi(t) = —1 and it changes to yi(t + 1) = +1. Analogous the preceding case: AE < 0.

43-25ee [FS92] pp. 136-141.

2This is the Liapunov function for BAM. All state change, with respect to time (x = x(t) and y = y(t))
involves a decrease in the value of the function.
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crosstalk

If more than one term is changing then AFE is of the form:
K
AE =Ei — Er =Y Ay W(k,:)x <0
k=1

which represents a sum of negative terms.

A similar discussion may be performed for an x change.
2. The {yj}j=1,7 and {z;};_7 have all values either +1 or —1.

The lowest possible value for E is obtained when all sum terms y;w;;x; (see (4.5)) are positive.

Emin = — Y _ lyjwjizi| = = > |y |Jwjillwi| = = > wji
i g

Js?

3. The energy function decreases, it doesn’t increase, so AE # +o0o. On the other hand the energy function
is limited on the low end (according to the second part of the theorem) so it cannot decrease by an infinite
amount: AE # —oo.

Also the value of AE can’t be infinitesimally small resulting into an infinite amount of time before it reaches
it’'s minimum. The minimum amount by which E may change is that k& for which W (k,:)x is minimum
and occurs when y;, is changing; the minimum amount being:

AE = —2‘W(k7 :) X|
because |yx(t) — yp(t + 1)| = 2. -

Proposition 4.3.1. If the input pattern x; is exactly one of stored {x,} then the corre-
sponding y, is retrieved.

Proof. Theorem 4.3.1 ensures convergence of the process.

According to the procedure, eventually a vector y = sign(Wx,) is obtained. The zeros generated by sign
disappear by procedure definition: previous values of y; are kept instead. But as x,x; = dp¢ (orthogonality)
then:
P P
y = sign(Wx,) = sign Z Yngxl = sign Z ypope | =sign(y,) =y, O

p=1 p=1
|:| Remarks:

O The existence of BAM energy function with the outlined properties ensures that
the running process is convergent and a for any input vector and solution is
reached in finite time.

O If an input vector is slightly different from one of the stored, i.e. there is noise in
data, then the corresponding associated vector is eventually retrieved. However
the process is not guaranteed. Results may vary depending upon the amount of
noise and the saturation of memory (see below).

00 The theoretical upper limit (number of vectors to be stored) of BAM is 2V—!

(i.e. 2"V /2 because the x and —x carry the same amount of information due to
symmetry). But if the possibility to work with noisy data is sought then the
real capacity is much lower. A crosstalk may appear (a different vector from the
desired one is retrieved).

O The Hamming vectors are symmetric with respect to the £1 notation. For this
reason an Hamming vector u carry the same information as its complement x®
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and a BAM network stores automatically both, because x¢ = —x and yp = Wxp,
Vp =1, P so:

yg =—yp=-Wx, =W(-xp) = Wxg

such that the same W matrix is used.

O When trying to retrieve a vector, if the initial one x(0) is closer to the complement
of an stored one x§’ then the complement pair will be retrieved {x“,y“} (because
both exemplars and their complements are stored with equal precedence).

The conclusion is that BAM stores the direction of the exemplar vectors and
not their values.

[ ]4.4 The BAM Algorithm

Network initialization

The weight matrix is calculated directly from the desired set to be stored:
P
_ T
W= Z YrXp
p=1

Note that there is no learning process. Weights are directly initialized with their final values.

Network running forward

The network runs in discrete time approximation. Given x(0), calculate y(0) = Wx(0)

Propagate: repeat the following steps
x(t + 1) = sign(W Ty (1)) + | sign(W y(1))|° © x(¢)
y(t +1) =sign(Wx(t + 1)) + |sign(Wx(t + 1))|° © y(t)

till network stabilize, i.e. sign(WTy(t)) = sign(Wx(t + 1)) = 0.

Note that in both forward and backward running cases the intermediate vectors Wx or
WTy may not be of Hamming type.

Network running backwards

In the same discrete time approximation, given y(0), calculate x() = W7Ty(0). Then
propagate using the formulas:

y(t +1) = sign(Wx(t)) + | sign(Wx(t))|° ® y(t)
x(t + 1) = sign(WTy(t + 1)) + | sign(W Ty (t + 1))|° © x(t)

till the network stabilize, i.e. sign(WTy(t)) = sign(Wx(t + 1)) = 0.
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Figure 4.2: The autoassociative memory structure.
input x
Figure 4.3: The Hopfield network structure.
[ ]4.5 The Hopfield Memory
4.5.1 The Discrete Hopfield Memory
Let consider an autoassociative memory. The weight matrix, build from a set {y,} is:
P
W=> v,
p=1
and it's square (K x K) and symmetric (W = WT).
An autoassociative memory is similar to a BAM with the remark that the 2 layers (z and
y) are identical. In this case the 2 layers may be replaced with one fully interconnected
layer, including a feedback for each neuron — see figure 4.2: the output of each neuron is
connected to the inputs of all neurons, including itself.
The discrete Hopfield memory is build from the autoassociative memory described above by
replacing the autofeedback (feedback from a neuron to itself) by an external input signal x
0 x — see figure 4.3.

The differences from autoassociative memory or BAM are as follows:

45.15ee [FS92] pp. 141-144.
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O The discrete Hopfield memory is working with binary vectors rather than bipolar ones
— see section 4.3.1 — so here and below the y vectors are considered binary and so
are the input x vectors.

O The weight matrix is obtained from the following matrix:

P
Z(QYP - /1\)(23’11 - /l\)T

p=1

by replacing the diagonal values with 0 (zeroing the diagonal elements of W is im-
portant for a efficient matrix notation?).

O The algorithm is similar with the BAM one but the updating formula is:
( K
+1 if ijiyiwL;rj >
i=1
i#j

K
yi(t+1) = { yi(t) i 2 wiiyi+wi =t (4.6)
i
K
0 it > wjiy +x; <t
i=1

\ i#]

where the {t;},_77 = t is named the threshold vector. Ot

In matrix notation the equation become:

A(t) = sign(Wy(t) + x — t)

y(t+1) =5 [AD) +1 - [AD|°] + [AD|° 0 (1)

N | =

K

Proof. First as diagonal elements of W are zero (w;; = 0) then > wj;y; = W(j,:)y. Also the
i=1
i#i

elements of A(t) + T are:

1 W, )y +z; =t

2 W@yt >t
0 ifW(5,)y+z; <t

and the elements of |A|C are:

cv. 1 ifW(j,:)y-I—:Ej:tj
Al = {0 otherwise -
Definition 4.5.1. The following function: Ure
1
E= —5 yiwy —yl(x—t) (4.7)

is named the discrete Hopfield memory energy function.

3This helps towards an efficient simulation implementation as well.
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|:| Remarks:

O Comparing to the BAM energy function the discrete Hopfield energy function
have a factor of 1/2 because there is just one layer of neurons (in BAM both
forward and backward passes contribute to the energy function).

Theorem 4.5.1. The discrete Hopfield energy function have the following properties:

1. Any change in'y (during running) results in a decrease in E:

Eya(y(t+1)) < Ei(y(t))

2. E is bounded below by:

1
Emin = _§Z|wji| - K
2,2

3. When E changes it must change by an finite amount, i.e. AE = E; 1 — E; is finite.

Proof. 1. Consider that, from ¢ to ¢ + 1, just one component of vector y changes: y. Then from (4.7):

AE:EH_l —Ey =

| K
=2[ye(t +1) — yx(t)] (—5 Zwkiyi) — (@ +te)lyr(t +1) —yr(t)]
i=1

ik
K
because in the sum 3 yjw;;y;, yr appears twice: once at the left and once at the right and w;; = wj;.
i5=1
1#£]

According to the updating procedure (4.6):

K
+1 0 if = 37 weiyi — T + 1, <0
=1
2k
_ K
yr(t +1) = ok(t) if — i; WriYi — g Tty =0
itk
K
0 if — > wriyi — @k +1 >0
Zk

there are 2 cases (it was assumed that yi(t + 1) # yr(t)):
K
e yi(t) = +1and it changes to yx (t+1) = 0. Then [yg(t+1)—yx(t)] < 0and — > wyiyi—zp+t; >0
iZk
(according to the algorithm) so AE < 0.
e yi(t) =0 and it changes to yi(t + 1) = +1. Analogous the preceding case: AE < 0.

If more than one term is changing then AFE is of the form:

K K
AE =FEiy1 — Ey = Zij<ijiyi —xj -I-tj) <0
j=1 =1
i#j
which represents a sum of negative terms.
2. The {y;},_77 have all values either +1 or 0. The lowest possible value for E is obtained when

i=1,K
{yi};_77¢ = 1, the input vector is also x = 1 and the threshold vector is t = O such that the negative
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terms are maximum and the positive term is minimum (see (4.7)), assuming that all wj; >0, i,j = 1, K.

1 X
Enin = -5 E |lwji| — K
J,i=1
J#i

3. The energy function decreases, it doesn’t increase, so AE # +o0o. On the other hand the energy function
is limited on the low end (according to the second part of the theorem) so it cannot decrease by an infinite
amount: AE # —00.

Also the value of AE can’t be infinitesimally small resulting into an infinite amount of time before it reaches
it's minimum. The minimum amount by which E may change is when just one component k is changing,
for which W (k,:)y is minimum, 3, = 1 and t;, = 0, the amount being:

K
AE = —|> wyyi| — 7
i=1
i#k
(yr appears twice: once at the left and once at the right and w;; = wj;). O

|:| Remarks:

O The existence of discrete Hopfield energy function with the outlined properties
ensures that the running process is convergent and a solution is reached in finite
time.

4.5.2 The Continuous Hopfield Memory
The continuous Hopfield memory model is similar to the discrete one except for the activa-
tion function of the neuron which is of the form:
1+ tanh(\
f(a):%(a) , A=const., A€ R"

where A is called the gain parameter. See figure 4.4 on the next page. The inverse of
activation is:

) = gy (4.8)

See figure 4.5 on the following page.

The differential equation governing the evolution of continuous Hopfield memory is defined
as:

da; 1
i
or in matrix notation:
da 1
—_— = —_ — t
7 Wy +x \ ®a

4525ee [FS92] pp. 144-148.

Of, A fCU
gain parameter
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Figure 4.4: The neuron activation function for continuous Hopfield
memory (for different v values).

1.0

Figure 4.5: The inverse of neuron activation function for continuous
Hopfield memory (for different v values).

In discrete time approximation the updating procedure may be written as:

y(t+1)=y(t) + (Wy(t)+x—§t®lnAyi

1- y(t)> Ooyt)ol-y@®)]  (410)

(of course operations under In function are done on each y; separately).

Proof. From (4.9):

V() < 1
T :iEZijiyierijtjf( Y (y;)
i%]
_ Y 1 1 1
df = (y; :az(ln—J):(—Jr )dy<:7dy- =
() 1—y; yi 1=yi) gy

K
1 Yj
dy; = ijiui+xj — —tjln J yj(lfyj)dt
= A 1—yj
i#£]

and in discrete time approximation dt -+ At =t+1—t = 1. O
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Definition 4.5.2. The following function:

T K 1 K Yi
E=-3 > yiwjiyi = > wmiyi+ = >t /f(_l)(y') dy’ (4.11)
= : Y~
Z";:'l j=1 j=1 0
i£]

is named the continuous Hopfield memory energy function.
Theorem 4.5.2. The continuous Hopfield energy function have the following properties:

1. Any change in'y as a result of running (evolution) results in a decrease in E, i.e.

dE

— <0

dt

2. E is bounded below by:
1 XK
Enin = _5 Z |w]1| - K

J,i=1
J#i

Proof. 1. First:

/lnmdw:mlnmfm = /lnlm dz=Ilne '2"(1 —z)'~"
—x

1 L'Hospital
lim Ina® = lim —— PPy oo
z\,0 z\,0 = *\0

Y y i y

/ln dy’ = lim /ln dy’

1—9 yo™\0 11—y

0

Yo

=Inyli(l —y;) Vi — Jim Inyd®(1—yo)' 7% =Inyli(l —y;)' ¥

d . . d . -\ dy;
Zno¥i(1 — gy )Y = Inoy?i(1 — ;) 1—¥e) 228 —
2yl (=) gy, (v (L= wa) )

dy; dy;
= (ny; = In(1 = y)) T = F0 ()
then, from (4.11) and using (4.9):

K K
dE 1 dy;
— g — tias
a ;(llw]lulﬁ-x] 5 Jaj> m

i#j
K K -
,Z%% :,de( D(y;) (@)2 <o
o oddt =y dt
because 4D wy) = L >0 (y; € (0,1)) such that ¥ is always negative and E decreases in time
dy; y; (1-y;) 7 ’ dt ’
2. The lowest possible value for E is obtained when {y;} . 77 = 1, the input vector is also x = 1 and

the threshold vector is t = 0, such that the negative terms are maximum and the positive term is minimum
(see (4.11)), assuming that all w;; >0, ¢,j =1, K.

1 K
Emin:_5 Z |wji‘_K ]
jyi=1

J#

UFr
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nyeh

|:| Remarks:

[ The existence of continuous Hopfield energy function with the outlined properties
ensures that the running process is convergent.

0 While the process is convergent there is no guarantee that the process will con-
verge to the lowest energy value.

O For~ — +oo then the continuous Hopfield becomes identical to the discrete one.
Otherwise:

e For v — 0 then there is only one stable state for the network when y = %i

e For vy € (0,400) the stable states are somewhere between the corners of

Hamming hypercube (having its center at %i) and its center such that as

the gain decreases from +o0o0 to O the stable points moves from corners
towards the center and at some point they may merge.

[ ]4.6 Applications

4.6.1 The Traveling Salesperson Problem

This example shows a practical problem of scheduling, e.g. as it arises in communication
networks. A bidimensional Hopfield continuous memory is being used. It is also a classical
example of an NP-problem but solved with the help of an ANN.

The problem: A traveling salesperson must visit a number of cities, each only once. Moving
from one city to other have a cost e.g. the intercity distance associated. The cost/distance
traveled must be minimized. The salesperson have to return to the starting point.

The problem is of NP (non-polynomial) type.

Proof. Assuming that there are K cities there will be K! paths. For a given tour it doesn’t matter which
city is first (one division by K') nor does matter the direction (one division by 2). So the number of different
of paths is (K — 1)!/2 (K > 3 otherwise a circuit is not possible).

Adding a new city to the previous set means that now there are K!/2 routes. That means an increase in
the number of paths by a factor of:
K2
(K —-1)1/2
so for a arithmetic progression growth of the problem the space of possible solutions grows exponentially. [
Let C1,... ,Ck be the cities involved. To each of the K cities is attached a vector which rep-
resents a number, converted to a binary form, of the order of visiting in the current tour, i.e.
the first one to be visited have: (1 0 ... 0), the second one have: (0 1 0 ... 0)
and so on, the last one to be visited having attached the vector: (0 ... 0 1); i.e. each
vector have one digit “1", all other elements being “0" (this format is different from the
binary representation of the city number j as cities are not visited in their numbering order).

Having the cities C1, ... ,Ck, a squared matrix can be build using their associate vectors
as rows. Because the cities aren’t necessary visited in their listed order the matrix is not

46.15ee [FS92] pp. 148-156.
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necessary diagonal.

1 n J2 K
1 0 0 0 C
00 10 Ca

This matrix defines the tour: for each column j = 1, K pickup as next city the one having
the corresponding row element equal to 1.

The idea is to build a bidimensional Hopfield memory such that its output is a matrix Y
(not a vector) having the layout (4.12) and this will give the solution (as each row will
represent the visiting order number in binary format of the respective city).

In order to be an acceptable solution, the Y matrix have to have the following properties:

O Each city must not be visited more that once < Each row of the matrix (4.12) should
have no more that one “1”, all others elements should be “0".

O Two cities can not be visited at the same time (can't have the same order number)
& Each column of the matrix (4.12) should have no more than one “1” all others
elements should be “0".

O All cities should be visited < Each row or column of the matrix (4.12) should have
at least one “1"”.

O The total distance/cost of the tour should be minimised. Let dj,x, be the dis-
tance/cost between cities Cy, and Cj,.

As the network is bidimensional, each weight have 4 subscripts: wg,j,k,;, is the weight
from neuron {row ki, column j;} to neuron {row ks, column j;}. See figure 4.6 on the
next page.

|:| Remarks:

O When using bidimensional Hopfield networks all the established results will be kept
but each subscript will split in 2 giving the row and column position (instead of
one giving the column position).

The weights cannot be build from a set of some {Y;} as these are not known (the idea is
to find them) but they may be build considering the following reasoning:

O A city must appear only once in a tour: this means that one neuron on a row must
inhibit all others on the same row such that in the end only one will have active output
1, all others will have 0. Then the weight should have a term of the form:

1
wit) s = = A0k k(1= 05,5,) . A€R", A= const.

1
(2) = 0 for neurons on

where dqg is the Kroneker symbol. This means all w5 . . =

U diy ks

0OA
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0B

oc

ub

0 js. j2

1 7t K

J2
O 71;)171];1;1 77777777 O Cl
\ %:1
@) Ch,

Figure 4.6: The bidimensional Hopfield memory and its weight rep-
resentation.

(1)

kijokijy < 0 for a given row ki if ji # j» and wM = 0 for

different rows, w k1j1kij1

feedback.

There must be no cities with the same order number in a tour: this means that one
neuron on a column must inhibit all others on the same column such that in the end
only one will have active output 1, all others will have 0. Then the weight should
have a term of the form:

2
w/(€2)]'2k1]'1 = —B(5j1j2(]. - 5k1k2) , Be¢ R , B = const.

(2)

This means all w7’ . -

: 2
= 0 for neurons on different columns, w,(c ) e, < 0 fora
2J1k1J1

given column if ky # ks and wl(c?)jlkljl = 0 for feedback.

Most of the neurons should have output 0 so a global inhibition may be used. Then
the weight should have a term of the form:

(3) = + _
Whojokiji — -C, CeR", C =const.

i.e. all neurons receive the same global inhibition o< C.

The total distance/cost have to be minimized so neurons receive a inhibitory input
proportional with the distance between cities represented by them. Only neurons on
adjacent columns, representing cities which may came before or after the current city
in the tour order (only one will actually be selected) should receive this inhibition:

(4) — + —
Wiy jokiji — —Ddy,, (6j1,j’2+1 + 53'1,]"2’*1) , DeR", D = const.

. 0 |f]1:Iand]2:K ” K+1 |f31:Kand]2:1
where j; = ¢ and j; = { . .
72 In rest 72 In rest
to take care of special cases j; = 1 and j; = K. The term 4;, j; 1, takes care of
the case when column j, came before j; (column K came “before” column 1) while

dj,,jy —1 operate similar for the case when j> came after ji.
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Finally, the weights are:

(1)

B 2)
Wkojokiji = Wiy jokyj; Tw

3 4
k2j2k1j1 + w( ) + w( : (413)

k2j2k1j1 k2jz2k1j1
= —Abky ko (1 = 0j1jo) — Bdjijo (1 = Okyks) — C — Dy 15 (65, 41 + 5y 5 —1)
Taking Y = {y;;} be the network output (matrix) and considering X = CT as input (again

matrix) and 7' = 0 as the threshold (matrix again) then from the definition of continuous
Hopfield energy function (4.11) and using the weights (4.13):

1 K K 1 K K
FE = §AZ Z ykjlykj2+§B Z Zykljykzj+

k=1 j1,j2=1 k1,ka=1 j=1
J1#£7j2 k1#k2
1 K K 1 K K
+5C S0 Yk Ykaie + 5D > koY Whs 41 + Yho 1)
k1,k2=1 j1,j2=1 k1,k2=1 j=1
k1#k2
K K
—CKY > i
k=1 j=1
1 K K 1 K K
=3 AZ Z Ykjritikjs + 5 BZ Z Yk jYkoj T
k=1 j1,j2=1 Jj=1ki1,ka=1
J1#£7j2 k1#k2
1 K K 2 1 K K
+t3 ¢ Z Zykj —K) +5D Z delkzykly’(ym,y"—l + Yks i +1)
k=1 j=1 k1,k2=1 j=1
k1#k2
1
-~ CK*
2
1 2
=F +E2+E3+E4—§CK (4.14)
e e
where j' = 40 TIFL g )i TIFK o,
K ifj=1 1 ifj=K

According to theorem 4.5.2, during network running the energy (4.14) decreases and reaches
a minima. This may be interpreted as follows:

O Energy minimum will favor states that have each city only once in the tour:

| KK
By =g AT vk vk
k=1 j1,j2=1
J1#£7j2
which reaches minimum E; = 0 if and only if each city appears only once in the tour
such that the products y;, yxj, are either of type 1-0 or 0-0, i.e. there is only one
1 in each row of the matrix (4.12).

The 1/2 factor means that the terms yij, Yrj, = Ykj.Ykj; Will be added only once,
not twice.
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O Energy minimum will favor states that have each position of the tour occupied by
only one city, i.e. if city C}, is the ko-th to be visited then any other city can't be in
the same k»-th position in the tour:

1 K K
E, = 532 Z Yk1iYk2j

=1 k1, ko=1
k1#k2

which reaches minimum E5 = 0 if and only if each city have different order number
in the tour such that the products yy, jyg,; are either of type 1-0or 00, i.e. there
is only one 1 in each column of the matrix (4.12).

The 1/2 factor means that the terms Y, jYk.; = Yk, jYr,; Will be added only once,
not twice.

O Energy minimum will favor states that have all cities in the tour:

1 K K ?
By =5C Zzykj—z(
k=1 j=1
K K
reaching minimum E3 = 0 if all cities are represented in the tour, i.e. Y > yx; = K
k=1j=1

— the fact that if a city was present, it was once and only once was taken care in
previous terms (there are K and only K “ones” in the whole matrix (4.12)).

The squaring shows that the module of the difference is important (otherwise energy

K K
may decrease for an increase of the number of missed cities, i.e. either Y~ > yi; S K
k=1j=1

is bad).
O Energy minimum will favor states with minimum distance/cost of the tour:

K K
D Z delkzyklj(ykz,j’+l + Yk g 1)

Ky ko=1 j=1
Ky #k2

Ey=

DN | =

If y%,; = 0 then no distance will be added. If y;,; = 1 then 2 cases arises:

(@) Yks,j+1 = 1 that means that the city Cf, is the next one in the tour and the
distance dk1k2 will be added: dk1k2yk1jyk27j+1 = dkle-

(b) Yk,,j+1 = 0 that means that the city Cj, isn't the next one on the tour and the
corresponding distance will not be added: dj, ., Yk, jYk,,j+1 = 0.

Similar discussion for yg, j—1.
The 1/2 means that the distances dj, ., = dj,, will be added only once, not twice.

From previous terms it should be only one digit “1" on each row so a distance dj, i,
should appear only once (the factor 1/2 was considered).

0 The term —% CK? is just an additive constant, used to create the square in Ej.
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To be able to use the running procedure (4.10), a way to convert {wy,j,k,;, } to a matrix

and {yx; } to a vector should be found. As indices {k,j} work in pairs this can be easily
done using the lexicographic convention:

Whkojokiji — W(ky—1)K+j2,(k1—1)K+j;
Ykj = Y(k—1)K+j

The graphical representation of Y — y transformation is very simple: take each column of
YT and “glue” it at the bottom of previous one. The inverse transformation of y to get Y’
is also very simple:

gﬁ — Ymod gl +1, ¢ — Kmod gt

The updating formula (4.10) then becomes:
Ft+1) =5 + W51 + €1 0 5(1) o [1 - 5(1)]

and the A, B, C and D constants are used to tune the process.






CHAPTER 5

The Counterpropagation Network

The counterpropagation network — CPN — is an example of an ANN interconnectivity. =~ CPN
From some subnetworks, a new one is created, to form a reversible, heteroassociative mem-

1
ory™.

DS.l The CPN Architecture

Let be a set of vector pairs (x1,y1),---,(Xxp,yp) who may be classified into several classes

Ci,...,Cy. The CPN associate an input x vector with an (y)r € Cj for which the O Cg, (x)k, (¥)&
corresponding (x), is closest to input x. (x); and (y); are the averages over those x,,

respectively y, who are from the same class Cy,.

CPN may also work in reverse, inputting an y and retrieving an (x).

The CPN architecture consists of 5 layers on 3 levels. The input level contains z and y
layers; the middle level contains the hidden layer and the output level contains the z’ and
y' layers. See figure 5.1 on the following page. Note that each neuron on z layer, input
level, receive the whole x (and similar for y layer) and also there are direct links between
input and output levels.

Considering a trained network an x vector is applied, y = 0 at input level and the corre-

sponding vector (y)y. is retrieved. When running in reverse an y vector is applied, x = 0 at
input level and the (y). is retrieved. Both cases are identical, only the first will be discussed
in detail.

1See " The BAM/Hopfield Memory” chapter for definition.
51See [FS92] pp. 213-234.
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O z,

0B

o  —Jo ob - Telm
O / 7 “ \ O hidden
level

Seae
/ ‘ \ output
O---mm- © O---mmomr © level

Figure 5.1: The CPN architecture.

This functionality is achieved as follows:
e The first level normalize the input vector.

e The second level (hidden layer) does a classification of input vector, outputting an one-
of-k encoded classification, i.e. the outputs of all hidden neurons are zero with the
exception of one: and the number/label of its corresponding neuron identifies the input
vector as belonging to a class (as being closest to some particular, “representative”,
previously stored, vector).

e Based on the classification performed on hidden layer, the output layer actually retrieve
a “representative” vector.

All three subnetworks are quasi-independent and training at one level is performed only after
the training at previous level have been finished.

5.1.1 The Input Layer

Let consider the z input layer? Let be N the dimension of vector x and K the dimension of
vector y. Let z, be the output vector of the input x layer. See figure 5.2 on the next page.

The input layer have to achieve a normalization of input; this may be done if the neuronal
activity on the input layer is defined as follows:

e each neuron receive a positive excitation proportional to it's corresponding input, i.e.
+Bx;, B = const., B > 0,

2An identical discussion goes for y layer, as previously specified.
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Figure 5.2: The input layer.

e each neuron receive a negative excitation from all neurons on the same layer, including
itself, equal to —z,;z;,

e the input vector x is applied at time ¢ = 0 and removed (x becomes ﬁ) at time ¢t = ¢/,
and

e in the absence of input z;, the neuronal output z,; decrease to zero following an

exponential, defined by A = const., 4 > 0, i.e. z,; x e 4t

Then the neuronal behaviour may be summarized into:

N
d Ti
;t = —Az,; + Bx; — 24 ij for t € [0,t)
Jj=1
d Ti
% = —Az,; for t € [t', 00)
or in matrix notation:
dZw _ T\ !
el —Az, + Bx — zpi(x 1)1 fort € [0,t") (5.1a)
dz ,
e —Az, fort € [t', 00) (5.1b)

The boundary conditions are z,(0) = 0 (starts from 0, no previously applied signal) and

tlim z.(t) = 0 (returns to 0 after the signal have been removed). For continuity purposes
—00
the condition tli/rrtll z,(t) = th\ntl’ z,(t) should be imposed. With these limit conditions, the

solutions to (5.1a) and (5.1b) are:

2y = % {1 —exp [— (A + xTi) t]} for t € [0, 1) (5.2a)
Zy = % {1 — exp [— (A + XTT) t'} } e A=) for t e [t 00) (5.2b)
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Proof. 1. From (5.1a), for t € [0,¢'):
dz, T ~ dzz; N
" +(A+x l)zm-lsz = -+ A+> ;| 20 = Ba
j=1
First a solution for the homogeneous equation is to be found:
dzzi N dZzi N
d:ZJr A+Zm]- Zgi =0 = Z’”;:f A+ij dt =
j=1 j=1
N
Zzi = Zgio€xp |— | A+ Z xz; |t
j=1
O zz0 where z0 is the integral constant.

The general solution to the non-homogeneous equation is found considering 24,0 = 2zio(t). Then from
(5.1a) (z; = const.):

N
dzzi0
dztz exp | — A+ij t| = Bz, =
j=1
N B N
zm-g:/Bxiexp A+Zm]~ t dtzinlexp A+ij t =
=1 A+ Yz j=1
j=1
Bx;

i = - = const.
(A + > {L‘j>
j=1

This solution is not convenient because it will mean an instant jump from 0 to maximal value for z,; when
x is applied (see the initial condition) or it will be the trivial solution z; = x = 0. As it was obtained in the
assumption that d%w # 0, this means that this is not valid and thus z.;o have to be considered constant.
Then the general solution to (5.1a) is:

N

Zzi = Zzi0 €XP | — A+§ x; | t| +const. , zzp = const.
j=1

and then, replacing back into (5.1a) and using first boundary condition gives (5.2a).

2. From equation (5.1a), by separating variables and integrating, for ¢ € [t', 00):

—A(t—t")

Zpi = Zgio€ Zpi0 = const.

Then, from the continuity condition and (5.2a), the z4;0 is:
N
B .
Zmio=$ 1—exp |— A—I—ij t O
=1

N
A4 3
j=1

The output of a neuron from the input layer as function of time is shown in figure 5.3 on the

Bx __ fort =1t — oo.

facing page. The maximum value attainable on output is z,max = T

|:| Remarks:

O In practice, due to the exponential nature of the output, close values to z;imax
are obtained for t' relatively small, see again figure 5.3 on the next page, about
98% of the maximum value was attained at t = ¢' = 4.
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Bzi
N ]
A+ 30 wj
=1 7

Figure 5.3: The output of a neuron from the input layer as function
of time.

O Even if the input vector x is big (z; — oo, i = 1, N) the output is limited but
proportional with the input:

Bx _ BxT1
A+xT1  "A4xT

Zomax = 7 x, where (= X Z;

T
N
ES

j=1

¢, being named the reflectance pattern and is “normalized” in the sense that
N

sums to unity: > (; = L.
j=1

5.1.2 The Hidden Layer

The Instar
The neurons from the hidden layer are called instars.

The input vector is z = {2;},_Tx77 — here z will contain the outputs from both z and

3

y layers, let be H the dimension® (number of neurons) and zy = {zm },_1 7 the output

vector of the hidden layer.

Let {wii} ,_77 be the weight matrix (by which z enters the hidden layer) such that the
i=1,N+K

input to neuron k is W(k,:) z.

The equations governing the behavior of a hidden neuron k are defined in a similar way as
those of input layer (z is applied from t =0 to t = t'):

dz gy

21;“ = —azgp + bW (k,:)z for t € [0,t) (5.3a)
dZHk _ ,

g = T4FHE for t € [t', 00) (5.3b)

3The fact that this equals the number of classes is not a coincidence, later it will be shown that there
have to be at least one hidden neuron to represent each class.

0¢,

Oz H, zy

Oa,b
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where a,b € RT, a,b = const., and boundary conditions are zy(0) = 0, tlim zmk(t) =0
— 00
f inui li =1 i
and, for continuity purposes T, 2 (t) tl\Htll zmg(t)
The weight matrix is defined to change as well (the network is learning) according to the
Oc¢ d following equation:
aw (k,:) —c [W(k,:) —zt] ifz £0
AL L | (5.4)
dt 0 if z, =0
where ¢,d € RT, ¢,d = const. and boundary condition W (k,:)(0) = 0, second case being
introduced to avoid the forgetting process.
|:| Remarks:
O In the absence of the input vector z = 0 if the learning process would continue
then:
dW (k, : 00
70515’ ) =—cW(k,:) = W(k,,:)=Ce " RNy
(C being a constant row matrix).
Assuming that the weight matrix is changing much slower that the neuron output then
W (k,:) z ~ const. and the solution to (5.3a) and (5.3b) are:
b
zae = —Wi(k,:)z (1 —e™) for t € [0,1') (5.5a)
a
b , .
zar = — Wi(k,:) = (1 —e ) e =) fort e [t 00) (5.5b)
a
Proof. It is proven in a similar way as for the input layer, see section 5.1.1, proof of equations (5.2a) and
(5.2b). O
The output of hidden neuron is similar to the output of input layer, see also figure 5.3 on
the preceding page, with the remark that the maximal possible value for zgy IS ZHkmax =
LW(k,:)z for t,t' — oo.
Assuming that an input vector z is applied and kept sufficiently long then the solution to
(5.4) is of the form:
W(k,:)=2"(1—e°)
i.e. W(k,:) moves towards z. If z is kept applied sufficiently long then W (k,:) L1200, T,
Proof. The differential (5.4) is very similar to previous encountered equations. |t may be proven also by
direct replacement. O
Let be a set of input vectors {zp}p:ﬁ applied as follows: z; between t = 0 and ¢ = #;,
, Zp between t = tp_; and t = tp. Then the learning procedure is:
O Initialize the weight matrix: W (k,:) = 0.
U to O Considering to = 0, calculate the next value for weights:

W(k,)(t1) =2z (1 —e™ ")
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Figure 5.4: The directions taken by weight vectors, relatively to input,
in hidden layer.

W(k,:)(ts) = 25 (1 - e—C<t2—t1>) FW (k) (). ..

W(k,:)(tp) = zp (1 - e*dtP*tPfl)) + W (k) (tp 1)

P
Z z, (1 _ e*C(tp*tp—l))

p=1

The final weight vector W (k,:) represents a linear combination of all input vectors
{z,},_1p. Because the coefficients (1 — e~(>~*»-1)) are all positive then the final
direction of W (k,:) will point to an “average" direction pointed by {zp}p:L—P and

this is exactly the purpose of defining (5.4) as it was. See figure 5.4.

|:| Remarks:

O It is also possible to give each z, a time-slice dt and when finishing with zp to
start over with z; till some (external) stop conditions are met.

The trained instar is able to classify the direction of input vectors (see (5.5a)):

—

2k o Wk, 2 = [[W (k, )| [2l] cos(W (. 5, 2) ox cos(W (&, 5, 2)

The Competitive Network

The hidden layer of CPN is made out of instars interconnected such that each inhibits all
others and eventually there is only one “winner” (the instars compete one against each
other). The purpose of hidden layer is to classify the normalized input vector z (who is
proportional to input). lts output is of the one-of-k encoding type, i.e. all neurons have
output zero except a neuron k. Note that it is assumed that classes do not overlap, i.e. an
input vector may belong to one class only.
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Figure 5.5: The competitive — hidden — layer.
The property of instars that their associate weight vector moves towards an average of input
have to be preserved, but a feedback function is to be added, to ensure the required output.
af Let f = f(zm) be the feedback function of the instars, i.e. the value added at the neuron
input. See figure 5.5
Oa, b Then the instar equations (5.3a) and (5.3b) are redefined as:

dz gy
dl;“ = —azuk + b[f(zar) + W(k,:) 2]
N+K
— ZHk Z [f(zme) + W(L,:) 2] for t € [0,t") (5.6a)
=1
d
ii}tlk = —azmy for t € [t',00) (5.6b)
N+K
where a,b € R", a,b = const.; the expression W (k,:)z + Y. f(zm¢) representing the
=1

total input of hidden neuron k. In matrix notation is:

d

% = —azg + b[f(zpy) + Wz] — 2y © [f(zm) + W2z for t € [0,t")
dz

—dtfl = —azg fOf t e [tl, OO)

The feedback function f have to be selected such that the hidden layer performs as a
competitive layer, i.e. at equilibrium all neurons will have the output zero except one, the

“winner” which will have the output “1”. This type of behaviour is also known as “winner-
takes-all”.
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For a feedback function of type f(z) = 2" where r > 1, equations (5.6) defines a competitive
layer,

Proof. First a change of variable is performed as follows:

B N+K
~ H
ZHE = N-{—Tk and ZH tot = Z ZHY (5.7)
Z 2He =1
(=1
- dzgi dZ g ~  dzp,
=  ZHk = ZHKZHpot and dftl = TI:ZH,tot + ZHIcTtOt
By making the sum over k on (5.6a) (and f(zm¢) = f(ZuezH tor)):
dzH N+K
d—t’mt = —azg tor + (b — 2H tot) Z [fZrezn o) + WL, 1) 2] (5.8)
(=1
and substituting zpr = ZHk2H tot in (5.6a):
dz N+K
H ~ ~ ~ ~
dtk = —0ZakZot +0[f(Zrrzm o) + W(k,:) 2] — ZHr2H tot Z [fZrezm tor) + W(L,:)z] (5.9)
(=1
As Lk o= ke gy, et g from (5.8) and (5.9):
dt H,tot = ~g; Hk dt an rom . an J):
e N+K N+K
H ~ _ -
Tk 2ot = b[f(Frrzm o) + Wk, )2l = 0Zmk | > fEarzame) + Y WLz (5.10)
(=1 (=1

The following cases, with regard to the feedback function, may be discussed:

N+K
e The identity function: f(Zgr2 tot) = ZHKZH tot- Then, by using > h; =1, the above equation
(=1

become:
dz, aE
Tk Zi ot = bW (k,:)z — bZyy Z W, )z
dt et
The stable value, obtained by stating dzdbt”“ =0, is:
- W(k,:)z W(k,:) =z
ZHE = 7N+K( ’ ) = ZHE X 7N+K( ’ )
W(k,:)z > W,z
=1 =1

N+K
e The square function: f(Zgrzm.tot) = (ZHkzH 1or)?. Again, as > Zgp = 1, (5.10) can be rewritten
(=1

in the form:
i N+K N+K
Hk ~ ~ ~ ~
“db ZH tot =b Z Zuof(Zueza o) — Z Zae f(ZrezH or)
(=1 (=1
N+K
FOW(k, )z —bZpe » W)z
(=1
N+K ~ -
_ - =~ [IGurzrger)  [(FHezH tot)
=bzurotZur P, ZHl | -
=1 ZHkZH tot ZH(ZH tot
N+K

+ W (k, )z — bZmy Y WL, )z
(=1

U Zme, 2 H,tot
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oA, B,

Then, considering the expression of f, the term:

f(ngZH,tot) - f(gHZZH,tot)
ngZH,tot gHZZH,tot

reduces t0 2g tot(Zr i — Zr¢) Which for Zp, > Zpg represents an amplification while for Zry, < Zpy
it represents an inhibition.

N4K
The term bW (k,:) z is a constant with respect to Zg, and the term —bZgy >, W ({,:) z represents
(=1
an inhibitory term.
So the differential equations describe the behaviour of a network where all neurons inhibit all others
with less output than theirs and are inhibited by neurons which have greater output. The gap between
neurons with high output and those with low output gets amplified. In this case the layer acts like
an “winner-takes-all” network, eventually only one neuron, that one with the largest Z will have a
non zero output.

The same discussion occurs for f(Zgk2H tot) = (ZszH,mt)" where £ > 1. O

And finally, only the winning neuron, let k be the one, have to be affected by the learning
process: this neuron will represent the class Cj to which input vector belongs and its
associated weight vector W (k,:) have to be moved towards the average “representative”
{(X)k, (y)r} (combined as to form one vector), all other neurons should remain untouched
(weights unchanged).

Two points to note here:
e It becomes obvious that there should be at least one hidden neuron for each class.

e Several neurons may represent the same class (but there will be only one winner
at a time). This is particularly necessary if classes are represented by unconnected
domains in RVTX (because for a single neuron representative, the moving weight
vector, towards the average input for the class, may become stuck somewhere in the
middle and represent another class) or for cases with deep intricacy between various
classes. See also figure 5.6 on page 81.

5.1.3 The Output Layer

The neurons on the output level are called outstars. The output level contains 2 layers: z’
of dimension N and y’ of dimension K — same as for input layers. For both the discussion
goes the same way. The weight matrix describing the connection strengths between hidden
and output layer is W',

The purpose of output level is to retrieve a pair {(x)r, (y)r}, where (x) is closest to input
x, from an “average” over previously learned training vectors from the same class. The '
layer is discussed below, the y’ part is, mutatis mutandis, identical.

The differential equations governing the behavior of outstars are defined as:

dz!
d:I;l = —Alaj; + Blﬂ'}i + CIWI('L., :) ZH for t € [O,tl)
dz'

% = A2+ C'W'(i,:) 2y for t € [t', 00)

where A", B',C" € R™, A’, B',C" = const., or in matrix notation:

dx’

e —AX'+B'x+C'W'(1: N,:)zg fort € [0,t) (5.11a)
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!
% =-AX'"+C'W'(1:N,:)zg for t € [t', 00) (5.11b)

with boundary condition x'(0) = 0.

The weight matrix is changing — the network is learning — by construction, according to
the following equation:

dW'(1: N, k) {—D’W’(l:N,k)+E’x if 2, # 0

~ 5.12
dt 0 if zg, =0 ( )

with the boundary condition W'(1 : N, k)(0) = 0 (the part for z), = 0 being defined in
order to avoid weight “decaying”). Note that for a particular input vector there is just one
winner on the hidden layer and thus just one column of matrix W' gets changed, all other
remain the same (i.e. just the connections coming from the hidden winner to output layer
get updated).

It is assumed that the weight matrix is changing much slower than the neuron output.
Considering that the hidden layer is also much faster than output (only the asymptotic
behaviour is of interest here), i.e. W(i,:) zg ~ const. then the solution to (5.11a) is:

B’ o ’
x' = EX—FEWI(I:N,:)ZH (1—e 4t

Proof. For each a: B'z; + C'W'(i,:)zg = const. and then the solution is built the same way as for
previous differential equations by starting to search for the solution for homogeneous equation. See also
proof of equations (5.2). The boundary condition is used to find the integration constant. |

The solution to weights update formula (5.12) is:
!

W'(1:N,k) = v x(1—e D't

DI
Proof. Same way as for x’, above, for each w;; separately. O

The asymptotic behaviour for ¢ — oo of x’ and W'(1 : N, k) are (from the solutions found):

li B ng'N' d i W’I'Nk—g 5.13
tirgox—A,ijA, (1:N,:)zyg an Jim (1: ’)_D’X (5.13)

After a training with a set of {x,,y,} vectors, from the same class k, the weights will be:
W'(1:N,k) x (x) respectively W/(N +1: N + K, k) < (y).

At runtime x # 0 and y = 0 to retrieve an y’ (or vice-versa to retrieve an x'). But (similar
to x')

B o
. '
tllgloy :EY"'EW(N"‘l:N“‘K;:)ZH

and, as zy represents an one-of-k encoding, then W(N + 1 : N + K,:)zy selects the

column k out of W' (for the corresponding winner) and as y = 0 then

y o« W' (N +1:N+K,k) x {y)

0D, E
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[ ]5.2 CPN Dynamics

|:| Remarks:

O In simulations on digital systems the normalization of vectors and the decision
over the winner in the hidden layer may be done in separate processes and such
simplifying and speeding up the network running.

O The process uses the asymptotic (equilibrium) values to avoid the actual solving
of differential equations.

T

O The vector norm may be written as ||x|| = VxTx.

5.2.1 Network Running

To generate the corresponding y vector for the input x:
0 The input layer normalizes the input vectors and distributes the result to the hidden
layer. For the y part a null vector 0 is applied:

2(1: N) == (as [lyll = 0)

ﬁ
H
b

zZ(N+1:N+K)=0

i.e. z is the combination of vectors H_iH and 0 to form a single vector.

O The hidden layer is of “winner-takes-all” type.

To avoid a differential equation calculation the weight vectors W (¢, :) are normalized.
This way the closest one to normalized input z will be found by doing a simple scalar

product: W ({,:)z cos(W/(Z,\:)z).

The “raw” output of the hidden neurons is calculated first: zg, oc W (¢, :) z, then the
neuron with the largest output is declared winner and it gets the output 1, all others
get output 0. Let k be the winning neuron, i.e. W(k,:)z = m?xW(é, :)z. Then

initialize zg to 0 and afterwards make zar = 1:

ZH = 0 and afterwards zar =1

and so all outstars receive an input vector of the form:

z;=(0 ... 1 ... 0) (5.14)

where all zg, are zero, except zpy.

Note that as y = 0 is as all things happen in the space RN ¢ RVN+X . The scalar

product may be replaced with the scalar product between —*- and the projection of

Ix]l
W(e,:), ie. W({,1: N).

52See [FS92] pp. 235-239.
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O From (5.13) and makingy = 0, C' = A’ and E' = D’ then the output of the y' layer
isy =W'(N+1: N+ K,k), i.e. the winner of hidden layer selects what column of
W' will be chosen to be the output (the W'(1 : N, k) represents the x’ while W'(:, k)
represents the joining of x’ and y') as the multiplication between W' and a vector of
type (5.14) selects column k out of W'.

To generate the corresponding x from y, i.e. working in reverse, the procedure is the same
(by changing x + y).

5.2.2 Network Learning

O An input vector, randomly selected, is applied to the input layer.

O The input layer normalize the input vector and distribute it to the hidden layer.

X
VxIx+yly
y

VxTx+yTly

i.e. z is the normalized combination of vectors x and y to form a single vector.

z(1: N) =

ZIN+1: N+ K)=

O The training of the hidden layer is done first. The weights are initialized with randomly
selected normalized input vectors. This ensure both the normalization of weight
vectors W (Z,:) and a good spread of them.

The hidden layer is of “winner-takes-all” type. To avoid a differential equation calcu-
lation, and as W (Z,:) are normalized, the closest W (/,:) to z is found by using the

scalar product W (¢,:) z cos(W/(Z,\:)z).

The “raw” output of the hidden neurons is calculated first as scalar products: zgy
W (£,:) z, then the neuron with the largest output, i.e. the k one for which W (k,:) z
= max W (¢,:) z, is declared winner and it gets the output 1, all others get output 0:

ZH = 0 and afterwards zar =1

and so all outstars receive an input vector of the form
z;=(0 ... 1 ... 0)

where all zg, are zero with one exception zgy.

The weight of the winning neuron is updated according to the equation (5.4). In
discrete time approximation: such that:

dt - At =1 and dW(k,:) > AW (k,:) =W (k,:)(t +1) — W(k,:)(t) =
W (k,:)(t+1) = W(k,:)(t) +clz" — W (k,:)(1)]
The above updating is repeated for all input vectors.

The training is repeated until the input vectors are recognized correctly, e.g. till the
angle between the input vector and the output vector is less than some maximum

error specified: cos(Wm, z) < €.
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The network may be tested with some input vectors not used before. If the classifi-
cation is good (the error is under the maximal one) the the training of hidden layer is
done, else the training continues.

After the training of the hidden layer is finished the training of the output layer begins.

An input vector is applied, the input layer normalizes it and distribute it to the trained
hidden layer. On the hidden layer only one neuron is winner and have output non-zero,

let k£ be that one, such that the output vector becomes zy = (0 R 0)
with 1 on the k position.

The weight of the winning neuron is updated according to the equation (5.12). In
discrete time approximation:

dt > At=1 and dW'(k,:)) = AW'(k,:) = W'(k, )t + 1) = W'(k,)(t) =
W' (1:N,k)(t+1)=W'(1: N,k)(t) + E'[x = W'(1: N,k)(t)] (5.15)
W (N+1:N+K,k)(t+1)= W' (N+1:N+K,k)(t)
+E'ly—W'(N+1:N+K,k)(t)]

The above updating is repeated for all input vectors.

The training is repeated until the input vectors are recognized correctly, e.g. till the

error is less than some maximum error specified: w}, —z; < ¢ for i = 1, N and similar
fory.

|:| Remarks:

0 From the learning procedure it becomes clear that the CPN is in fact a system
composed of several semi-independent subnetworks:

e the input level who normalize input,
e the hidden layer of “winner-takes-all” type and
e the output level who generate the actual required output.

Each level is independent and the training of next layer starts only after the
learning in precedent layer have been done.

O Usually the CPN is used to classify an input vector x as belonging to a class
represented by (x);. A set of input vectors {x,} will be used to train the network
such that it will have the output {(x)x, (y)r} if x € Cj (see also figure 5.6 on
the facing page).

O Unfortunate choice of weight vectors for the hidden layer W (¢, :) may lead to the
“stuck-vector” situation when one neuron from the hidden layer may never win.
See figure 5.6 on the next page: the vector W (2,:) will move towards x; 234
during learning and will become representative for both classes 1 and 2 — the
corresponding hidden neuron 2 will be a winner for both classes.

The “stuck vector” situation can be avoided by two means. One is to initialize
each weight by a vector belonging to the class for which the corresponding hidden
neuron will win — the most representative if possible, e.g. by averaging over the
training set. The other is to attach to the neuron an “overloading device”: if
the neuron wins too often — e.g. during training wins more that the number of
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[]5.3

Figure 5.6: The “stuck vector” situation.

training vectors from the class it suppose to represents — then it will shut down
allowing other neurons to win and corresponding weights to be changed.

O The hidden layer should have at least as many neurons as the number of classes
to be recognized. At least one neuron is needed to win the “competition” for
the class it represents. If classes form unconnected domains in the input space
z € RVTK then one neuron at least is necessary for each connected domain.
Otherwise the “stuck vector” situation is likely to appear.

O For the output layer the critical point is to select an adequate learning constant
E': the learning constant can be chosen small 0 < E' <« 1 at the beginning and
increased later when z; — w}, (t) decreases, see equation (5.15).

O Obviously the hidden layer may be replaced by any other system able to perform
an one-of-k encoding.

The Algorithm

The running procedure

1.

The x vector is assumed to be known and the corresponding (y) is to be retrieved.
For the reverse situation — when y is known and (x)j is to be retrieved — the
algorithm is similar changing x <> y.

Make the y null (ﬁ) at input and compute the normalized input vector z:

21:N)=—— and z(N+1:N+K)=0
xTx

. Find the winning neuron on hidden layer, the k for which: W (k,:)z = m?XW(Z, )z,

Find the y vector in W' matrix:

y=W'(N+1:N+K,k)

The learning procedure

1.

Let x and y be one set of input vectors
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Let N be the dimension of the “z" part and K the dimension of the “y”. Then
N + K is the number of neurons in the input layer.

. For all {x,,y,} training sets, normalize the input vector < compute z,.

Note that the input layer does just a normalisation of the input vectors. No further
training is required.

. Initialize weights on hidden layer. For all £ neurons (¢ = 1, H) in hidden layer select

an representative input vector z, for class ¢ and then W ({,:) = z] (this way the

weight vectors become automatically normalized).

Note that in extreme case there may be just one vector available for training for each
class. In this case that vector becomes the “representative”.

. Train the hidden layer. For all normalized training vectors z, find the winning neuron

on hidden layer, the k one for which W (k,:) z, = max W(¢,:) zp.
Update the winner weights:

Wnew(k‘, :) = Wouq (k‘, :) + C[ZE — Woud (k‘, )]

The training of hidden layer have to be finished before moving forward to the output
layer.

. Initialize the weights on output layer. As for the hidden layer, select an representative

input vector pair {xy,yy} for each class Cy.

W'(1:N,l) =xg,
W((N+1:N+K )=y

Another possibility would be to make an average over several {x,,y,} belonging to
the same class.

. Train the output layer. For all training vectors z, find the winning neuron on hidden

layer, the k one for which W (k,:) z, = max W(¢,:) zp.
Update the winner's output weights:
Wr:ew(l:Nak): éld(l:Nak)+El[Xp_Wt;|d(1:Nak)]
(N+1: N+ K, k)= W)4y(N+1:N+K,k)
+ E'lyy = Woa(N +1: N + K, k)]

WI

new
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Figure 5.8: The training set for letters A, B, C.

[ ]5.4 Applications

5.4.1 Letter classification

Being given a set of letters as binary image into a 5 x 6 matrix the network have to correctly
associate the ASCII code to the image even if there are missing parts or noise in the image.

The letters are uppercase A, B, C so there are 3 classes and corresponding 3 neurons on
the hidden layer. The representative letters are in figure 5.7.

The x vectors are created by reading the graphical representation of the characters on rows;
a “"dot” gets an 1, its absence gets an O:

(00100, (11110,
01010, 10001,
t ., 1000 1, T o 11110,
Xrep(A) - 1 1 1 1 1 , ) Xrep(B) - 1 O O 0 1 ,
10001, 10001,
1000 1) 11110 )

(01111,

10000,

10000,

Xep, (C) = 10000,

10000,

0111 1)

such that they are 30—dimensional vectors.

The ASCII codes are 65 for A, 66 for B and 67 for C. They are converted to binary format
and to a y 8—dimensional vector:

y'(A)=(0 1 0 0 0 0 0 1)
y'B)=(0 1 0 0 0 0 1 0)
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Figure 5.9: The testing set for letters A, B, C.

y'C)=(0 10 0 0 0 1 1)

The training letters are depicted in figure 5.8 on the page before — the first set contains
a “dot” less (information missing), the second one contains a supplementary “dot” (noise
added) while the third set contains both.

The test letters are depicted in figure 5.9 — first 3 sets are similar, but not identical, to the
training sets and they where not used in training. The system is able to recognize correctly
even the fourth set (labeled d) from which a large amount of information is missing.

|:| Remarks:

O The conversion of training and test sets to binary x vectors is done into a similar
ways as for the representative set.

O The training was done just once for the training set (one epoch) with the following
constants:

c=01 and E'=0.1

[0 At run-time the y vector becomes 0.

O If a large part of the information is missing then the system may miss-classify the
letters due to the fact that there are “dots” in common positions (especially for
letters B and C).



CHAPTER 6

Adaptive Resonance Theory (ART)

The ART networks are an example of ANN composed of several subsystems and able to
resume learning at a later stage without having to restart from scratch.

D6.1 The ART1 Architecture

The ART1 network is made from 2 main layers of neurons: F; and F5, a gain control unit  ART1
(neuron) and a reset unit (neuron). See figure 6.1 on the next page. The ART1 network 0O F, F;
works only with binary vectors.

The 2/3 rule. The neurons from F} layer receive inputs from 3 sources: input, gain control ~ 2/3 rule
and F5. The neurons from F; layer also receive inputs from 3 sources: F7, gain control and

reset unit. Both layers F; and F5 are build such that they become active if and only if 2

out of 3 input sources are active.

|:| Remarks:

0 The input is considered to be active when the input vector is non-zero i.e. it have
at least one non-zero component.

O The F3 layer is considered active when its output vector is non-zero i.e. it have
at least one non-zero component.

The propagation of signals trough the network is done as follows:

0 The input vector is distributed to Fi layer, gain control unit and reset unit. Each 0O x, N
component of input vector is distributed to a different F; neuron — F have the same
dimension N as input x.

6-1See [FS92] pp. 293-298.

85
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Input vector

yll neurons
_ O / &) fully interconected & O
Gain Control Rlayﬂs, both ways Reset

to all neurons to all neurons

—
>0 -------- =0 layer F

with lateral feedback

Figure 6.1: The ARTI! network architecture. Inhibitory input is
marked with © symbol.

0 The output of Fj is sent as inhibitory signal to the reset unit. The design of the
network is such that the inhibitory signal from F} cancels the input vector and the
reset unit remains inactive.

O The gain control unit send a nonspecific excitatory signal to F; layer (an identical
signal to all neurons from F}).

O F5 receives the output of Fy (all neurons between F and F» are fully interconnected).
The F; layer is of contrast enhancement type: only one neuron should trigger for a
given pattern (or, in a more generalized case only few neurons should “fire” — have
a nonzero output).

0 The output of F; is sent back as excitatory signal to F7 and as inhibitory signal to
the gain control unit. The design of the network is such that if the gain control unit
receives an inhibitory signal from F5 it ceases activity.

O Then Fj receives signals from F» and input (the gain control unit have been deac-
tivated). The output of the Fj layer changes such that it isn’t anymore identical to
the first one, because the overall input had changed: the gain control unit ceases
activity and — instead — the F5 sends its output to F;. Also there is the 2/3 rule
which have to be taken into account: only those F; neurons who receive input from
both input and F5 will trigger. Because the output of F} had changed, the reset unit
becomes active.

00 The reset unit send a reset signal to the active neuron(s) from the F» layer which forces
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it (them) to become inactive for a long period of time, i.e. they do not participate into
the next network pattern matching cycle(s). The inactive neurons are not affected.

O The output of F5 disappears due to the reset action and the whole cycle is repeated
until a match is found i.e. the output of F5 causes F) to output a pattern which will
not trigger the reset unit, because is identical to the first one, or — no match was
found, the output of F; is zero — a learning process begins in Fy.

The action of the reset unit (see previous step) ensures that a neuron already used in
the “past” will not be used again for pattern matching.

|:| Remarks:

O In complex systems an ART network may be just a link into a bigger chain. The
F, layer may receive signals from some other networks/layers. This will make F»
to send a signal to F} and, consequently F; may receive a signal from F5 before
receiving the input signal.

A premature signal from F, layer usually means an expectation. If the gain
control system and consequently the 2/3 rule would not have been in place then
the expectation from F5; would have triggered an action in absence of the input
signal.

With the presence with the gain unit F5 can't trigger a process by itself but it
can precondition F} layer such that when the input arrives the process of pattern
matching will start at a position closer to the final state and the process takes
less time.

[ ]6.2 ART1 Dynamics

The equation describing the activation (total input) of a neuron j from Fj 5 layers is of the

form:
d(],j . . s s .
o = + (1 — Aaj) x excitatory input — (B + Ca;) X inhibitory input (6.1)

where A, B, C are positive constants.

|:| Remarks:

0 These equations do not describe the actual output of neurons with will be ob-
tained from the activation by applying a “digitizing” function which will transform
the activation into a binary vector.

6.2.1 The F; layer

The neuron on Fy layer receives input x, input z’ from F5 and input from the gain control
unit as excitatory input. The inhibitory input is set to 1. See (6.1).

Let be aj, the activation of the neuron k from the F5 layer, f>(aj},) its output (f> being the

62See [FS92] pp. 298-310.

expectation

O ag, fo, W,y
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Ug

|:| Al, Bl, Cl, Dl

activation function on layer F; and f>(a') =y) and wj; the weight when entering neuron
j on layer F;. Then the total input received by the Fy neuron from F» is W (j,:) fa(a’).

The F layer is of competitive (“winner-takes-all”) type — there is only one winning neuron
which have a non-zero output, all others will have null output. The output activation
function for F, neurons is a binary function®:

1 if winner is &

output of F, neuron = fy(a},) = :
0 otherwise

The gain control unit is set such that if input vector x # 0 and the vector from F, is
f2(a') = 0 then its output is 1, otherwise is 0:

)1 ifx#0and fy(a') =0
7= 0 otherwise

Finally the dynamic equation for a neuron j from the F; layer becomes (from (6.1)):

da;

o =+ (1= Aiay)[z; + DiW () f2(a’) + Big] — (B1 + Ciay) (6.2)

where the constants A, B, C and D have been given the subscript 1 to denote that they are
for F layer. Obviously here D; controls the amplitude of W weights, it should be chosen
such that all weights are wj; € [0, 1].

The following cases may be considered:

O Input is inactive (x = 0) and Fj is inactive (f(a’) = 0). Then g = 0 and (6.2)

becomes:
da;
- = —aj — (B1 + C’laj)
dt
yep - da]- _ o Bi1 . . . .
At equilibrium — = 0 and a; = Tro; l-e. inactive Fy neurons have negative
activation.

O Input is active (x # 0) but F} is still inactive (f2(a’) = 0) — there was no time for
the signal to travel from F; to Fy and back (and deactivating the gain control unit
on the way back). The gain control unit is activated: g =1 and (6.2) becomes:

da;
d—tJ = —a; + (1 — Alaj)(a:j + Bl) - (B1 + C’laj)
At equilibrium %4 = 0 and

_ Lj
1+ Ai(zj+B)+Ch

aj (6.3)

i.e. neurons who received non-zero input (z; # 0) have a positive activation (a; > 0)
and the neurons who received a zero input have their activation raised to zero.

1See also the F» section, below
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O Input is active (x # 0) and F} is also active (f2(a’) # 0). Then the gain control unit
is deactivated (¢ = 0) and (6.2) becomes:

da;

L = —a; + (1 - Aaj)la; + DiW (j,5) f2(a)] = (Br + Cuay)

At equilibrium %4 = 0 and

_ z; + DiW(j,:) f2(a’) — By
1+ Ai(z; + DiW(j,:) f2(a’)) + Cy

@ (6.4)

The following cases may be discussed here:

(a)

Input is maximum: z; = 1 and input from F5 is minimum: a' — 0. Because the
gain control unit have been deactivated and the activity of F» layer is dropping
to 0 then — according to the 2/3 rule — the neuron have to switch to inactive
state and consequently a; have to switch to a negative value. From (6.4):

lim a; = lim zj + DiW () f2(a) — By
a0 | a0 L1+ Az + DiW(j,:) f2(a) + C1

<0 =

B, >1 (6.5)

(as all constants Ay, By, Cy, D1 were positive definite).

Input is maximum: z; = 1 and input from F5 is non-zero. Fj layer is of a
contrast enhancement type (“winner takes all’) and it have only (maximum)
one winner, let k£ be that one, i.e. W(j,:) fa(a') = wjx f2(a},). Then according
to the 2/3 rule the neuron is active and the activation value should be a; > 0
and (6.4) becomes:

B, -1

L+ Diwjifa(a) = B1 >0 = wjfa(a}) > D:

(6.6)
There is a discontinuity between this condition and the preceding one: from
(6.6), if wjgf2(al,) — 0 then By —1 < 0 which seems to be in contradiction
with the previous (6.5) condition. Consequently this condition will be imposed
on W weights and not on constants B; and D;.

Input is maximum z; = 1 and input from F5 is maximum, i.e. wji fo(a),) =1
(see above, k is the F» winning neuron). Then (6.4) gives:

14D, —B1 >0 = B <D +1 (67)

As fy(a},) =1 (maximum) and because of the choosing of D; constant: wj;, €
[0,1] then wj; = 1.

Input is minimum x — 0 and input from F5 is maximum. Similarly to the first
case above (and (6.4)):

. ;. N _
hmAaJ = lim zj + DlW(], ')f2(a ) B;

- <0 =
x—0 x—0 1+A1[xj+D1W(]7:)f2(al)]+cl

Dy < By (68)
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(because of the 2/3 rule at limit the F} neuron have to switch to negative state
and subsequently have a negative activation).

(e) Input is minimum (x — 0) and input from F} is also minimum (a’ — 0).
Similar to the above cases the F] neuron turns to inactive state, so it will have
a negative activation and (6.4) (on similar premises as above) gives:

lim a; <0 = —-DB; <0
x—0
a'—=0
which is useless because anyway B; constant is positive definite.

Combining all of the above requirements (6.5), (6.7), and (6.8) in one gives:
max(1,D,) < By < Dy +1

which represents one of the condition to be put on F} constants such that the 2/3
rule will operate.

d fi The output value for the j-th F} neuron is obtained by applying the following activation
function:
1 if activation a; > 0
a;) = 6.9
fila;) {0 if activation a; <0 (6.9)

6.2.2 The F, layer

O Initially the network is started at a “0" state. There are no signals traveling internally

and no input (x = 0). So, the output of the gain control unit is 0. Even if the Fj
layer receive a direct input from the outside environment (another network, e.t.c.)
the 2/3 rule stops F5 from sending any output.

O Once an input have arrived on Fj the output of the gain control unit switches to 1,
because the output of F» (z') is still 0.

Now the output of F5 is allowed. There are two cases:

(a) There is already an input from outside, then the F» will output immediately
without waiting for the input from F; — see the remarks about expectation in
section 6.1.

(b) If there is no external input then the F5 layer have to wait for the output of F}
before being able to send an output.

The conclusion is that on F5 level the gain control unit is used just to turn on/off the
right of F, to send an output. Because the output of the gain control unit (i.e. 1) is sent
uniformly to all neurons it doesn't play any other active role and can be left out from the
equations describing the behavior of F5 units.

|:| Remarks:

O In fact the equation describing the activation of the F5 neuron is of the form:
daj, , , . . .
output = % + (1 — Azap,) x excitatory input ifg=1
. _ PN e .
equation (B2 + Csay,) % inhibitory input
a, =0 othewise
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where aj, is the neuron activation and A,, By and C, are positive constants (see [0 a’, Ay, By, Cy
(6.1)). The first part is analyzed below.
The neuron k on F; layer receives an excitatory input from Fy: W'(k,:) fi(a) (where W' O W', h
is the weight matrix of connections from Fy to F5) and from itself: h(a}); h being the
feedback function:
excitatory input = W'(k,:) fi(a) + h(ay},)
K
The same k neuron receive an direct inhibitory input from all other F, neurons: ) h(aj)
=7
and an indirect inhibitory input: E W'(L,:)fi(a), where K is the number of neurons on
l;ék
F,. The latter term represents the indirect inhibition (feedback) due to the fact that others 0O K
neurons will have an positive output (because of their input), while the former is due to
direct inter-connections (lateral feedback) between neurons in F layer.
K
inhibitory input = Zh ay) + ZW ) f1(a)
Z;ék l;ék
Eventually, from (6.1):
Ao o+ (1= Aval) (DaW h(a,
Tk = )+ (1= Apal) (D2 (,3) fi(2) + h(a})
K
= (B2 + Caay)) Y _[h(a) + W'(E,:) fi(a)]
[=7;

where D, is a multiplying positive constant. 0 Dy
Let By =0, Cs = Ay and Dy = 1. Then:

da; X

= )+ W) @)~ 3G W) f@] (610
or in matrix notation:

da’ ~
d_j = —a' +h(a') + W' fi(a) — A17[h(a") + W' fi(a)]a’

For an feedback function of the form h(a},) = a},™, where m > 1, the above equations
define an competitive layer.
Proof. First the following change of variable is performed: 0 @, ajo

o ’
a, = % and Opor = Za‘; =
=1

da/, da’, da!
k k o~
aj, = @y and TR Qor + @, —dttm
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By doing a summation for all £ in (6.10) and using the change of variable just introduced:

i
dajo

a —Qtot + Z h(@)ae) + Z w'( — Asayy Z (@yaror) + W'(L,2) f1(a)] (6.11)

Then, from the substitution introduced and (6.10) and (6.11):

! ! I
daj, _ daj, a dagor

K
7 Qor = 7 T O = h(@arer) + W'(k, 1) - aj, Z (@parer) + W'(L,:) f1(a)]
dt dt dt =

K
As > 'dk =1, the above equation may be rewritten as:

(=1
dal, K K K
T a(ot = Z ayh(@), arr) Z @y h(@parey) + W(k,:) f1(a) — @y, Z w(¢,
(=1 (=1 =
(@).ay h(a,a! _ Lis
= Q) ey Z k m — E,,l ,mt) + Wi(k,:) fi(a) — @, Z w(e
@), gy Gy oy (=1

and on this formula the following cases may be considered:
e Identity function: h(a} aj) = @),y then:
da) g
Sk g = W(h,3) () ~ @ > W (6:) fi(@)

. da, .
and the stable value (obtained from % =0) is:

— W' (k,: W'(k,:
g WA L W) e
> WL, fi(a) > Wi(L,:) fi(a)
=1 =1
i.e. the output is proportional to the weighted sum of inputs.
e Square function: h(a’ al,,) = (@, al,)? then h@aie) _ M@0) vequces to a (@), —a)) which for
: & Qrot & Qrot Tl Thaly tot \ &, 14

@), > @, represents an amplification while for @} < @) represents an inhibition. The W’(k,:) f1(a) is
constant.

The F» layer acts as an “winner-takes-all”2 network; the distance between neurons with large output
and those with small output widens — eventually only one neuron will have a non-zero output.

The same discussion goes for h(a} at,) = (@}, a5, )™ where m > 1. |

The winning F> neuron sends a value of 1 to Fj layer, all other send 0. Let fa(a') be the
O fo output (activation) function which value is sent to Fi:

1 if a), = max ay
folay) = (=1.K (6.12)
0 otherwise

|:| Remarks:

O It seems — at first sight — that the F5 neuron have two outputs: one sent to
the F; layer — h function and one sent to the F} layer — f» function. This runs
counter the definition of a neuron — it should have just one output. However
this contradiction may be overcome if the neuron is replaced with an ensemble
of three neurons: the main one which calculate the activation aj, and send the

2There is a strong similarity with the functionality of the hidden layer of a counterpropagation network
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Figure 6.2: The F> neuron structure.

result (it have the identity function as activation function) to two others which
receive its output (they have one input with weight 1), apply the h respectively
f2 functions and send their output wherever is required. See figure 6.2.

6.2.3 Learning on Fi: The W weights

The differential equations describing the F learning process, (i.e. W weights adaptation)
are:

dw;y, —
=+ i@lh(@) , i=TN, k=TK (6.13)
There is just one (at most) “winner” — let k be that one — on F, for which f>(a},) # 0,
for all others f(aj) = 0, i.e. only the weights related to the winning F5 neuron are adapted
on F} layer, all other remain unchanged (for a given input).

|:| Remarks:

O During the learning process only one (at most) component of the weight vector
W (j,:) changes for each F} neuron, i.e. only column k of W changes, k being
the F5 winner.

Because of the definition of the f; and f, functions (see (6.9) and (6.12)) the following
cases may be considered:

O F5:k neuron winner (f2(aj,) = 1) and Fi:j neuron active (fi(a;) = 1), then:

dwjk
dt

t

:—’u}jk-l-l = wijI—e_

(solution found by searching first for the solution for the homogeneous equation and
then making the “constant” time dependent to find the general solution). The weight
asymptotically approaches 1 for t — co.
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U E,

O Fs:k neuron winner (f2(aj,) = 1) and Fi:j neuron non-active (fi(a;) = 0), then:

dwj —t

dt = —Wj = Wik = Wik (0) e
where w;i(0) is the initial value at t = 0. The weight asymptotically decreases to 0
for t — oo.

O Fs:k neuron non-winner (f2(aj,) = 0), then:

dw]'k
dt

=0 = wjr = const.

the weights do not change.
A supplementary condition for W weights is required in order for 2/3 rule to function,
see (6.6):
B -1

Wi > —=——
Jk D1

(6.14)

i.e. all weights have to be initialized to a value greater than Bb—;l. Otherwise the Fj:i

neuron is kept into an inactive state and the weights decrease to 0 (or do not change).

Fast Learning: If the F5:k and Fi:j neurons are both active then the weight wj; — 1,
otherwise it decays towards 0 or remain unchanged. A fast way to achieve the learning is
to set the weights to their asymptotic values as soon is possible, i.e. knowing the neuronal
activities:

1 if 7,k neurons are active
wjr = 4 no change if k neuron is non-active (6.15)
0 otherwise

or in matrix notation:
W k)new = f1(a) and W(,O)new = W(:, )01 for £ #k

Proof. Only column k of W is to be changed (weights related to F» winner). fi(a) is 1 for active neuron,
0 otherwise, see (6.9). O

6.2.4 Learning on F,: The I’ weights

The differential equations describing the F5 learning process are:

!

Y g F(1 —wi;) fi(a;) waZﬁ ae }f2 aj,)

dt
l#a

N N
where E, F = const. and, because > fi(a¢) = > fi(a¢) — fi(a;), the equations may be
=1 =1
#j
rewritten as:
dwj;

=F
dt

F(1 —wj;) fiaj) — wy, (Zfl ar) — fi ag))] f2(ay,)
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For all neurons £ on F5 except winner f»(a}) = 0 so only the winner’s weights are adapted,
all other remain unchanged (for a given input).

Analogous previous W weights, and see also (6.9) and (6.12), the following cases are
discussed:

O F5:k neuron winner (f2(a},) = 1) and Fi:j neuron active (fi(a;) = 1) then:

N
F—wy,; (F—1+Zf1(az)>]
(=1

!
dwkj

dt

=F

and the solution is of the form:

r N
wy; = ~ —exp |—F (F -1+ Zfl(W)) t]
F—1+ 3% fila) =1
=1
(found analogous W). The weight asymptotically approaches ——£L—— for
F—H-g:l fi(ae)
t — o0.
N
In extreme case it may be possible that > fi(a¢) = 0 such that the condition F' > 1
=1

have to be imposed to keep weights positive.

O F5:k neuron winner (f2(aj,) = 1) and Fi:j neuron non-active (fi(a;) = 0), then:

d'LUI X N N
d:] = —Euwy; Zfl (ae) = wjp; =wp,;(0)exp (—Ethl(ag)>
=1

=1

where wy;(0) is the initial value at t = 0. The weight asymptotically decreases to 0
for t — oo.

O Fy:k neuron non-winner (f2(aj,) = 0) then:

=0 = wj; = const.

dwj, y
dt

the weight do not change.

Fast learning: If the F5:k and Fj:j neurons are both active then the weight wi; — 1,
otherwise it decays towards 0 or remain unchanged. A fast way to achieve the learning is
to set the weights to their asymptotic values as soon is possible, i.e. knowing the neuronal
activities:

F

= if k,j neurons are active
F=1+37 fi(ac)
=1

wh; = (6.16)

no change if k£ non-active
0 otherwise

or, in matrix notation:
F

m fl(aT) and Wl(é, :)new = Wl(g, Z)o|d for ¢ 7é k (617)

Wl(k, :)new =
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|:| XI XII kl kll

Proof. Only row k of W' is to be changed (weights related to F» winner). fi(a) is 1 for active neuron, 0
otherwise, see (6.9). O

6.2.5 Subpatterns

The input vector is binary z; = 0 or 1. All patterns are subpatterns of the unit input vector

1. Also it is possible that a pattern x’ may be a subpattern of another input vector x'':
x' C x", ie. either 2} = 2 or 2 = 0. The ART1 network ensures that the proper F,
neuron will win such case may occur, i.e. the winning neurons must be different for x’ and
x'" — let k' and k" be those ones. k' # k" if x' and x" correspond to different classes.
Proof. When first presented with an input vector the Fi layer outputs the same vector and distribute it to
F> layer, see (6.3) and (6.9) (the change in F) activation pattern later is used just to reset the F» layer).
So at this stage fi(a) = x.

Assuming that k£’ neuron have learned x’, its weights should be (from (6.17)):

F 1T

SR S (6.18)
F—-14+1Tx

W'(K',:) =
and for k" neuron which have learned x’ its weights should be:
F
xHT

W,(k”’:): T
F—-1+1'x

When x’ is presented as input, total input to k' neuron is (output of Fy is x'):

F
ahy = W'(K,)x' = ————x'Tx
F—-14+1Tx/
while the total input to k'’ neuron is
F
=W E" )X = ————— "X
F—1+17x"

Because x’ C x” then x""Tx’ = x'Tx’ but 1Tx"” > 1Tx’ and then ab, < a), and k' wins as it should.
Similarly when x’ is presented as input, the output of k' neuron is

F
apy =Wk, )x' = ———— x'Tx"
F—-1+1Tx

while the total input to k'’ neuron is

a;c” — W,(k”, :) X” — F _ X/ITXI/
F—1+4+1Tx"

As x’ C x'" and are binary vectors then

xITXH — xITXI — ].TX, , xIITXH — ].TX” and ].TX, < ].TX” =
I ’ —
Tpr = For oy SO T FoT

and neuron k' wins as it should. O

|:| Remarks:

0 The input patterns are assumed non zero otherwise x = 0 means no activation.

O All inputs are subpatterns of the unit vector 1 and the neuron who have learned
the unit vector have the smallest weights:

F 1T

! . pa—
Wik =g w
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and smallest output (when the unit vector is presented as input)
F

/
A, == —/———————
k F—1
~ t1

0 The F5 neurons which aren't used yet should not win over neurons which were
already committed to an input vector.

Then the weights of unused neurons have to be initialized such that they do not

win in the worst case, i.e. when 1 have been already committed to a neuron.
Uncommitted neuronal weights have to be initialized with values:

F
! —
Wi € <0’F—1+N>
(the 0 have to be avoided because it will give 0 output)

Also the values by which they are initialized should be random such that when
a new class of inputs are presented at input and none of previous committed
neurons won then only one of the uncommitted neurons wins.

6.2.6 The Reset Unit

The reset neuron is set to detect mismatches between the input vector and the output of
the Fi layer.

At start, when an input is present, the output of F} is identical to the input and the reset
unit should not activate.

Also the reset unit should not activate if the difference between input and Fj output is
below some specified value. Differences between input and stored pattern appear due to
noise, missing data or small differences between vectors belonging to same class.

All inputs are of equal importance so they receive the same weight; the same happens with
F1 outputs but they came as inhibitory input to the reset unit. See figure 6.1 on page 86.

Let @ be the weight(s) for inputs and —S the weight(s) for F} connections (Q,S > 0).
The total input to the reset unit is ag:

N N
ar=Q» x;—S» fi(a) , QS=const. , QSR
i=1 i=1

The reset unit activates if the net input is positive:

N
N N 2 fl(ai) Q
Qin—SZfl(ai)>0 = Z_lN <§:p
i=1 i=1 Z x;
i=1
IE:: fi(as)

i=1

where p is called the vigilance parameter. For > p the reset unit does not trigger.

Because at the beginning (before F, activate) fi(a) = x then the vigilance parameter
should be p < 1, i.e. Q < S (otherwise it will always trigger).

DQ, S, aRr

Op
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Noise in data

The vigilance parameter self scale the difference between the actual input pattern and the
stored/learned one. Depending upon the input pattern the difference (noise, distance, e.t.c.)
between the two may or may not trigger the reset unit.

For the same difference (same set of ones in input vector) the ratio between noise and
information varies depending upon the number of ones in the input vector, i.e. assuming
that the noise vector is the smallest one x* = (0 ... 1 ... 0) (just one “1") and the
input stored vector is similar (have also just one “1") then for an input with noise the ratio
between noise and data is at least 1 : 1; for an input having two ones the ratio drops to half
0.5:1 and so on.

New pattern learning

If the reset unit is activated then it deactivates the winning F5 neuron for a sufficient long
time such that all committed F5> neurons have a chance to win (and see if the input pattern
is “theirs") or a new uncommitted neuron is set to learn a new class of inputs.

If none of the already used neurons was able to establish a “resonance” between Fi and F5
then an unused (so far) neuron k (from F) win. The activity of the F| neurons are:

0 = zj + DiW(j,:) f2(a’) — By _ zj + Diwjr — By
J 1+A1[1‘j +D1W(j,2) fz(a')] +C4 1+A1(.Z’j +D1wjk)+C’1

(see (6.4) and because fy(a') is 1 just for winner k and zero in rest and then W (j,:) f2(a') =
wji). For newly committed F5> neurons the weights (from F5 to Fi) are initialized to a

value wj > Bbjl (see (6.14)) and then:

:Uj—l—Dlek—Bl>a:j—1

which means that for z; = 1 the activity a; is positive and fi(a;) = 1 while for z; = 0,
because of the 2/3 rule, the activity is negative and fi(a;) = 0.

Conclusion: when a new F5 neuron is committed to learn the input, the output of F layer
is identical to the input, the reset neuron does not activate, and the learning of the new
pattern begins.

|:| Remarks:

O The F; layer should have enough neurons for all classes to be learn, otherwise an
overloading of neurons, and consequently instabilities, may occur.

O Learning of new patterns may be stopped and resumed at any time by allowing
or denying the weight adaptation.

Missing data

Let assume that an input vector, which is similar to a stored/learned one, is presented to
the network. Let consider the case where some data is missing, i.e. some components of
input are 0 where the stored one have 1's. Assuming that it is “far” enough from other
stored vectors, only the designated F> neuron will win — that one which previously learned
the complete pattern (there is no reset).

Assuming that a reset does not occur, the vector sent by the winning F} neuron to the F,
layer will have more 1-s than the input pattern (after one transmission cycle between Fj »
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layers). The corresponding weights (see (6.15): j non-active because of 2/3 rule, k active)
are set to 0 and eventually the F> winner learns the new input — assuming that learning

was allowed, i.e. weights are free to adapt.

If the original, complete, input vector is applied again the original F» neuron may learn again
the same class of input vectors or otherwise a new unassigned F5 neuron may be committed

to learn.

This kind of behavior may lead to a continuous change in the class of vectors represented

by the F» neurons, if learning is always allowed.

[ ]16.3 The ART1 Algorithm

Initialization

The size of Fy layer: N is determined by the dimension of the input vectors.

1. The dimension of the F, layer K is based on the desired number of classes to be
learned now and later. Note also that in special cases some classes may require to be
divided into “subclasses” with different assigned F5 winning neurons.

2. Select the constants: A; >0, C; >0, Dy >0, max(1,D;) < By<D;+1, F>1

and p € (0,1].
3. Initialize the W weights with random values such that:
B; -1
ik =1 E=1K
Wik > D1 y ) ) ’ ’

4. Initialize W' weights with random values such that:

F
w’cﬁ(“’m) k=

Network running and learning

The algorithm uses the fast learning method (asymptotic values for weights).

1. Apply an input vector x. The F; output becomes
fi(a) =x
(at first run, x is a binary vector).

2. Calculate the activities of F5 neurons and find the winner.

it is true that:
W'(k,:) fi(a) = m?XW'(Z, ) fi(a)

3. Calculate the new activities of F} neurons caused by inputs from F». The F3 output is
a vector which have all its components 0 with one exception for winner k, multiplying
W by such a vector means that column W (:, k) is selected to become the activity of

F| and the new Fj output becomes:

fl (a)new = sign(W(:, k))

The neuron with the
biggest input from F; wins (and all other will have zero output). For k the F» winner
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Calculate the “degree of match” between input and the new output of F} layer

N
21 f1(a;j)new in (a)
degree of match = 2= = o new
N, 1Tx
2. T
i=1

Compare the “degree of match” computed previously with the vigilance parameter p.
If the vigilance parameter is bigger than the “degree of match” then

(a) Mark the F5:k neuron as inactive for the rest of the cycle while working with
the same input x.

(b) Restart the procedure with the same input vector.

Otherwise continue, the input vector was positively identified (assigned, if the winning
neuron is a previously unused one) as being of class k.

Update the weights (if learning is enabled; it have to be always enabled for new
classes). See (6.15) and (6.16).

W(:ak)new = fl(a)new
F
F—1+17f(a)new

Wl(k75)new = fl(aT)new

only the weights related to the winning F neuron being updated.

. The information returned by the network is the classification of the input vector given

by the winning F> neuron (in the one-ofk encoding scheme).

D6.4 The ART2 Architecture

0w, s, u, v, p, q

Unlike ART1, the ART2 network is designed to work with analog positive inputs. There
is a broad similarity with ART1 architecture: there is a F} layer which sends its output to
a F, layer and a reset layer. The F5 layer is of “winner-takes-all” type and the reset unit
have the same role as in ART1. However the F} layer is made of 6 sublayers labeled w, s,
u, v, p and q.

See figure 6.3 on the facing page. Each of the sublayers have the same number of neurons
as the number of components in the input vector.

O

O 0o o o

The input vector is sent to the w sublayer.

The output to the w sublayer is sent to s sublayer.
The output of the s sublayer is sent to the v sublayer.
The output of the v sublayer is sent to the u sublayer.

The output of the u sublayer is sent to the p sublayer, to the reset layer r and back
to the w sublayer.

6-4See [FS92] pp. 316-318.
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v
© | ©
ryy
[ Reset layer ]—> ®—> [ F» layer ]

Figure 6.3: The ART2 network architecture. Thin arrows represent
neuron-to-neuron connections between (sub)layers; thick
arrows represent full inter-layer connections (from all
neurons to all neurons). The G units are gain-control
neurons which sent an inhibitory signal; the R unit is the
reset neuron.

0 The output of the p sublayer is sent to the ¢ sublayer and to the reset layer. The
output of the p sublayer represents also the output of the F} layer and is sent to F5.

|:| Remarks:

O Between sublayers there is a one-to-one neuronal connection (neuron j from one
layer to the corresponding neuron j from the other layer)

O All (sub)layers receive input from 2 sources, a supplementary gain-control neuron
have been added where necessary such that the layers may be complacent with
the 2/3 rule.

O The gain-control unit have the role to normalize the output of the corresponding
layers (see also (6.20) equations); note that all layers have 2 sources of input
either from 2 layers or from a layer and a gain-control unit. The gain-control
neuron receive input from all neurons from the corresponding sublayer and send
the sum of its input as inhibitory input (see also (6.21) and table 6.1), while the
other layers sent an excitatory input.
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[]6.5 ART2 Dynamics

6.5.1 The F) layer

Oa,b, e The differential equations governing the F sublayers behavior are:
dw; dv;
o = Wity o = v ) +of(a)
ds; dp; .
5 = e+ w;— sjllwl = Pt W) fo(a)
du; dg;
i = —ew T v vl = = ¢t +p; — gl
O f, « where a,b,e = const.. The f function determines the contrast enhancement which takes
place inside F} layer, a possible definition would be
0 forz<a
fla) = { . (6.19)
x otherwise

where o € (0,1), a = const.. The norm of a vector x is here defined as the Euclidean.
When applied to a vector the contrast enhancement function may be written in matrix

format as:
f(x) = x ® sign(sign(x — al) + 1)
The equilibrium values (from % =0) are:
wj = 8 + au; vj = f(s;) +bf(q5)
wy . ’
§j = —=— pj = u; +W(j,:) f2(a") (6.20)
et lwll T
vj bj
U; = qg; =
Tet vl T e+lpll

These results may be described by the means of one single equation with different parameters
for different sub-layers — see table 6.1:

d(neuron output)

o = — (' neuron output + excitatory input (6.21)

— Cyneuron output X inhibitory input

|:| Remarks:

O The same (6.21) is applicable to the reset layer with the parameters in table 6.1
(c = const.).

O The purpose of the e constant is to limit the output of s, ¢, u and r (sub)layers
when their input is 0 and consequently e should be chosen e > 0 and may be
neglected when real data is presented to the network.

6-5See [FS92] pp. 318-324 and [CG87].
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Layer Neuron output C; Oy Excitatory input Inhibitory input

w w; 1 1 xj + au;j 0

S Sj e 1 w; ||W||

u u; e 1 v Il

. ” L1 f(s) +bf(ay) 0

) " 11 w4 W) f@) 0

. . e » Il

r ri e 1 uj + cpj [[ull + cllpll

Table 6.1: The parameters for the general, ART2 differential equa-
tion (6.21).

6.5.2 The F; Layer

The F, layer of ART2 network is identical to the F5 layer of ART1 network. The total
input into neuron k is aj, = W'(k,:) fi(a) and the output is:

H r !
d if a;, = maxaj

fa(ay,) = { ¢ (6.22)

0 otherwise

where d = const., d € (0,1).

Then the output of p sublayer becomes:

(6.23)

u; if F5 is inactive
pj = .
uj + dwj,  for k neuron winner on F3

6.5.3 The Reset Layer

The differential equation defining the reset layer running is of the form given by (6.21) with
the parameters defined in table 6.1:

d?“j
= = —eri T s+ epy—rjllul] —erjlipll
with the inhibitory input given by the 2 gain-control neurons.
The equilibrium value is:
r; = uj + cp; ~ uj + cpj o r— u+cp
e+ |[ull +cllpll — [lull + cllpll [all + cllpl|

(6.24)

(see also the remarks regarding the value of ¢).

By definition — considering p the vigilance parameter — the reset occurs when:

el <p (6.25)

Od

Op
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The reset should not activate before an output from F5 layer have arrived — this condition

is used in the ART2 algorithm — and indeed from (6.20) equations, if f(a') = 0 then
p = u and then (6.24) gives ||r|| = 1.

6.5.4 Learning and Initialization

The differential equations governing the weights adaptation are defined as:

dwjk ! dw;cj ' '
a f2(ay)(pj — wjk) and a fa(ay,)(pj — wkj)
and, considering (6.22) and (6.23):
dwjr | d(uj + dwjr —wj)  for k winner on Fy
d 0 otherwise
dw;w. _ d(u; + dwji, — w;w.) for k winner on F,
dt 0 otherwise

Fast Learning

The weights related to winning F»> neuron are updated, all others remain unchanged. The
a¢) _

equilibrium values are obtained from —> = 0 condition. Assuming that & is the winner:
uj + dwjp —wjr =0 and uj + dw(jp — wy; =0
and then
; W, k) =125
wyp = wh; = % = = . (6.26)
W'(k,:) = 125 =W(;,k)

(so this is why the condition 0 < d < 1 is necessary). Eventually the W' weight matrix
becomes the transposed of W matrix — when all the F5 neurons have been used to learn
new data.

New pattern learning

The reset unit should not activate when a learning process takes place.

Using the fact that u; = ﬁ (e ~ 0) and then ||u|| = 1 and also ||r|| = VrTr, from (6.24):

V1 + 2c[p|l cos(it, p) + 2[[plP?

I =
el T+ cllp]

(6.27)

where 1, p is the angle between u and p vectors and if p || u then a reset does not occur
because p < 1 and the reset condition (6.25) is not met (||r|| = 1).

If the W weights are initialized to O then the output of Fy, at the beginning of the learning
process, is zero and p = u (see (6.23)) such that the reset does not occur.

During the learning process the weight vector W (;, k), associated with connection from F,
winner to F; (p layer), becomes parallel to u (see (6.26)) and then, from (6.23), p moves



6.5. ART2 DYNAMICS

105

(during the learning process) towards becoming parallel with u and again a reset does not
occur.

Conclusion: The W weights have to be initialized to 0.

Initialization of W' weights

Let assume that a k& neuron from F5 have learned a input vector and, after some time,
is presented again to the network. The same k neuron should win, and not one of the
uncommitted (yet) F> neurons. This means that the output of the k neuron, ie. aj, =
W'(k,:) p should be bigger than an aj, = W'({,:) p for all £ unused F> neurons:

—

Wik, )p>W(:)p = W k)Pl > [[W )] lIpll cos(W'(L,:), p)

because p || u || W'(k,:), see (6.23) and (6.26) (the learning process — weight adaptation
— has been done already previously for k& neuron).

The worst possible case is when W' (£,:) || p such that cos(W’/(Z,\:) p) = 1. To ensure that
no other neuron but k& wins, the condition:

W' (€)1 < W' (K, 2)

(6.28)

= 1 1T
S 1-d VK (1-d)

. . T
have to be imposed for unused £ neurons (for a committed neuron W'(k,:) = %5 and

v,
[lul| =1 as u; ~ T € 0).

To maximize the unused neurons input aj such that the network will be more sensitive to
new patterns the weights of (unused) neurons have to be uniformly initialized with maximum

values allowed by the condition (6.28), i.e. wj; < m.

Conclusion: The ' weights have to be initialized with: wj; < m.

Constants Restrains
As p =u+dW (k) and ||ul| = 1 then:

—

up = |p|| cos(a,p) = 1+ d[|W(:, k)[| cos(u, W(:, k)

—

Ipll = vp'p= \/1 +2d||W(:, B)|| cos(u, W (:, k) + &[[W(:, k) ||2

(k being the F, winner). Replacing ||p|| cos(u,p) and ||p|| into (6.27) gives:

\/(1 +0)2 + 2(1 + )ed||[W (-, k)| cos(u, W (;, k) + 2d2||W (-, k)||2
L+ /e + 2¢- cd[W(, B)| + E2[W(, k)|

Il =

Figure 6.4 on the next page shows the dependency of |Ir|| as function of cd||w |l
cosu, w(1); and ¢ — note that ||r|| decreases for cd|lw )|l < 1.
Discussion:

e The learning process should increase the mismatch sensitivity between the F; pattern
sent to F5 and the classification received from F5, i.e. at the end of the learning process,
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Figure 6.4: ||r|| as function of cd||W ((:,k))||. Figure (a) shows de-

—

pendency for various angles u, W (:, k), from w/2 to 0 in
/20 steps, and ¢ = 0.1 constant. Figure (b) shows de-
pendency for various ¢ values, from 0.1 to 1.9 in 0.2 steps,

—

and u,W(:,k) =7n/2 — /20 constant.

the network should be able to discern better between different classes of input. This
means that, while the network learns a new input class and W (:, k) increases from

initial value 0 to the final value when ||V (:,k)|| = 1%, the ||| value (defining the

network sensitivity) have to decrease (such that reset condition (6.25) became easier
to met). In order to achieve this the following condition have to be imposed:

cd
1-d

(at the end of the learning W (:, k) = 1).

Or, in other words, when a there is a perfect fit ||r|| reaches its maximal value 1;
when presented with a slightly different input vector, the same F3 neuron should win
and adapt to the new value. During this process the value of ||r|| will first decrease
before increasing back to 1. When decreasing it may happen that ||r|| < p and a rest
occurs. This means that the input vector does not belong to the class represented by
the current F5 winner.

lc_dd < 1 the network is more sensitive than for % < 1 — the [|r|| value will
drop more for the same input vector (slightly different from the stored/learned one).

See figure 6.4-a.

e For

e For ¢ < 1 the network is more sensitive than for ¢ < 1 — same reasoning as above.
See figure 6.4-b.

e What happens in fact into F; layer may be explained now:

— s, u and ¢ just normalize w, v and p outputs before sending it further.
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TN N

Figure 6.5: The F1 dynamics: data communication between sublay-
ers.

— There are connection between p — v (via ¢) and w — v (via s) and also
back v — w,p (via u). See figure 6.5. Obviously v layer acts as a mediator
between input x received via w and the output of p activated by F5>. During this
negotiation u and v (as u is the normalization of v) move away from W (:, k)
(Ir]| drops). If it moves too far then an reset occurs (||r|| becomes smaller than
p) and the process starts over with another F5 neuron and a new W (:, k’). Note
that u represents eventually a normalized combination (filtered trough f) of x
and p (see (6.20)).

[ ]6.6 The ART2 Algorithm

Initialization

The dimensions of w, s, u, v, p, ¢ and r layers equals N (dimension of input vector). The

norm used is Euclidean: ||x|| = vVxTx.

1. Select network learning constants such that:

a,b>0 p€(0,1)
de(0,1) ce (0,1)
cd
<1
1—d ™

and the size of F, (similar to ART1 algorithm).
2. Choose a contrast enhancement function, e.g. (6.19).
3. Initialize the weights:
W=0 wi; S __

VEK(1—d)
W' to be initialized with random values such that the above condition is met.

Network running and learning

1. Pickup an input vector x.
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2. First initialize:
u=0 and q= 0

and then iterate the following steps till the output values of Fj sublayers stabilize:

w
W =X +au - §=—
[[wl]
v
= v=[f(s)+bf(a) - Uzm
u at first iteration P
- P= . . - 9= 55—
u+dW(:;, k) on next iterations Ipll

(F» is inactive at first iteration). Note that usually two iterations are enough.
3. Calculate the output of the r layer:

u + cp
r= ————
llall +llpll

If there is a reset, i.e. ||r|| > p then the F5 winner (there should be no reset at first
pass as [|r|| = 1 > p) is made inactive for the current input vector and go back to
step number 2. If there is no reset (step 4 is always executed at least once) — a
winner was found on F, — then the resonance was found and jump to step 6.

4. Find the winner on Fy. First calculate total inputs a’ = W'p then find the winner k
for which aj, = max aj, and finally
13

fo(a’) =0 and afterwards  fo(a}) =d

as F; is a contrast enhancement layer (see (6.22)).
5. Go back to step 2 (find the new output values for Fy layers).
6. Update the weights (if learning is allowed):

7. The information returned by the network is the classification of the input vector given
by the winning F5 neuron in one-of-k encoding.
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CHAPTER 7

Pattern Recognition

|:|7.1 Patterns: The Statistical Approach

7.1.1 Patterns and Classification

In most general way an intelligent behavior (living organism, artificial intelligence machines)
is represented by the characteristic of being able to recognize/classify patterns — taken in
its broadest definition. A pattern may represent a class of objects, a sequence of movements
or even a mixture of feelings. The way the intelligent system reacts to the recognition of a
pattern may also be considered a pattern.

A quantized pattern is represented by a vector x Let C, K = 1, K be the classes with
respect to which the pattern x have to be classified. O Ck

|:| Remarks:

0 Many classes of patterns overlap and, in many cases, it may be quite difficult
to classify a pattern to a certain class. For this reason a statistical approach is
taken, i.e. a class membership probability is attached to patterns.

O One of the things which may be hard sometimes is to quantize the pattern into
a set of numbers such that a processing can be done on them. An image may be
quantized into a set of pixels, a sound may be quantized into a set of frequencies
associated width pitch, volume and time duration, e.t.c.

The pattern x have associated a certain probability to being of class C; — different for
each class. This probability is a function of variables {z;};,_17. The main problem is to

find/build these functions as to be able to give reliable results on previously unseen patterns

711gee [Bis95] pp. 1-6 and [Rip96] pp. 5, 24.
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weights
oaw

OX, Y
learning

training set,
generalization

classification,
regression

outliers

probability

Ck’ Ck”

overlap

1 »

Ti Lq

Figure 7.1: Overlapping probability: Considering only the x; compo-
nent it’s more probable that the x pattern is of class Cyr,
however it is possible for x to be of class Cy .

(generalization), i.e. to build a statistical model. The probabilities may overlap — see
figure 7.1.

In ANN field, in most cases the probabilities are given by an vector y representing the
network output and it's a function of its input pattern x and some parameters named
weights collected together in a matrix W (or several matrices):

y = Y(Xa W)

Usually the mapping from the pattern space X to the output space Y is non-linear. ANN
offers a very general framework for finding out the mappingy : X — Y (and are particularly
efficient on building nonlinear models). The process of finding the adequate W weights is
called learning.

The probabilities and the classes are usually determined from a learning data set already
classified by a supervisor. The ANN learns to classify from the data set — this kind of
learning is called supervised learning. At the end of the learning process the network should
be able to correctly classify an previously unseen pattern, i.e. to generalize. The data set
is called a sample or a training set — because the ANN trains/learns using it — and the
supervisor is usually a human, however there are neural networks with unsupervised learning
capabilities. There is also another type called reinforced learning where there is no desired
output present into the data set but there is a positive or negative feedback depending on
output (desired/undesired).

If the output variables are part of a discrete, finite set then the process of neural network
computing will be called classification; for continuous output variables it will be called

regression*

|:| Remarks:

O It is also possible to have a (more or less) special class containing all patterns x
which were classified (with some confidence) as not belonging to any other class.

1Regression refers to functions defined as an average over a random quantity.
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These patterns are called outliers. The outliers usually appear due to insufficient
data.

O In some cases there is a “cost” associated to a (mis)classification. If the cost
is too high and the probability of misclassification is also (relatively) high then
the classifier may decline to classify the input pattern. These patterns are called
rejects or doubts.

0 Two more “classes” with special meaning may be considered: O for outliers and
D for rejected patterns (doubts).

7.1.2 Feature Extraction

Usually the straight usage of a pattern (like taking all the pixels from a image and trans-
forming it into a vector) may end up into a very large pattern vector. This may pose some
problems to the neural networks in the process of classification because the training set is
limited.

Let assume that the pattern vector is unidimensional x = (x1) and there are only 2 classes
such that if 1 is less than some threshold value Z; then is of class C; otherwise is of class
Ca. See figure 7.2—a.

Let now add a new feature/dimension to the pattern vector: z such that it becomes
bidimensional x = (21, z2). There are 2 cases: either x is relevant to the classification or
is not.

If 25 is not relevant to the classification (does not depend on its value) then it shouldn't
have been added; it just increases the useless/useful data ratio, i.e. it just increase the noise
(useless data is noise and each z; component may bear some noise embedded in its value).
Adding more of irrelevant components may increase the noise to a level where it will exceed
the useful information.

If is relevant, then it must have a threshold value Zs such that if x5 is lower then it is
classified in one class, let C; be that one (the number is irrelevant for the justification of the
argument, classes may be just renumbered in a convenient way) otherwise is of C2. Now,
instead of just 2 cases to be considered (z; less or greater that Z;) there are four cases (for
x1 and x2). See figure 7.2-b. The number of patterns into the training set being constant,
the number of training patterns per each case have halved (assuming a large number of
training pattern vectors spread evenly). A further addition of a new feature x3 increases
the number of cases to 8. See figure 7.2—c.

In general the number of cases to be considered increases exponentially, i.e. K. The
training set spreads thinner into the pattern space. The performance of the neural network
with respect to the dimension of the pattern space have a peak and increasing the dimension
further may decreases it. See figure 7.2—d. The phenomena of performance decreasing as
dimensionality of pattern space increases is known as the course of dimensionality.

|:| Remarks:

0 The performance of a network can be measured as the percent of correct outputs
(correct classification, e.t.c.) with regard to the total number of inputs — after
the learning process have finished.

The process of extracting the useful information and translating the pattern into a vector is

712gee [Bis95] pp. 6-9.

rejects

0oo,D
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dimensionality
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performance

feature
extraction
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U xp, tp

urE

o—o—H oO—O0—

~ 1
Cl I CQ

a) One dimension, 2 cases

A3 b) 2 dimensions, 4 cases

network performance

=V

T

c) 3 dimensions, 8 cases d) The curse of dimensionality

Figure 7.2: The curse of dimensionality: The increase of pattern vec-
tor dimension n may cause a worsening in neural network
performance. Patterns are represented as dots in the pat-
tern space. The same number of training patterns have
to be spread “thinmer” if there are more dimensions.

called feature extraction. This process may be manually, automatic or even done by another
neural network and takes place before entering the actual neural network.

7.1.3 Model Complexity

For a supervised learning, the training set consists of pairs {x,,t,},_i5, where t, is the
desired network target output vector given input x,,.

The W weights are to be found by trying to minimize an error function E = E(x,t, W).
The most widely used error function is the sum-of-squares defined as:

1 P
E= 3 Z[Y(XP:W) —t,]?

p=1

7135ee [Bis95] pp. 9-15.
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a) medium complexity b) low complexity c) high complexity

Figure 7.3: Model complexity. That training set patterns are marked
with circles, new patterns are marked with squares, ex-
ceptions are marked with X.

another one being root-mean-square Erps:

P

Erms = % Z[Y(Xp, W) —tp]?

p=1

In solving this problem an arbitrary complex model may be build. However there is a trade-off
between exception handling and generalization.

|:| Remarks:

O Exceptions are patterns which are more likely to me member of one class but in
fact are from another. Misclassification usually happens due to overlapping of
probability (see also figure 7.1) noise in data or missing data.

O There may be also a fuzziness between different classes, i.e. they may not be well
defined.

A reasonably complex model will be able to handle (recognize/classify) new patterns and
consequently to generalize. See figure 7.3—a. A too simple model will have a low per-
formance — many patterns misclassified. See figure 7.3-b. A too complex model may
well handle the exceptions present in the training set but may have poor generalization
capabilities. See figure 7.3—c.

One widely used way to control the complexity of the model is to add a regularization term
Q to the error function:

E=FE+vQ

which is high for complex models and low for simple models. The v parameter controls the
weight by which Q influences E.

O Erwms

regularization
OQ v
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7.1.4 Classification: Making Decisions and Minimizing Risk
A neural network maps the pattern space X to the classes of patterns. The pattern space is
divided into a K number of areas X}, (which may be of any possible form) such that if the
pattern vector x € Xy, it is classified as being of class k. These areas are named decision

decision regions and the boundaries between them are named decision boundaries.

boundaries The problem consists in finding the decision boundaries such that the errors of misclassifi-
cation are minimized or the correctness of the classification is maximized.

Bayes rule Theorem 7.1.1. Bayes rule. Being given a pattern vector x to be classified into one of
the classes {Cy},_1¢ — the probability of misclassification is minimized if it is classified
into class Cy, for which the posterior probability is maximal:

P(Crlx) = max P(Cex)
=1,K
Proof. The decision boundaries are found by maximizing the correctness of the classification Let consider
one finite decision region X; C X such that all pattern vectors belonging to it will be classified as C;. The
probability of making a correct classification if x € X is the join-probability associated with that class and
decision region P(C1,X1). Considering two decision region and two classes all patterns with their pattern
vectors in X1 and belonging to class C; will be classified correctly and the same happens for X2 and Ca
— such that the probability of making a correct classification is the sum of the two join-probabilities, i.e.
P(C1,X1) + P(C2,X2). In general, for K classes and respectively decision regions:
K
Peorrect = Z P(ckan')
k=1
The join probability may be written as the product between class-conditional and prior probability?:
P(Cp, X¢) = P(X¢|Cr) P(C)
also as P(X|Cg) fX (x|Ck) dx then:
Peorrect = Z P Xk‘|ck Ck Z/ X‘Ck k‘) dx
X
Each X}, should be chosen such that, inside it, the integrand p(x|Cy) P(Cy) is greater that any other
integrand p(x|C;) P(C;), for £ # k:
p(x[Cy) P(Cr) > p(x|Ce) P(C;) , VLEA{L,... ,K|l#k}
Cr) P(C Cp) P(C
o P&ICR) P(Cr) _ p(x|Ce) P(Cr) (because p(x) > 0)
p(x) p(x)
& P(Crlx) > P(Ce|x) (from Bayes theorem) O
|:| Remarks:

0 The decision boundaries are placed at the points where the highest posterior
probability P(Ci|x) becomes smaller than another P(C¢|x). See figure 7.4 on
the facing page.

O M, Py Definition 7.1.1. Given a mapping (classification procedure) M : X — {1,... , K, D} the

probability of misclassification a vector x of class Cy, is

K

Prc(k) = P(M(x) # Ck, M(x) € {C1,... ,Ck }x € Cr) = > _ P(X(|Ck)
=1
£k

2See the statistical appendix.
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probability

decision boundary
|

Figure 7.4: Decision boundary for a unidimensional pattern space
and two classes.

The doubt probability Py(i) is defined similarly:

Py(k) = P(M(x) = Dx € C1) = /p(X|Ck) dx

Xp

The total doubt probability is the probability for a pattern from any class to be unclassi-
fied(i.e. classified as doubt)

K
P(D|x) =) Pa(k)
k=1

More general, the decision boundaries may be defined with the help of a set of discriminant
functions {yx(x)},_77 such that an pattern vector x is assigned to class Cj, if

Yr(X) = max ye(x)
(=1,K

and in particular case yi(x) = P(Cg|x) as in theorem 7.1.1.

In particular cases (in practice, e.g. in medical field) there may be necessary to increase
the penalty of misclassification of a pattern from one class to another. Then a Joss ma-
trix defining penalties for misclassification is used: let Ly, be the penalty associated to
misclassification of a pattern belonging to class Cy, as being of class C;.

|:| Remarks:

O Penalty may be associated with risk: high penalty means high risk in case of
misclassification.

The diagonal elements of the loss matrix should be Ly, = 0 because, in this case, there is
no misclassification so no penalty.

The penalty associated with misclassification of a pattern x € C, into a particular class Cy
is Lye multiplied by the probability of misclassification P(X;|Ci) (the probability that the

0Py

0 P(D|x)

discriminant
functions

loss matrix

risk
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pattern vector is in X, but is of class Cy).
sz = LMP(XACIC) = Lk[/ p(X|Ck) dX
X,
|:| Remarks:
0 The loss term L, have the role of increasing the effect of misclassification prob-
ability P(Xg|ck)
The total penalty associated with misclassification of a pattern x € Cj, in any other class is
the sum, over all classes, of penalties for misclassification of x into another class
K K K
Ry =) Rie=Y» LpP(X)[Ck) =) Lk,_;/ p(x|Cr) dx (7.1)
(=1 (=1 =1 Xe
0 Pxic or, considering the matrix Px|c = {P(X(|Ck)}er (£ row, k column index) then

Ry = L(k,:) Px|c(:, k)

(Ry are the diagonal terms of LPx|c product).

The total penalty for misclassification is the sum of penalties associated with misclassifica-
tion of a pattern x € Cy, into any other class multiplied by the probability that such penalty

may occur, i.e. P(Cy). Defining the vector P&, = (P(C1) ... ) then:

K R K K
R=Y_ RyP(C) = PE[(L® Py ,o)1] = Z/ [Z Liep(x[Ck) P(C)| dx  (7.2)
k=1

k=1 ¢=1"Xe
Proof. R represents the multiplication between Po and RT = (R ... ). L ©® P};‘C creates the
elements of sum appearing in (7.1) while multiplication by 1 sums the L ® P;;lc matrix on rows. O

The penalty is minimized when the X, areas are chosen such that the integrand in (7.1) is
minimum:
K K
xeX, = ZLMP(X|Ck) P(Cy) = mniLnZ Limp(x|Cr) P(Ck) (7.3)
k=1 k=1

|:| Remarks:

O (7.3) is equivalent with theorem 7.1.1 if the penalty is 1 for any misclassification,
i.e. Lye =1 — 6g¢ (055 being the Kronecker symbol).

Proof. Indeed, in this case (7.3) becomes:

K K
D px|Ck) P(Cr) < > p(x|Ck) P(C) forx € Xy, Vm # ¢
e, $zm

K K
and by subtracting the identity > p(x|C) P(Cr) = > p(x|Ck) P(Ck) from above equation,
k=1 k=1

finally
p(x[Ce)P(Ce) > p(xX|Cm ) P(Cm) ; VEE {L,..., K|t #m}
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probability 4 ision boundary
|

Y /| reject area

P(Cilx) | P(Cslx)

Figure 7.5: Reject area around a decision boundary between two
classes, into a unidimensional pattern space.

which is equivalent to
P(Cylx) > P(Cm|x)
(see the proof for theorem 7.1.1). |
In general, most of the misclassification occur in the vicinity of decision boundaries where
the difference between the top-most posterior probability and the next one is relatively low.
If the penalty/risk of misclassification is very high then is better to define a reject area
around the decision boundary such that all pattern vectors inside it are rejected from the

classification process (to be analyzed by a higher instance, e.g. a human or a slower but
more accurate ANN), i.e. are classified in class D. See figure 7.5.

Considering the doubt class D as well, with the associated loss Lyp, then the risk terms
change to:

K

Rp = Rie + LipPu(k)
=1

and the total penalty (7.2) also changes accordingly.

To accommodate the reject area and the loss matrix, the Bayes rule 7.1.1 is changed as in
the proposition below.

Proposition 7.1.1. (Bayes rule with reject area and loss matrix). Let consider a pattern
vector x to be classified in one of the classes {Ci.},_17 or D. Let consider the loss matrix

{Lye} and also the loss Lyp = d = const., Vk, for the doubt class. Then:

1. Neglecting loss, the best classification is obtained when x is classified as Cy, if

P(Cklx) = lrilla%P(Cdx) > P(D|x)

or x is classified as D otherwise, i.e. P(C¢|x) < P(D|x), ¥/ =1, K.

2. Considering loss, the best classification is obtained when x is classified as Cj, if

Ry = min Ry < Rp
=1,k

reject area

O Lip

Od



120 CHAPTER 7. PATTERN RECOGNITION
probability density
decision boundary
|
|
|
|
|
|
\
|
Figure 7.6: The graphical representation for the elements of the con-
fusion matriz. The hatched area represents element e1.
or x is classified as D otherwise, i.e. Ry > Rp, V{ = 1, K, where Rp is the risk
O Rp associated to a classification in the doubt category.

confusion matrix

Proof. 1. This is simply an extension to theorem 7.1.1 considering a supplementary class D with an
associated decision area Xp.

2. This represents just the rule of classification according to the minimum risk. O

Another useful tool for estimating the capabilities of a classifier is the confusion matrix
whose elements are defined as:

ere = P(x classified as C¢|x € Cy,)

As a simple geometrical representation, the element ey, represents the integral of p(Cy|x)
over the decision area of class Cy:

Cry — /p(ck|x) dX
Xy

See figure 7.6. Note that ey, represents the probability of a correct classification for class Cj,.

[ ]7.2 Likelihood Function

7.2.1 The Discriminant Functions

Instead of the most obvious discriminant function y;(x) = P(Ci|x) its logarithm may be
chosen:

(xICr) P(Cr)

yr(x) =In P(Cr|x) =In P () = In p(x|Cx) + In P(Cy) + const.

(see the Bayes theorem and theorem 7.1.1). The p(x) being class independent (normaliza-
tion factor) is just an additive constant.
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|:| Remarks:

O Considering each class-conditional probability density p(x|Cx) as independent
multidimensional Gaussian distribution?

_ 1 _(X_Nk)szl(X_lik)
p(xCk) = o e P 5

(each having its u;, and X parameters) then

—p)TE  (x — 1
yp = _ (k= m) 2’“ (= ) §1n|2k| + In P(C},) + const.

Let ¥y =%, Vk € {1,... ,K}. Then In|X]| is class independent (constant) and
xSy, = pf 7. Eventually:

yp(x) = i 27 x — +1In P(Cy,) + xS~ x 4 const.

pip 2 gy,

2
Because x"¥"'x is class independent then it may be dropped from the dis-
criminant function y(x) (being an additive factor, equal for all discriminants).
Eventually:

_ e Sy

D) +1HP(Ck)

ye(x) = (pg 37 H)x

Let consider = the matrix built using p;, as columns and the matrix W defined

as:
Tzfl
W(l:K,1:N)=="S"1 and wo = —% +1n P(Cy)
and X" = (1 z; ... zy); then the discriminant functions may be written
simply as

y=Wx

(i.e. the general sought form y = y (W, x)).

The above equation represents a linear form, such that the decision boundaries
are hyper-planes. The equation describing the hyper-plane decision boundary
between class Cy, and C; is found by formulating the condition y;(x) = y(x).
See figure 7.7 on the next page.

7.2.2 Likelihood Function and Maximum Likelihood Procedure

The maximum likelihood method tries to find the best values for the parameters by maxi-
mizing a function named likelihood, using the training set. The procedure below is repeated
for each class C;, in turn.

Let consider a probability density function depending on x and a set of parameters W:
p = p(x,W). Let also the training set be {x,}p = {x1,... ,xp}, all x, being taken from

3See statistical appendix

O {xp}p
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Figure 7.7: The linear discriminant function for a bidimensional
probability density and two classes. At the upper-left cor-
ner p1 > pe, at the lower-right corner p; < ps.

the same class.

Considering the vectors from the training set randomly selected (training set statistically
significant), the join probability density for the whole {x,}p is:

P
p({xp}pIW) = [] P, | W) = £(W) (7.4)

p=1

likelihood function ~ where £L(W) is named likelihood function. The method is to try to find the W set of
O L(w) parameters for which £(W) is maximum.

|:| Remarks:

O In the case of a Gaussian distribution the T parameters are defined* trough p
and ¥: p=E{x}and & = E{(x — p)(x — u)T}. Then:

~ 1
N:

el

P

Xp ——
2:11)13_)00/1'
p:

P—o0

P
~ 1 _ T
£ =5 L By BT

O X i.e. 4 — the mean of x is replaced with i — the mean of the training set
(considered statistically representative); and the same happens for X.

O Assuming an unidimensional Gaussian distribution then

el
el

1 & ~ 1<
p= E zp and 0% = E (zp — 1)
p=1 p=1

4See statistical appendix
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Considering 1@ as p and the true value for standard deviation o then the expec-
tation of assumed standard deviation, compared to the true one, is:

P
E{o?} = o?
-1
Proof.
—~ T1 2L )2
£iat1 / 2, { M} dos
{o?} \/— ; Xp 552 z;
— 00
. Tp—[0 - ~ P—1 1 ul
The change of variable y, = ~2— is done, then =, — i = 5= p — 5 > ¥q such that
g=1
q#p

dy, = L5 dz), and

HotY = o 2

p=1_
(integral made by parts, similar to the calculus of £[(z — u)2] — see unidimensional Gaussian
distribution in statistical appendix). O
The build probability distribution have a bias with tends to 0 for P — oo. bias

O In this case the Gaussian distribution is also suited for sequential parameter esti-  sequential param-
mation. eter estimation

Assuming that not all patterns from the training set are known at once then new
patterns may be added later as they become available, i.e. the W parameters
may be adapted to the new training set

P
For the Gaussian distribution, adding a new pattern changes fip = 5 > X

the new value:

| Pl < i
~ _ o~ P+l — Mp
e = oy % = et T
For multiple classes the likelihood function is defined as:
P
o) =[] pGe ) = H [T pxplCe, W) P(CHIW)
p=1 k=1x,€ECs

Maximizing likelihood function is equivalent to minimizing its negative logarithm, which is
the usual way in practice. Considering that in the training set there are P, vector patterns

for each class Cj, then: d P,
K P K
E=-InL==) Y np(Xu,|Ck, W) = > Ppln P(Cx|W) (7.5)
k=1p=1 k=1

where X(k)p € Ck. u X(k)p
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For a given training set the above expression may be reduced to:
K P
E=- Z Zlnp(x(k)p|ck, W) + const. (7.6)
k=1p=1
Proof. The expression is reduced by using the Lagrange multipliers method® using as minimization condition
the normalization of P(Cy|W):
K
P(CrW) =1 (7.7)
k=1
which leads to the Lagrange function:
K
L=E+X\ <ZP(CkW) - 1)
k=1
and then
oL Py
= +A=0 k=T,K
OP(Ck|W) P(CkIW)
and replacing into (7.7) gives
K
P, P,
A=Y"P = PCW)=—— = ?’f
k=1 > Py
k=1
As the training set is fixed then {Pj} are constant and then the likelihood (7.5) becomes (7.6). O
As it can be seen, the formula (7.5) contains the sum both over classes and inside a
class. If the data gathering is easy and the classification (by some supervisor) is difficult
(“expensive”) then the function (7.6) may be replaced by:
K P, P
E=— ZZlnp(x(k)p|Ck,W) - Zlnp(x'pWV)
k=1p=1 p=1
The unclassified training set {x,} may still be very useful in finding the appropriate set of
W' parameters.
|:| Remarks:

0 The maximum likelihood method is based on finding the W parameters for which
the likelihood function £(W) is maximum, i.e. where its derivative is 0 — W are
the roots of the derivative; The Robbins—Monro algorithm® may be used to find
them.

The maximum of likelihood function £(V) (see equation (7.4)) may be found
from the condition:
P
Vw Hp(XpIW)] ‘ =0 (7.8)
p=1 w
. ) o \*' . : .
O Vw, Nw where Vyy is the vector (Bwl m) , Nw being the dimension of W

5See mathematical appendix.
6See statistical appendix.
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parameter space.

Because In is a monotone function then In £ may be used instead of £ and the
above condition becomes:

1
YW

P
Zlnp(xp|W>H ~0

p=1 w
(the factor 1/P is constant and does not affect the result).

Considering the vectors from the training set randomly selected then

p
Z lnp(xp|W)] =E{Vw Inp(x|W)}

p=1

1
lim —
im Iz Vw

P—o0

and the condition (7.8) becomes:

E{Vw Inp(x|W)} =0

The roots W of this function are found using the Robbins—Monro algorithm.

O It is not possible to chose the W parameters such that the likelihood function
P

LW) = ]I p(xp,|W) (see (7.4)) is maximized, because the £(W) may be
p=1

increased indefinitely by overfitting the training set such that the estimated prob-
ability density is reduced to a function similar to & Dirac function, having the
value 1 at the training set points and 0 elsewhere.

D?.B Statistical Models

It is important to note that the statistical model built as p(x|W) generally differ from
the true probability density piue(x), which is also independent of W parameters. The O prue(x),

estimated probability density will give the best fit of true p(x) for some W, parameters. W, W
These parameters may be found given an infinite training set. However, in practice, as the

learning set (P) is finite then only an estimate W of Wy may be found.

It is possible to build a function such that it will measure the “distance” between the
estimated and the real probability densities. Then the W parameters have to be found such
that this function will be minimum.

Let consider the expected value of the minus logarithm of the likelihood function:

1 E
E{-InL} = - Pli_r>noo P Zlnp(xpﬂ/[/) = —/ln[p(x|W)]ptme(x) dx
p=1 X

which, for p(x|W) = prue(x), have the value: — [ perue(x) In perue (x) dx.
X

The the following function — called asymmetric divergence’ — is defined: asymmetric
divergence

73See [Rip96] pp. 32-34.
Talso known as Fullback—Leiber distance
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w
L=&{-InL}+ /p(x) Inp(x)dx = —/ln pex|W) Drrue (X) dx (7.9)
Dtrue (X)
X b'e
Proposition 7.3.1. The asymmetric divergence L is positive definite, i.e. L > 0, the equal-
ity being forp(x|W) = ptrue(x)'
Proof. Let consider the function f(z) = —lnz + x — 1. lts derivative is % = f% + 1 and is negative
for £ < 1 and positive for z > 1. It follows that the f(z) function have a minimum for z = 1 where
f(1) = 0. Because li}m f(z) = oo then the function f(z) is positive definite, i.e. f(z) > 0, Vz, the
equality happening for z = 1.
Let now consider the function:
(p(X\W)) — _p P W)
ptrue(x) ptrue(x) ptrue(x) ~
and because it is positive definite then its expectation is positive:
& {f (p(X‘W)) } == /ln p(JW) Prrue(x) dx + / p(JW) Prrue(x) dx — 1
ptrue(x) ptrue(x) ptrue(x)
X X
= _ /ln p(x[W) Prrue(x) dx > 0
ptrue(x)
X
(p(x|W) is normalized such that [ p(x|W)dx = 1) and then L > 0, being 0 when the probability distribu-
X
tions are equal. O
As previously discussed, usually the model chosen for probability density p(x|W) is not even
from the same class of models as the “true” probability density pyue(x), i.e. they may have
totally different functional expressions. However there is a set of parameters W for which
the asymmetric divergence (7.9) is minimized:
min (I prrue(x) — Inp(x|W)] px)dx p = [ In ptL(X) Drrue(X) dx (7.10)
w p(x|Wo)
b'e b'e
The minimization of the negative logarithm of the likelihood function involves finding a set
of (“optimal”) parameters . Due to the limitation of training set, in general W # Woy
but at the limit P — oo (P being the number of training patterns) W oo Wy.
—00
Considering the Nabla operator V and the negative logarithm of likelihood E:
P
Vi=(% - 3Z) , E=-InLW)=-h]]pxIW)
p=1
oJ K then the following matrices are defined:

J=&{(VV")E} =-¢€ {i (vvh) lnp(xp|W)} =— EP: (VVT) Inp(x,|Wo)

p=1 p=1
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and

P P
K={(VE)VE)"} =€ [ D Vinpx|W) | [ > Vinp(x|W)

p=1 p=1
P P T
= ZVlnp(xWVo) ZVlnp(xWVo)
p=1 p=1

For P sufficiently large it is possible to approximate the distribution of W — Wo by the

(Gaussian) normal distribution Ny (0, J= K .J~!) (here and below W are seen as vectors,
i.e. column matrices).

Proof. E'is minimized with respect to W, then:

P
VE'\WZG = Z Inp(x,|W) =0

Considering P reasonably large then W and Wo are sufficiently close and a Taylor series development may
be done around Wy for VE|5:

0= VE|5 = VElw, + Hlw, (W — Wo) + O(W — Wo)?)

where H = (VVT) E and is named the Hessian. Note that here and below W and Wy are to be seen as OH
vectors (column matrices). Finally:

W—Wo~H '\w,VElw, = E&E{W-—Wo}= Jim ™, VE|w, = 0
— 00
asW — Wo.
P—oo
Also:
£ {(W — Wo) (W — WO)T} =¢ {H—IVE VTEH—lT} = JKJ! (7.11)
(by using the matrix property (AB)T = BT AT). O

Definition 7.3.1. The deviance D of a pattern vector is defined as being twice the ex-  deviance
pectancy of log-likelihood of the best model minus the log-likelihood of current model, the
best model being the true model or an exact fit, also named a saturated model:

D = 25{1nptrue(x) - lnp(x|W)}

The deviance may be approximated by:

D ~2L+Tr(KJ 1)

Proof. Considering the Taylor series development of lnp(x|W) around Woy:

~ — 1 ~ ~
Inp(x|W) ~ Inp(x|Wo) + VT Inp(x|W)|w, (W — Wo) + 5(W — Wo)T Hlw, (W — Wo)

It is assumed that the gradient of asymptotic divergence (7.10)(see also (7.9)) is zero at Wo:
VL = E{VInp(x|Ws)} =0
(as it hits an minima). The following matrix relation is also true:

(W = Wo) T H|wo (W — Wo) = Tr(Hlw, (W — Wo)(W — Wo)")
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U Dn

information
criterion

(may be proven by making H |y, diagonal, using its eigenvectors, is a symmetrical matrix, see mathematical
appendix) and then, from the definition, the deviance approximation is:

D ~ 2L — E{Te(H]w, (W — Wo)(W — Wo)T)}
and finally, using also (7.11):
D~ 2L+ Tr [JE{(W = Wo)(W = Wo)T}] = 2L + T(KJ™") O

Considering a sum over training examples, instead of integration over whole X, the deviance
Dy for a given training set may be approximated as

P
Dy=~2Y I PrelXp) |y g1
p=1 p(XP|W

where the left term of above equation is named information criterion.



CHAPTER 8

Single Layer Neural Networks

[ ]8.1 Linear Separability

8.1.1 Discriminant Functions

Two Classes Case

Let consider the problem of classification in two classes with linear decision boundary such
that the classes are separated by a hyperplane in the pattern space. Then the discriminant
function is the equation describing that hyperplane and so it is linear in x. See also figure 8.1
on the following page.

y(x) = wix +wp (8.1)

The w is the parameter vector and wy is named bias. For y(x) > 0 the pattern x is assigned 0O w, wy
to one class, for y(x) < 0 it is assigned to the other class, the hyperplane being defined by

y(x) =0.

Considering two vectors x; and x» contained within hyperplane (decision boundary) then
y(x) = y(x2) = 0. From (8.1) wl(x; —xa) = 0, i.e. w is normal to any vector in the
hyperplane and then it is normal to the hyperplane y(w) = 0. See figure 8.1 on the next
page.

The distance between the origin and the hyperplane is given by the scalar product between
a versor perpendicular on the plane HTW” and a vector pointing to a point in the plane x,

8.1See [Bis95] pp. 77-89.

129
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N

UK

Figure 8.1: Linear discriminant in a two dimensional pattern space
with two classes.

defined by y(x) = 0. Then:

WTX Wo

distance = = ——
[[w] [[w]

such that the bias defines the shift of the hyperplane from origin.

Considering N to be the dimension of the pattern space, the whole classification problem
may be transferred to a NV + 1 dimensional pattern space by considering the translations

x—=>x=(1,x) and w—w=(wp,W)

such that the discriminant equation becomes:

y(x) = w'x

defining a hyperplane in the N + 1 dimension space, passing trough the origin (bias is 0
now).

The whole process may be expressed in terms of one neuron which have N + 1 inputs and

N
one output being the weighted sum of its inputs y(X) = 1wy + > w;z;. See figure 8.2
i=1

on the facing page.

Multiple Classes Case

Let consider several classes {Cy},_1 and one linear discriminant function for each class:

—_

ye(X) =wix+wp , k=1,K (8.2)

such that a pattern x is assigned to class Cj, if yi(x) = max y,(x), K being the dimension
(=1T,K

of the output space.

The decision boundary between classes Cy, and C; is given by the equation yi(x) = y,(x):

(Wk — WZ)TX + (wko — ’u}m) =0
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Figure 8.2: A single, simple, neuron performs the weighted sum of its
inputs and may act as a linear classifier.

Figure 8.3: A single layer of neurons may act as a linear classifier for
K classes. The connection between input i and neuron k
is weighted by wy; being the component i of vector wy,.

which is the equation of a hyperplane in the pattern space.
The distance from the hyperplane (k, £) to the origin is:

. Wgo — Weo
dIStance(kyf) = —m

Similarly to the previous two classes case it is possible to move to the N + 1 space by the
transformation:

x—=>x=(1,x) and wp — Wi = (Wro, W) , k=1K
and then the whole process may be represented by a neural network having one layer of K
neurons and N + 1 inputs. See figure 8.3.

Note that if a matrix W is built using W} as rows then network output is simply written
as:

y(X) =Wx

The training of the network consists in finding the adequate W. A new vector x is assigned
to the class Cy for which the corresponding neuron k have the biggest output vy (x).

uw
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linear Definition 8.1.1. Considering a set of pattern vectors, they are called linearly separable if
separability they may be separated by a set of hyperplanes as decision boundaries in the pattern space.

Proposition 8.1.1. The regions X, defined by linear discriminant functions yi,(x) are sim-
ply connected and convex.
Proof. Let consider two vector patterns: Xq,X; € Xi.

Then yi(xa) = max yy(xq) and yg(xp) = max yy(xp). Any point on the line connecting xq and x;
(=T.K (=T.K

may be defined by the vector:

Xe = txq + (1 —t)x, where t € [0,1]
(see also Jensen's inequality in mathematical appendix).

Also yi (xc) = tyr(xa) + (1 — t)yx(xp) and then yp(xc) = max yy(xc), i.e. xc € Xy (because y, are
(=T,K

linear).

Then any line connecting two points, from the same X}, is contained in the X; domain < X}, is convex
and simple connected. O

8.1.2 Neuronal Memory Capacity

Let consider one neuron with N inputs and one output which have to learn P pattern
vectors. All input vectors belong to one of two classes, i.e. either C; or Cs and the output of
neuron indicates to which class the input belongs (e.g. y(x) =1 for x € ; and y(x) = —1
for x € Cs) Considering that the input vectors are points in RY space the neuron may learn
only those cases where the inputs are linearly separable by a hyperplane. As the number
of linearly separable cases is limited so is the learning capacity/memory of a single neuron
(and of course the learning capacity of the network is limited as well).

Let consider that there are P fixed points in RV, in general position, i.e. for N > 2 there
general position are not N or fewer points linearly dependent. Let consider that either of these points may

belong to class C; or C», the total number of combinations is 2’ (as each point brings up

2 cases, independently of the others). From the 27 cases some are linearly separable and
O F(P,N) some are not, let F'(P, N) be the number of linearly separable cases. Then the probability
of linear separability is:

F(P,N)

Probability of linear separability = —5p

Proposition 8.1.2. The number of linearly separable cases is given by:

F(P,N) = 2% (Pi_ 1) (8.3)

(where 0! = 1 by definition).
Proof. It is proven by induction.

A hyperplan in RY is defined by the equation aTx +b = 0 (where x is a point contained in the hyperplan),
i.e. is defined by N + 1 parameters.

8.1.25ee [Rip96] pp. 119-120.
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Let consider first the case: P < N + 1. Then the set of equations:

> 0 one side of hyperplan
aTx; 4+ b= y; { < 0 other side of hyperplan
= 0 contained in the hyperplan

define the hyperplan parameters. As there are N + 1 parameters and at most NV 4 1 equations and the
points are in general position then the system of equations with unknowns a and b (hyperplan parameters)
have always a solution, i.e. there is always a way to separate the two classes with a hyperplan (there may
be several solutions); then:

F(P,N)=2F for P<N+1

Let now consider the case P > N + 1. A recurrent formula is attempted for F(P + 1, N). Let consider that
P linearly separable points are already “in position”, i.e. one case from F(P,N), and a new one is added.
There are two cases to be considered:

e The new point sides on one side only of any separating (the P set) hyperplane. Then the new set is
separable only if the new point is on the “correct” side, i.e. the same as for its class.

o If the above it’s not true then it is possible to choose the separating hyperplane as to pass trough the
new point. Then no matter to which class the new point is assigned, the new set is linearly separable.

Let considering again only the P points set and the hyperplane as chosen above. If all points are
projected into a (new) hyperplane perpendicular on the separating one, then the points in the new
hyperplane are linearly separate (by the hyperline given by the intersection of the two hyperplanes).
This means that the number of possibilities in this situation is F(P,N — 1) and the number of
combinations is 2F (P, N — 1), as the P + 1-th point may be assigned to either class.

Finally, the first case analyzed above gives F/(P, N) minus the number of possibilities in the second case
(i.e. F(P,N — 1)) and the second case gives 2F'(P, N — 1). Thus the wanted recurrent formula is:

F(P+1,N)=[F(P,N)—- F(P,N —1)]+2F(P,N —-1) = F(P,N)+ F(P,N — 1) (8.4)

Induction: for F(P, N — 1), from (8.3), the expression is:
N-1 N
P—1 P—1
FuzN—ly_2Z;( i )_2§;(i_1)
=0 i=1
and then, using (8.4), (8.3) and the above equation, the expression for F/(P + 1, N) is:
N N
P—-1 P—-1 P
HP+LN):FGUW+FGMV—U:2+QZ;K . )+( i)}:2£%@)
i.e. is of the same form as (8.3) (the property (©1) + (V1) = (¥) was used here!).

3

For P = 4 and N = 2 the total number of cases is 2* = 16 out of which 14 are linearly separable. One of
the two cases which may not be linearly separated is depicted in figure 8.4 on the following page, the other
one is its mirror image. So the formula (8.3) checks also for an initial case. |

The probability of linear separability is then:

1 <N+1

P
Binear = 1 N P—1
separability 5P=T > ( i ) P>N+1
i=0

and then

>0.5 for P<2(N+1)

Rinear B = 05 fOT P = 2(N + 1)
separability

<05 forP>2(N+1)

1See mathematical appendix.
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Figure 8.4: The XOR problem. The vectors marked with black circles
are from one class; the vectors marked with white cir-
cles are from the other class. C1 and Cy are not linearly
separable.
i.e. the memory capacity of a single neuron is around 2(N + 1).
|:| Remarks:

O As the points (pattern vectors) from the same class are usually (to some extent)
correlated then the memory capacity of a single neuron is much higher than the
above reasoning suggests.

O A simple problem of classification where the pattern vectors are not linear sepa-
rable is the exclusive-or (XOR), in the bidimensional space.

The vectors (0,0) and (1,1) are from one class (0 xor 0 =0, 1 xor 1 = 0); while
the vectors (0,1) and (1,0) are from the other (1 xor 0 =1, 0 xor 1 = 1). See
figure 8.4.
8.1.3 Logistic discrimination
The discriminant functions may be generalized by replacing the linear functions (8.2) with
a monotone function applied to the linear combination of w and x
yr(x) = f(wka—l—wko) , k=1K
activation where f is named activation function.
function

From the Bayesian theorem:

p(Cilx) = p(xf)k(icl)D(Ck) _ KP(X|Ck)P(Ck) _ (8.5)
EEP(XM)P(C@)
1 1

f: p(x[C¢) P(Ce) 1+ee
Ttk

L+ = &P
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Figure 8.5: The logistic signal activation function. The particular
case of step function is drawn with a dashed line. The
mazimum value of the function is 1.

where:

p(x[Ck) I P(Cy)

K K
>, p(x|Cr) > P(Cr)

=1 =1
i#k 0k

a=In

|:| Remarks:

O For the Gaussian model with the same variance matrix ¥ for all classes:

p(x|Cr) = 1 o _(X_Nk)TZ_l(X_Nk) E=T1

I R |
CaREV/bI 2

K

)

and two classes C; and C, then the expression of a becomes:
a=wrx + wo
where (X is symmetric):

w=3""(uy — o)

_E T e ey
2 P(Cs)

Wy =

Then, by choosing the logistic sigmoid activation function as f(a) = 4= — sigmoid
see figure 8.5 — the meaning of the neuron output becomes simply the posterior ~ function

probability P(Cy|x).

0 The logistic sigmoid activation function have also the property of mapping the
interval (—oo, 00) into [0, 1] and thus limiting the neuron output.

Another choice for the activation function of neuron is the threshold (step) function: threshold

‘ function
1 ora>=0
= = 8.7
f(@) {0 fora<0 (87)
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perceptron and the neurons having it are called perceptrons or adaline.
adaline
|:| Remarks:
O The step function is the particular case of the logistic signal activation function
f(a) = == when ¢ — co. See figure 8.5 on the page before.
8.1.4 Binary pattern vectors
A binary pattern vector x have its components z; € {0,1}.
Let Py; be the probability that the component ¢ of vector x € Cy, is x; = 1, respectively
(1 — Py;) is the probability of z; = 0. Then:
p(:rz|Ck) = Plle(]‘ — Pki)lixi
Bernoulli also named Bernoulli distribution. Assuming that the components of the pattern vector x
distribution are statistically independent then:

N
p(x|Cr) = H Pl(1— Py)t

i=1
By taking the discriminant function in the form of:

yi(x) = ln P(x|Ck) + 1n P(Ck)
then it may be written as:

Yi(X) = Wi X + woy,

where:
W =N Py —In(1—-P;) , i=1,N and
N
wor = Y In(1 = Py;) + In P(Cp)
i=1
Similar as above, from the Bayesian theorem, see (8.5) and (8.6), — for two classes C;

and Cy — the posterior probability P(Ci|x) may be expressed as the output of the neuron
having the logistic sigmoidal activation function:
1

P(Ci]x) = f(w'x +wp) = 1 + exp[—(WTx 4 wp)]

where:

Py; 1- Py
—In

w; = In ,
P; 1— Py

1=1,N and

N
1- Py P(Cy)
wo = g In +1n
T 1-P PG

and P(Cz|x) have a similar form (obtainable by swapping 1 < 2).
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8.1.5 Generalized linear discriminants

Generalized linear discriminant functions are obtained by replacing x with a vectorial function
of it: ¢ : X — X having the same dimension. The discriminant functions then becomes

Y (X) = Wi o(x) + wop, (8.8)
and, by switching to the N + 1 space:
ye(X) = Wi @(x)
where @p(x) = 1.

By building the (N + 1) x K matrix W having the weights wy, associated with each output O W
neuron as rows:

Wip - WIN
W =
Wro -+ WKN
then:
y(x) = Wp(x)

|:|8.2 The Least Squares Technique

8.2.1 The Error Function

Let {x,},_15 be the training set and {t,} _i5 the desired output of the network. Then [ t,

the sum-of-squares error function is: sum-of-squares
error function
1 PLK
5 Z Z Yk Xp: Wk: - tkp] (89)
p=1 k=1
where ty), is the component k of desired vector t,,. O trp

Considering the generalized linear discriminants of the form (8.8) then E(V) is a quadratic
function of weights and its derivatives are linear function of weights and then the minimum
of the error function may be found exactly in closed form.

P

W)= L5 55000 - tul” = £ S 00805) — W3 05) —t,] (810

p=1 k=1 p=1

T

(here W contains w- on rows).

The geometrical interpretation of error function

Let consider the P-dimensional vector 4, which components are the outputs of the same [ ¥y

82See [Bis95] pp. 89-98.
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neuron k while the network is presented with the x, training vectors:
7= (W) ... wlp(xp))
Using the components of the (x) vectorial function: @(x)" = ($o(x) ... @n(x)) and
its value for the training set vectors x,, it is possible to build the vector:
¢ = (Gilx1) ... Gilxp))
N
As the component p of vector ¥, is {§r}p = D Wkipi(x,) then g, may be written as a
i=0
linear combination of J; in the N + 1 space:
N
= Wi (8.11)
i=0
(Wg; being the component i of vector wy,).
K N /K
The sum of g, vectors is Grotal = Y. Tk = D <Z ﬁki> J; and, again, is a linear combi-
k=1 i k=1
nation of ;.
Similar, the vector t;, may be build, using the target values for output neuron k given the
input vector x, as being tz,:
IE}E = (tkl tkp)
Finally, the sum—of-squares error function (8.9) may be written as:
L 2K 2 LK P
. 2
E=532. (Z o Be (%) = > = 320> ikds — ta) (8.12)
p=1 k=1 k=1 p=1
1K
=5 > ik — Ell?
k=1
Let make the reasonable assumption that the number of inputs is smaller that the number
of sample vectors in the training set, i.e. N + 1 < P (what happens if this is not true is
discussed later). Let consider the space of dimension P: the set of N + 1 vectors {;}
define a subspace in which all 7 are contained, the vector #;, being in general not included.
Then the sum—of—squares error function (8.12) represents simply the sum of all distances
between 7}, and ;. See figure 8.6 on the facing page.
The &}, may be decomposed into two components:
ty € S(Bo,-..,Pn) and G L S(Bo,... ,BN)
Os where (P, ... , @n) is the sub-space defined by the set of functions {Z;}. See figure 8.6.
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Figure 8.6: The error vector i, — ty, for output neuron k. S(Po, P1)
represents the subspace defined by the set of functions
{Bi} in a bidimensional case — one input neuron plus
bias. The i, and f}cH are included in S(Bo, P1) space.

K
The minimum of error function: E =1 3 (% — 1) T (Jx — tr) (see (8.11) and (8.12)) with
k=1
respect to wy; is found from the condition that its derivatives are zero:
OFE S _
=0 & @Gh—-t)=0 , k=1,K , i=0,N (8.13)

Owp;

and because ;, = t;” + i1 and @Tfm = 0 (by choice of f;g” and t_LL) then the above
condition is equivalent with:

Gl —ty) =0 & Gu=ty , k=1K (8.14)
i.e. {wy;} should be chosen such that g}, = f}c” — see also figure 8.6.

Note that there is always a “residual” error due to the t_}u.

Assuming that the network is optimized such that g}, = t_}gn, Vk € {1,...,K} then

Jx — tr = —fx. and the error function (8.12) becomes:
1 K 1 K
Enmin = 5 D gk = Bll* = 3 > el
k=1 k=1

8.2.2 The Pseudo—inverse solution

Let build the P x (N 4 1) matrix ® from J; used as columns:
Po(x1) -+ @n(x1)
o=

Po(xp) -+ on(xp)
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T

pseudo-inverse
matrix

Dik:@

also the P x K matrix T' using t;, vectors as columns:

t1n 0 tka
T =

tip -+ tkp

From the above matrices and (8.11): ¢, = ®W (k,:)*. Then using the above notations,
the set of minima conditions (8.14) may be written in matrix form as:

(@To)wT —dTT =0

Assuming that the square (N + 1) x (N + 1) matrix @7 ® is inversable then the solution
for the weights is:

wT = (873) ' 2TT = o T (8.15)

where ®f is the pseudo-inverse matrix of ® (which generally is not square) and is defined
as:

ot = (87®) ' BT

If the ®T® is not inversable then taking an ¢ € R the pseudo-inverse matrix may be
defined as:

& = lim (8"® +21)” &7
e—0

|:| Remarks:

O As the ® matrix is built from the J; set of vectors, if two of them are parallel (or

nearly parallel) then the ®* & is singular (or nearly singular) — the rank of the
matrix will be lower.

The case of nearly singularity also leads to large weights necessary to represent
the solution ¢}, = t_}g”. See figure 8.7 on the facing page.

O In case of two parallel vectors 3; || F¢ the one of them is proportional with
another: J; o< Jy and then they may be combined together in the error function
and thus reducing the number of dimensions of S space.

O By writing explicitly the minima conditions (8.14) for biases wyo:

OE P /N
Buong = Z (Z WrePe(Xp) + Wro — tkp> =0

p=1 \{=1

(Po(xp) = 1, by construction of @g) the bias may be written as:

N
Wro =t — E WrePr
(=1

where:
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b) o and J; almost parallel

Figure 8.7: The solution i, = f;g” in a bidimensional space S(Bo,P1).
Figure a presents the case of nearly orthogonal set, figure
b presents the case of a nearly parallel set of {B;} func-
tions. t_;cH and Py were kept the same in both cases

i.e. the bias compensate the difference between the mean of targeted output #;
and mean of the actual output — over the training set.

O If the number of vectors in the training set P is equal with the number of inputs
N + 1 then the ® matrix is square and it have an inverse. By multiplying with
(¢I>T)71 to the left in (8.15): ®WT = T = W' = & !T. Geometrically

speaking fr € Sand fr, = 0 — see figure 8.6, i.e. the network is capable to
learn perfectly the target and the error function is zero (after training).

If P < N + 1 then the f}, vectors are included into a subspace of S and to
minimize the error to zero it us enough to make the projection of § (into that

subspace) equal with #;. (a situation similar — mutatis mutandis — to that
represented in figure 8.6 on page 139 but with i and #; swapping places).

This means that just a part of weights are to be adapted (found); the other ones
do not count (there are an infinity of solutions).
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Ut n
learning rate

0 B,

To have P < N + 1 is not normally a good idea because the network acts more
as a memory rather that as a generalizer (the network have a strong tendency to
overadapt).

O The solution developed in this section does not work if the neuron does not have
a linear activation, e.g. sigmoid activation function.

8.2.3 The Gradient Descent Solution

The neuronal activation function is supposed to be differentiable and the error function may
be expressed as function of weights E = E(W). Then an initial value for {wy;} parameters
is chosen (usually weights are initialized randomly) and the parameters are modified by
small values in the direction of decrease of E, i.e. in the direction of —V E (with respect to
weights), in small steps:

OF

- , n=const. € R"
Owp; Wi

Awy; = W(s4+1)ki — W(s)ki =
)

t being the step of iteration (discrete time). 7 is a positive constant called learning rate
and governs the speed by which the {wy;} parameters are changed.

Obviously —VE may be represented as a matrix of the same dimensions as W and then
the above equation may be written simply as:

and is known as the delta rule.

Usually the error function is expressed as a sum over the training set of a P error terms:

P
E = % E,(W), then the weight adjustment may be done in steps, for each training vector
p=1
in turn:
1))
Awgi = W)k — Wipyki = —1N 6w:i we, , p=L1P

|:| Remarks:

[0 The above procedure is especially useful if the training set is not available from
start but rather the vectors are arriving as a time series.

O The learning parameter 1 may be chosen to decrease in time, e.g. n = .

This procedure is very similar to the Robbins—Monro algorithm for finding the
root of derivative of E, i.e. the minima of E.

Assuming general linear discriminant (8.8) then considering the sum-of-squares error func-
tion (8.10):

| PLE [N 2 K [N
E(W):azz[zak@i(xp)—tkp] L B0 - z[zmmp)—t@]
k=1 Li=0

p=1 k=1 Li=0

2

N | =
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then:

0E,

N
Dons Lz; Wi Pi(Xp) — tkp] Be(xp) = [yr(xp) — trp] Pe(x,)

or, in matrix notation:
VE, = [y(xp) — tp] SET(XP)
where y(x,) = W®(x,). Then the delta rule’ (8.16) becomes: delta rule

AW = —n[We(xp) — tp] SNDT(XP)

So far only networks with identity activation function were discussed. In general neurons
have a differentiable activation function f (the perceptron being an exception) then total O f
input to neuron k is ag, = W (k,:) p(x,) and:

a, =Wo(xp) , y(xp)=f(ap)

The sum-of-squares error (8.9), for each training pattern p is:

1
E,(W) = §[f( ) — tp]T[f(ap) — tp]
and then:
VE, ={[f(ap) —t,] © fl(ap)}‘zT(Xp)
where f' is the total derivative of f. a f
Proof. From the expression of E:
1K RS N 2
Ep(W) =5 > [fanp) — trp)® = 5 > {f (Zwkifﬁi(xp)> - tkp]
k=1 k=1 i=1
and then:
oF ~
8w:[ = [flarp) — trplf' (arp) Pe(xp)
which leads directly to the matrix formula above. O

|:| Remarks:

O In the case of sigmoid function f(z) = H% the derivative is:
df
!
= — = 1—
file) = - = f2)[1 - f(z)]

In this case writing f' in terms of f speeds up the calculation and save some
memory on digital simulations.

O It is easily seen that the derivatives are “local”’, i.e. depend only on parameters
linked to the particular neuron in focus and do not depend on the values linked
to other neurons.

2This equation is also known as the least-mean-square (LMS) rule, the adaline rule and the Widrow-Hoff
rule.
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oM

O The total derivative over whole training set may be found easily from:

[ ]8.3 The Perceptron

The perceptron (or adaline3) represents a single layer neural network with threshold activa-
tion function (see (8.7)). Usually the activation function is chosen as being odd:

+1 fora>0
fla) = {—1 fora <0

8.3.1 The Error Function

Considering just one neuron, its output is y(x) = f(W'®(x)). Because the output of the
single neuron is either +1 or —1 then it may classify just a set of two classes: if W@ > 0
then the output is +1 and x € C;, else W' @ < 0, the output is —1 and x € Cs.

Then, for a correct classification, twT® > 0, VxX; where ¢ is the target value given the input
vector x. For a misclassified input vector either w'@ > 0 while t = —1 or vice-versa, i.e.
—twTp <0.

A good choice for the error function will be:

Ew)=- Y 5" 3(x,) (8.17)
XpEM

where M is the set of misclassified vectors x,.

|:| Remarks:

O From the discussion in section 8.1.1 it follows that wl@(x,) is proportional to
the distance from the misclassified vector ¢(x,) to the decision boundary.

The process of minimizing the function (8.17) is equivalent to shifting the decision
boundary such that misclassification becomes minimum.

During the shifting process M changes as some previously misclassified vectors
becomes correctly classified and vice-versa.

8.3See [Bis95] pp. 98-105.
3From ADAptive LINear Element.
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Figure 8.8: The learning process for perceptron. White circles are
from one class, black ones are from the other. Initially
the parameter is W (o) and the pattern shown by @ is mis-
classified. Then W1y = W) — @; 1 was chosen 1 and
t = —1. The decision boundary is always perpendicular
to w vector, see section 8.1.1. The other case of a mis-
classified x,, € C, is similar.

8.3.2 The Learning Procedure

The gradient descent solution (section 8.2.3) is used to find the weight vector:

0E, | —tpi(x,) ifx, e M
ow; |0 if x,, is correctly classified

and then VE, = —t3(x,) if x, € M or VE, = 0 otherwise.
The delta rule (8.16) becomes:

nte(x,) ifx, € M

, , . (8.18)
0 if x,, is correctly classified

AW = W1y — W) = {

i.e. all training vectors are tested: if the x, is correctly classified then w is left unchanged,
otherwise it is “adapted” and the process is repeated until all vectors from the training set
are classified correctly. See figure 8.8.

8.3.3 Convergence of Learning

The error function (8.17) decreases by using the learning rule (8.18).
Proof. The terms from E (8.17), after one learning step using (8.18), are:

~T  ~ ~T ~ 2112 ~T ~
_tw(H_l)‘P = _tw(t)‘P - ﬂtZHQOH) < WP
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O 7

where ||@|]2 = 3T ; then E(41y < E(yy, i.e. E decreases. O

Let consider a linearly separable problem. Then it exists a solution W such that:

W p(x,) >0 , p=1P

The process of updating w, using the delta rule (8.18) is convergent.

Proof. Let consider that the initial vector — in the above learning procedure — is chosen as wq) = 0 and

let the learning parameter be n = 1 (without any loss of generality); then:
W(t4+1) = W(r) + tp@(xp)
where x), is a misclassified training vector. (see (8.18)). Then the weight vector may be written as:

W(tt1) = Z TeteP(xe)
¢

where 7, is the number of misclassification of x, vector — note that while w changes, the decision boundary
changes and a training pattern vector may move from being correctly classified to being misclassified and
back. The sum is done over the training cycle — the training set may be used several times in any order.

By multiplying with @ 7T to the left:
W% = "t wTe(xe) > (Z TM) m[inVAVTG’(Xz)
¢ ¢
such that the product is limited from below by a function linear in 7 = > 7t — and thus W, 1) is
k
limited from below as well (W is constant).
On the other hand:
W eI = W) I + Z1@(x)I* + 2tew () B(xe) < (Wi I* + 1B (<o)l
Therefore:

AW = (1% ) [P = 190 7 < max (|20

and then:

1% ) lI? < 7 max (13 (x) |2

i.e. [|[W¢q1)l| is limited from above by a function linear in /7.

Considering both limitations (below by 7 and above by /7) it follows that no matter how large ¢ is, i.e. no
matter how many update steps are taken, 7 have to be limited (because 7 from below grows faster than /7
from above, during training) and then it means that at some stage 7, becomes stationary for all £ € {1, P}
— thus (because W was presumed to exists) all training vectors becomes correctly classified. |

|:| Remarks:

O The learning algorithm is good at generalization as long as the training set is
statistically significant.

[0 The perceptron may be successfully used only for linearly separable classes.



8.4. FISHER LINEAR DISCRIMINANT 147

|:|8.4 Fisher Linear Discriminant

8.4.1 Two Classes Case

A very simple way to reduce the dimensionality it to apply a linear projection, into a unidi-
mensional space, of the form:

y=w'x (8.19)

where w is the vector of parameters chosen such as to maximize separability.

Let consider two classes and a training set containing P; vectors of class C; and P, vectors

of class C». The mean vectors of class distribution are: O P, Py, m, my
1 d 1
m; = — X an my = — E X
Py b Py b
xp EC1 xp ECa

Then a natural choice for w would be such that it will maximize the distance between the
unidimensional projection of means, i.e. w'(m; — ms) — on the other hand this distance
may be arbitrary increased by increasing w; to avoid this a constraint on the size of w

T

should be imposed, e.g. a normalization: ||wl||> = wTw = 1.

The Lagrange multiplier method is applied (see mathematical appendix) the Lagrange func-
tion (using the normalization on w) is:

L(w,A) = w' (m; —my) + A([|w]]* - 1)
and the required solution is found from the conditions:

oL
awi

oL 9
=my; —Mmy; + 2 w; =0 and m:;wi—lzo

which gives w o« m; —ms. However this solution is not generally good because it considers
only the relative positions of the distributions, not their form, e.g. for Gaussian distribution
this means the matrix . See figure 8.9 on the next page.

One way to measure the within class scatter, of the uni-dimensional projection of the data,
is O Sk

57 = Z [y(xp) — Wka]2 = Z [wap — Wka] [ng — m;fw]
XpECK Xp ECr

T
=w' Z (xp —my) (x, —myg)” | W
XpECK

and the total scatter, for two classes, would be s ., = s7 4+ s3. Then a criteria to search
for w would be to minimize the scattering.

The Fisher technique takes the approach of maximizing the inverse of total scattering. The  Fisher criterion

84See [Bis95] pp. 105-112.
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Figure 8.9: The unidimensional reduction in y space using the La-
grange multiplier: Gaussian distribution, two classes, two
dimensions. While the separation is better than a projec-
tion on xy axis, it is worse than that one in the xo axis
because the ¥ parameter was not considered.
Fisher criterion is defined as:
(whm; — me2)2 wl(m; —my)(m; — my)tw
J(w) = 2 2 = 2, 2
51 + 55 51 + 55
and it may be expressed also as:
T
w Spw
Jiw) = —22 7
(w) wTS,w
0 Sy where S, is named between-class covariance matrix:
Sb = (m1 - mz)(ml - mz)T (820)
0 Sy and Sy, is named within-class covariance matrix:

Sw = Z (Xp - ml) (Xp - ml)T + Z (Xp — m2) (Xp — mz)T

Xp eCy Xp €Co

The gradient of J with respect to w is zero at the desired maximum:

VJ =

(WS,wT)Syw — (WSywT)S,,w

=0

(WS,wT)?
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= (WS,wh)Syw = (WSyw')S,w (8.21)

From (8.20) it gives that:
Spw = (m; — my)(m; — mQ)Tw x (my — my) (8.22)

Because only the direction of w matters then any scalar terms may be dropped; replacing
(8.22) into (8.21) gives:

w o S,  (m; —my)

known as the Fisher discriminant.

8.4.2 Connections With The Least Squares Technique

For the particular case of transformation (8.19), the sum-of-squares error function (8.9)
becomes:

P
1 2
E:§Z(wap+w0—tp)

p=1
The target values are chosen as follows:

5= if Xp € C1

(8.23)
—}% if Xp € Cs

where P; is the number of training patterns in C; and similar for P,, obviously P, + P> = P.

The minima of E with respect to w and wyq is found by zeroing its derivatives:

P

VE = Z(WTXP +wo —tp)xp =0 (8.24a)
p=1

OE

dwy ;(WTXP +wo —1p) =0 (8.24b)

The sum in (8.24b) may be split on two sums following the membership of x,: precl

and 3, cc,: from the particular choice (8.23) for #, and because P + P, = P then:

1 & P, P.
_ T _ Bk 2
W =—w m where m= — pEZl Xp=—m; +—mp (8.25)

i.e. m represents the mean of x over the whole training set.

The sum from (8.24a) may be split in 4 terms — separate summation over each class,

Fisher
discriminant

Up, P
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replacing wop from (8.25) and replacing ¢, values from (8.23):

Pl P P2
vEe B (e pmeg) e pem D x o
xp€C1 xpE€Cy
P2 P Pl
n XE; <WTXp_ ?WTijL E) Xp — ?wTrm XE; xp, =0
Xp 2 Xp 2

This relation reduces to:

(Sw + PlF)PZ Sb) W = P(m1 — mg)

Proof. Using the definition of m; 2, (8.26) becomes:

P P Py
T T T
Z (wlxp)xp — Z - (wimi)xp — Z X o (w m2)Prm;
xp€Cy xp€Cy xp€Cy 1
P2 P Pl
+ D (Whxp)xp — Y P (whma)xp + ) P, Xp T ;( "m;)Prmy =0

xp€C2 xpEC2 xpEC2 2

As wlx, = x;w and the same for other w’ products:
P P PPy
T T T
D oxlgpw) = > Zxp(miw) - > —xp - m; (mj w)
P Py P
xp€Cy xp€Cy xp€Cy
P P PP,
T 2 1P T
FY medw- Y Pl Y D - A ) <o
xp€Ca xp€Ca xp€C2
and using again the definitions of my »:
P} PPy
Z xp(x;w) — Fl ml(mifw) — Pmj — 1(my w)
xp€Cy
P2 P
+ Z xp(xgw)f?zmz(mzw)+Pm SRELE (mTw) =0
xp€C2

As matrix multiplication is associative, w is a common factor. A P1PP2 mlmrlF + P1PP2 mzm;F is added

and then subtracted to help form S} (it's moved to the right of equality):

p? P P>
|: E prg — —lmlmlT - — mlmlT

xp€Cy P p
P2 PPy PP,
T 2 T
— 22 mym] — = P(m; — my) — S
+ Z XpXp P m2my omj | W (mi — m») p
xp EC2
Terms 2, 3, 5, 6 reduces (P = P1 + P2) to give:
PPy
[ Z xpxg — lelm'll“ + Z xpxg - szgmg:| w=P(m; —my) — Spw
xp€Cy xpEC2

and expanding mi > shows that the square parenthesis is Sy. O

Because Syw o« (m; — my) (see (8.22)) and only the direction of w counts then, by
dropping the irrelevant constant factors, the Fisher discriminant is obtained:

W X S;l(ml — 1’1’12)
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8.4.3 Multiple Classes Case

It is assumed that the dimensionality of pattern vector space is greater than the number of
classes, i.e. N > K.

A set of K transformations is considered

wx)=wix , j=LK &  ykx)=Wx (8.27)

where the matrix W is build using w; as rows.

Let P, the number of training vectors (from the whole set) being of class Cy, and my, be
the mean vector of that class:

P K
1 1
m = 5 X, , k=1,K and m:Fg X”Zﬁg Prmy,
p=1 k=1

K
where P = Y Py is the total number of training vectors, and m is the mean over the
k=1
whole training set.

The generalization of within-class covariance matrix (8.20) is easily performed as:

K
Sw = stk where Sy = Z (x, — my)(x, — my)"

k=1 Xp ECr

The total covariance matrix S is

P K
St = Z(Xp —m)(x, — m)T = Z Z (xp —m)(xp — m)T

p=1 k=1 Xpeck

and may be written as:
K
St = Suw + Sp where Sy = ZPk (mk - m)(mk — m)T
k=1

where S;, S, and Sy are defined in X pattern space.

Proof.

Sti|: Z xpx;rf ( Z xp> mT - m Z x;+PkmmT:|

xpECE

K
= Z |: Z xpxg — Pkmka — mP;cm;cF + PkmmT:|
By adding, and then subtracting, a term of the form Pkmkm;f, the Sy, is formed and then:

K
St:Z Z xpngPkmkmg + Sy, =Suw+ S, O
k=1 | xp€Cy

uw

0 Pk, my

OP m

O Sw

O S

0 Sy
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U pp

Similar matrices may be expresses in the Y output space.

Let p;, and p be the mean over class Cj, and, respectively, over all training set of output
y(xp):

The covariance matrices in Y space are:

K
Svyw =D >, (%) — my]ly(xp) — )"

k=1x,ECy
K

Sy = Zpk[“k — iy — )"
k=1

One possibility* for the Fisher criterion is:

J(W) = Tr(s(—;)ws(y),,) =Te(WS, W Wws,wT)

(considering (8.27)).

|:| Remarks:

[0 Sy is a sum of K matrices, each of rank 1 — because it represents a product of
2 vectors. Also there is a relation between all my, given by the definition of m.
Then the rank of S is K — 1 at most, and, consequently it have only K — 1
eigenvectors/values.

By the means of Fisher criterion it is possible to find only K — 1 transformations.

4There are several choices.
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Multi Layer Neural Networks

Dg.l Feed-Forward Networks

Feedforward networks do not contain feedback connections. Also between the input units z;

and the output units y;, there are (usually) some hidden units z;. Let N be the dimension

(number of neurons) of input layer, H the dimension of hidden layer and K the one of O N, H, K
output layer See figure 9.1 on the following page.

Assuming that the weights for the hidden layer are {w(1);i};_; 7 (characterizing the con-

i=0,N
nection to z; from z;) and the activation function is f; then the output of the hidden O w1)j, fi
neurons is:

N
zj = fi <Z w(1)ji$i>
i=0

where zp =1 at all times — wjo being the bias (characteristic to hidden neuron j). Note
that there are no connections from x; to zg, they would be irrelevant as zy represents the
bias and its output is 1 at all times (regardless of its input).

On similar grounds, let {w()x;},_7 % be the weights of the output layer, and f its acti-
i=0,H
vation function. Then the output of the output neuron is: O wayri, fa

H H N
Yk = f2 Zw@)kaj = f2 Zw(Q)kifl (Z w(1)ji$i>
7j=0 j=0 i=0

91See [Bis95] pp. 116-121.
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Figure 9.1: The feedforward network architecture. Between the input
units x; and output units yi there are some hidden units
zj. o and zg represents the bias.

The above formula may be easily generalized to a network with multiple hidden layers.

|:| Remarks:

0 While the network depicted in figure 9.1 appears to have 3 layers, there are in
fact only 2 processing layers: hidden and output. So this network will be said to
have 2 layers.

The input layer x plays the role of distributing the inputs to all neurons in sub-
sequent layer, i.e. it plays the role of a sensory layer.

O In general a network is of feedforward type if there is a possibility to label all

neurons (input, hidden and output) such that any neuron will receive inputs only
from those with lower number label.

By the above definition, more general neural networks may be build (than the
one from figure 9.1).

D9.2 Threshold Neurons

A threshold neuron have the activation function of the form:

1 fa>0
f(a):{o ifa<0 (01)

and the a = 0 value may be assigned to either case.

92See [Bis95] pp. 121-126.
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9.2.1 Binary Vectors

Let consider the case of binary pattern vectors, i.e. z; € {0,1}, Vi. On the other end,
let the outputs be also binary. One output neuron will be considered, the discussion being
easily generalisable to multiple output neurons.

Then the problem is to model a Boolean function f5 : {0,1}" — {0,1}. The total number
of possible inputs is 2/V. The function fz is totally defined once the output value is given
for all input combinations.

Then the network may be build as follows:

e The number of hidden neurons is equal to the number of input patterns which should
result in an output equal to 1.

e The activation function for hidden neurons is defined as:

1 ifa>0
fl(“)_{o ifa<0

Each hidden neuron is set to be activated just by one pattern: For that pattern the

1 ifz; =1 N
oo and wjo = 1 —n,; where n, = 3 z;,

-1 ifxz;=0 i=1

i.e. is equal with the number of “ones” into the x pattern vector.

weights are set up: wj;; =

Then the total input to a hidden neuron is 1-nx +1-(1 —nyx) = 1 and then the
output of the hidden neuron is 1 when presented with the “learned” pattern vector.

The total input is at most (nx — 1) + (1 — nx) = 0 when presented with another
pattern vector (one z; component changed from 1 to 0 or vice-versa); such that the
output will be 0.

e The activation function for the output neuron is:

1 ifa>0
fZ(“)_{o if o <0

The weights to the output neuron are set to 1. The bias w(s) is set to —1 such that
when a pattern for which the output should be 1 is presented to the net, the total
input in y is 0; otherwise is —1 and thus the correct output is ensured at all times.

A vectorial output function may be split into components and each component may be
assigned to a output neuron.

|:| Remarks:

O While not very useful by itself (it does not have a generalization capability) the
above architecture illustrate the possible importance of singular neuron “firing”
— used extensively in CPN and ART neural networks.

9.2.2 Continuous Vectors

The two propositions below assume a 2 class problem (either x € C; or x € C3) and thus one
output neuron is enough for classification. The solution is easily extensible to multi-class

0 fs
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Figure 9.2: In a two layer network the hidden layer may represent the
hyperplane decision boundaries and then the output layer
may do a logical AND to establish if the input vector is
within the decision region. Thus any convex decision area
may be represented by a two layer network.

problems by assigning each output neuron to a class.

Proposition 9.2.1. A two-layer neural network may have arbitrary convex decision bound-
ary.

Proof. A single layer neural network (with one output) have a decision boundary which is a hyperplane.
Let the hidden layer represent the hyperplanes (see chapter “Single Layer Neural Networks”).

Then the output layer may perform an logical AND between the outputs of the hidden layer to decide if
the pattern vector is inside the decision region or not — each output neuron representing a class. See
figure 9.2. O

Proposition 9.2.2. A 3-layer neural network may have arbitrary decision boundary (it may
be non-convex and/or disjoint).

Proof. The pattern space is divided into sufficiently small hypercubes such that the decision region may be
approximated using them (i.e. each hypercube will be included either in the C; decision region or in that of
C2’s). The decision area may be approximated with arbitrary precision by making the hypercubes smaller.

The neural network is built as follows: The first hidden layer contains a group of 2N neurons for each
hypercube of the same one class (2 hyperplanes for each dimension to define the hypercube). The second

hidden layer contains N neurons who receive the input from the corresponding group of 2N neurons from
the first hidden layer. The output layer receive its inputs from all N neurons from the second hidden layer.
The architecture of the network is depicted in figure 9.3 on the next page.

By the same method as described in the previous proposition a neuron from the second layer may decide if
the input pattern vector is inside the hypercube it represents.

An logical OR on the output layer, between the outputs of the second hidden layer, decides if the pattern
vector belongs to any of hypercubes represented by the first layer and thus to the class selected; if not then
the input vector belongs to the other class. O

|:| Remarks:

O The network architecture described in proof of proposition 9.2.2 have the disad-
vantage that require large hidden layers.
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first
hidden layer

second
hidden layer

Figure 9.3: The 3 layer neural network architecture for arbitrary de-
CiSiOn aTeas.

[ ]9.3 Sigmoidal Neurons

The possible sigmoidal activation functions are:

1 et _ p—ca

e — = = h = @@
rprpe— and y = f(a) = tanh(a) prap—

y = f(a)

where ¢ = const..

h(a/2)+1
Because &2 (“2/ )+

= Hel,m then using the tanh function instead of the logistic one
is equivalent to apply a linear transformation @ = a/2 before and (again a linear trans-
formation) y = %§+ 1 after the processing on neural layer (this is equivalent in a linear
transformation of weights and biases).

The tanh function have the advantage of being symmetrical with respect to the origin. See
figure 9.4 on the following page.

|:| Remarks:

O The output of a logistic neuron is limited to the interval [0,1]. However the

logistic function is easily inversable and then the inverse f~1(y) = %ln %

O In the vicinity of the origin the logistic function is almost linear and thus it can
approximate a linear neuron.

93See [Bis95] pp. 126-132.
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Figure 9.4: The graph of tanh function for various ¢ constants.

9.3.1 Three Layer Networks

Proposition 9.3.1. A three layer network may approximate with any accuracy a smooth
function (mapping) X — Y.

Proof. The logistic activation function is:
B 1
1 +exp(—wTx — wp)

y

and is represents the output of a first-layer neuron. See figure 9.5-a .

By making linear combinations, i.e. when entering the second neuronal layer, it is possible to get a function
with an absolute maximum. See figure 9.5-b and 9.5—c.

By applying the sigmoidal function on the second layer, i.e. when exiting the second layer, it is possible to
get just a localized output, i.e. just the maximum of the linear combination. See figure 9.5—d.

The third layer may combine the localized outputs of the second layer to perform the approximation of any
smooth function — it should have a linear activation function. O

9.3.2 Two Layer Networks

Proposition 9.3.2. A two layer neuronal network can approximate, arbitrary well, any func-
tion (mapping) X — Y, provided that X andY spaces are finite-dimensional and there are
enough hidden neurons.

Proof. Any function may be decompose into a Fourier series:

y($17~-- aIN) :ZCiI(ZL’Q,... ,ZIIN)COS(ilxl) =...
i1

N
=33 Ciyeiy [ coslieme)
i1 inN =1

(by developing in series all ¢ parameters).

Any product of 2 cosines may be transformed into a sum, using the formula cosacos 8 = %cos(a +08)+

%cos(a — B). Then by applying this procedure N — 1 times, the product from the equation above may be

changed to a sum of cosines (the values of the angles and the constants don’t have to be specified for the
proof).
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Figure 9.6: The approximation of a function by S steps.
Using the Heaviside step function:
H(z) = {1 ifz >0
0 ifz<O
any function may be approximated as:
s
f@) ~ f(wo) + > [f(wi) = flai1)] H(z — ;)
i=1
aos where S is the number of steps by which the function was approximated. See figure 9.6.

Then the network is build/performs as follows:
e The first layer have threshold activation functions and calculate the values of cosine functions.

e The second layer performs the linear combination from the Fourier series development. [

[ ]9.4 Weight-Space Symmetry

Considering the tanh activation function then by changing the sign on all weights and the
bias the output of neuron have reverted sign (tanh is symmetrical with respect to origin,
see also figure 9.4 on page 158).

If the network have two layers and the weights and biases on the second layer have also the
signs reverted then the final output of network remains unchanged.

Then the two sets of weights and biases leads to same result, i.e. there is a symmetry of
the weights towards origin.
Assuming a 2-layer network with H hidden neurons then the total number of weights and

biases sets which gives the same final result is 27

Also, if all weights and the bias are interchanged between two neurons on one layer then
the output of the next layer remains unchanged (assuming that the layers are fully inter-
connected).

94See [Bis95] pg. 133.



9.5. HIGHER-ORDER NEURONAL NETWORKS 161

There are H! such possible combinations on the hidden layer.

Finally there are H!2" sets of weights witch gives the same output on a 2-layer network.
On more complex networks there may be even more symmetries.

The symmetry in weights leads directly to a symmetry in error function and then the error
will have several equivalent minima. Eventually this means that the minima point of error
may be much closer than it looks at first sight, regardless of the starting point, usually
randomly selected.

D9.5 Higher-Order Neuronal Networks

The neurons studied so far performed a linear combination of their inputs before applying
the activation function:

N
{total input}; = a; = ijimi then {output}; = y; = f(a;)
=0

(or in matrix notation: a = Wx and y = f(a)).

It is possible to design a neuron which performs a higher-degree combination of its inputs,
e.g. a second-order:

N N N
{total input}; = wjp + Z wjix; + Z Z Wi T %o
i=1

i=1 (=1
|:| Remarks:

O The main difficulty in dealing with such neurons consists in the tremendous in-
crease in the number of W parameters.

A first-ordered neuron will have N + 1 parameters while a second order neuron
will have N2 + N + 1 parameters and for N > 1 = N? > N.

On the other hand higher-order neurons may be build to be invariant to some
transformations of the pattern space, e.g. translations, rotation and scaling. This
property may make them usable into the first layer of network.

[ ]9.6 Backpropagation Algorithm

9.6.1 Error Backpropagation

It is assumed that the error function may be written as a sum over all training vector patterns

P
E=)E,
p=1

95See [Bis95] pp. 133-135.
96See [Bis95] pp. 140-148.
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and also that the error function E, = E,(y) is differentiable with respect to the output
variables. Then just one vector pattern is considered at a time.

The output of network is calculated by forward propagation from:
aj = ijizi and 25 = f(aj) (92)
a=W(j,:)z and z = f(a)

O a; where a; is the weighted sum of all inputs entering neuron z;, z; being here any neuron,

hidden or output.
Then E, also depends on wj; trough a; and then the derivative of E, with respect to w;;
is
0E, 0FE, Oa; O0E,
_ — R 93
6w]'i 6aj 6wji 6aj =i i%i = ( )
VE, =V.E, z! = dz'

0é; o where %{fj = 0, is named error — it's a factor determinant in weight adjusting. (as shown
below); V,E, = §, note that here VE, represents just the part linked to W from the whole
error gradient
z for all layers is found trough a forward propagation trough the network. & is found by
backpropagation (from output to input) as follows:

e For the output layer: E, = E,(f(a)) and then:
oFE OE, df (ay) OE,
South = o2 = —= =—Lf 9.4
out,k da By day, E f (a'k) ( )
dout = VyE, © f'(a)
o f! where f' is the total derivative of activation function f.

O 6next,l: 6next

e For other layers: neuron z; affects the error E, trough all other neurons to which it
sends its output:

_ 8E'p _ 8Ep 80,5 _ 8&[
6] - a—aJ - %: 8al 6aj - %:6next,l aaj (95)

. . . OE,
where the sum is done over all neurons to which z; send connections (Onext ¢ = 5-2)
J ’ dag

and from the expression of a; and definition of §, finally the back-propagation formula:

6j = fl(aj) Z wlj(snext,l (96)
4

by the means of which the derivatives may be calculated backwards — from the output
layer to the input layer. In matrix notation:

0= fl(a) ® (WT(Snext)

By knowing the derivatives of E with respect to the weights, the W parameters may be
adjusted in the direction of minimizing the error, using the delta rule.
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9.6.2 Application: Sigmoidal Neurons and Sum-of-squares Error

Let consider a network having logistic activation function for its neurons and the sum-of-
squares error function.

Then the derivative of the activation function is:

fla) = — Yty - f)) (0.7)

= =
l1+e® dx

and the sum-of-squares error function for pattern vector x,, is:

1 K

E, = B} Z[Z/k(xp) - tpk]2 = % [y(xp) — tp]T[y(xp) — t,] (9.8)
k=1

(it is assumed that y; and ¢, are the components of the respective vectors y and t,, when
the network is presented with the pattern vector x,,).

From (9.8), (9.4) and (9.7), for output layer:

~

Oout = Y(Xp) o1 - y(xp)] © [Y(Xp) - tp]
and similar, for the hidden layers:
d=z0 [i - Z] ® (WTanext)

where the § errors are calculated backwards starting with the hidden layer closest to the
output and ending with the first hidden layer.

The error gradient (the part linked to W) VE, is:

VE, = oz"

To minimize the error, the weights have to be changed in direction contrary to that pointed
by the gradient vector, i.e. the amount will be:

AW x —VE, = —nVE,

where 1 governs the overall speed of weight adaptation, i.e. the speed of learning, and thus
is named learning constant. ¢; is a determining factor in weight change and thus is named
error. The above equation represents the delta rule.

|:| Remarks:

O The choice of order regarding training pattern vectors is optional:
e Consider one at a time (including random selection for the next one).

o Consider all together and then change the weights with the sum of all
individual weight adjustments

P
AW = - VE,
p=1

This represents the batch backpropagation.

learning constant
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ow, o

Jacobian

e Any pattern vector may be selected multiple times for training/weight ad-
justing.

e Any of the above in any order.

O 7 have to be sufficiently large to avoid the trap of local minima of E but on the

other hand it have to be sufficiently small such that the “absolute” minima will
not be jumped over.

In numerical simulation the most computational intensive terms are the matrix
operations found in (9.6). Then the computational time is proportional with
the number of weights W: O(W) — where O is a linear function in W —
the number of neurons being usually much lower (unless there is a very sparse
network). Because the algorithm require in fact one forward and one backward
propagation trough the net the dependency is O(2W).

On the other hand to explicitly calculate the derivatives of E, would require
one pass trough the net for each one and then the computational time will be

proportional with O(TW2). The importance of backpropagation algorithm resides
in the fact that reduces computational time from O(W?) to O(W). However
the classical way of calculating VE,, by perturbing each w;; by a small amount
e 2 0 is still good for checking the correctness of a digital implementation on a
particular system:

OE, ~ Ey(wji +¢) — Ep(wj; —¢)
6w]'i - 2¢e

Another approach would be to calculate the derivatives:

OB,  Ey(aj+¢)—Ey(a; —¢)

8aj 2e

This approach still needs two steps for each neuron and then the computational
time is proportional with O(2M W), where assuming M is the total number of
neurons.

Note that because the derivative is calculated with the aid of two values centered
around wj;, respectively a;, the terms O(e) are canceled (the bigger non-zero

terms neglected in the above approximations are O(g?)).

D9.7 Jacobian Matrix

The following matrix:

0y1 .. Own

J= Oy o 89.“ . az.N
T\ Ox; [r=1,K : s :
i

Sy .. Oyx
7N (9I1 (9IN

is named the Jacobian matrix and it provides a measure of the local sensitivity of the network

97See [Bis95] pp. 148-150.
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output to a change in the inputs, i.e. for small perturbation in input vector Ax < x the
perturbation in the output vector is:

Ay ~ JAx

Considering the first layer to which inputs send connections (i.e. the first hidden layer):

0 Oy Oa 0
D DD Dt (9.9)
4 l

&ri - aag axl

(the sum is made over all neurons to which inputs send connections). To use a matrix
notation, the following matrix is defined:

_ [ Oy
vay - { aag }
Yk

The derivatives g—al are found by a procedure similar to the backpropagation algorithm.

where a refers to a particular layer.

A perturbation/change in a; is propagated trough all neurons to which neuron ¢ send
connections (its output), then:

e _ N~ 9y Oaq
day Xq: Oa, Oay

and, because a; = > wyszs = Y wys f(as) then:
S S

Y _ o 3
f'(ae) 90,

8@[ = Wqr (9.10)

i.e. the derivatives gy’“ may be evaluated in terms of the same derivatives of the next layer.

Qe

e For the output layer:

e _ 5 df(ar)

— Oke
8@[ dak

where a; here are those received by the output neurons (0 is the Kronecker symbol),
i.e. all partial derivatives are 0 except g%’; and the matrix V,y have just one non-zero

element per each row/column.

e For other layers: the derivatives are calculated backward using (9.10), then:
Vay =[1 /(@) © [Va,.y W]

When the first layer is reached then the Jacobian is found from (9.9).

|:| Remarks:

0 The same remarks as for backpropagation algorithm regarding the computing
time (see section 9.9) applies here.

U Vay
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[ ]9.8 Hessian Tensor

The elements of the Hessian tensor are the second derivatives of the error function with

respect to weights:
0’FE
- [tic)
Ow;;Owpy jikl

|:| Remarks:

0 The Hessian is used in several non-linear learning algorithms by analyzing the
surface E = E(W); the inverse of the Hessian is used to determine the least
significant weights in order to “prune” the network and it is also used to find the
output uncertainties.

O Considering that there are W weights then the Hessian have W? elements and
then the computational time is at least of O(W?) order.

The error function is considered additive with respect to the set of training pattern vectors.

9.8.1 Diagonal Approximation

Here the Hessian is calculated by considering it diagonal, then only the diagonal elements

0%E
ow?

ji

have to be found (all others are zero).

The error function is considered a sum of elements over the training set as in the backprop-
agation algorithm: E =" E,.
p

From the expression of a;, in (9.2), the operator % may be written as:

0 9 Oa; —iz-
dwj; aa] Owj;  0Oa; "

and, because z; does not depend on w;; then:

2 2
o _ 0
3 T 53 %
ows;  0aj
. . 9’ E, ’E, o
and the diagonal elements of the Hessian for pattern vector x 2 = L 22,
P Bwji Baj %

From (9.6) (and on similar grounds):
O*E,  d*f(a ) OE, df ( aJ 0’E,
Oa; —  daj Xg:wt;] 8—‘“5 i < ) Z ZW]W’J Oagday

98See [Bis95] pp. 150-160.
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(where -2 ( ) the sum over £ and ¢’ being done over all neurons to

8 Ep 8agr
daj

Ba[ 8ag8agr 8a,~

which neuron i is sendmg connections. In matrix notation it may be written directly as:

(Va® Va)E, = f"(a) © (W nen) + [f'(2) © f/(a)] © (W' Va,, © W'V, )E,

By neglecting the non-diagonal terms:

82Ep d?'f(aj) OB, df (a;) ’ 2 82Ep

0a2 ~  da? Zwﬁ day +< da; Zwlj 0%ay
¢ ¢

or in matrix notation:

(Va® va)Ep = f”(a) © (WT‘snext)

+[f'(@) o f@] 0 W @ (Vap, © Van)Ep

and thus, the computational time is reduced from O(W?) to O(W) (by neglecting the off

2

diagonal terms %, £ # ('). Note however that in practice the Hessian is quite far from
20Qpr

being diagonal.

9.8.2 OQuter Product Approximation

Considering the sum-of-squares error function for pattern vector x,:

K

Ey, =3 Z[yS(Xp) - tp8]2 =

s=1

[y(xp) — tp]T[Y(Xp) —t]

DN | =

then the Hessian is calculated immediately as:

K 2
Z Oys Oys Z(ys _ ts) 0%y,
6wﬂawu 6wﬂ 6wu — 6wji6wkg

Considering a well trained network and the amount of noise small then the terms y, — t;
have to be small and may be neglected; then:

9B, %i dys dys

6w]'ia’u}k[

and 893, may be found by backpropagation procedure.
w;i

0.8.3 Inverse Hessian

Let consider the Nabla vectorial operator with respect to the weights V = {%} then
J JZ

the Hessian may be written as a square W x W matrix

P
Hp=) V-V'E,

p=1
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(P being the number of vectors in the training set).

By adding a new training vector:

Hpy1 =Hp+V -V'Ep,

A similar recurrent formula may be developed for the inverse Hessian:

Hp'VVTEpy Hp'
1+ VTH,'VEp;,

-1 _ gy-1
HP+1—HP -

Proof. Considering 3 matrices A, B and C, A inversable, then it is true that:
(A+BC) t=A"1—AlBI+cAaiB)tca!
(the identity may be verified by multiplication by (A + BC') to the left respectively to the right).

By putting Hp = A, V = B and VI'Ep = C then VTHIZIVEP_H have dimension 1 (as the product
between a row and column matrix) and the required formula is obtained. O

Using the above formula and starting with Hy oc I the Hessian may be computed by just
one pass trough all training set.

9.8.4 Finite Differences

Another possibility to find the Hessian is by applying small perturbations to weights and
calculate the error; then:

0’E 1

Ow Owre 4—82[E(wji +e&,wre +€) — E(wji — €, wge + €) (9.11)
ji

— E(wji +&,wpe —€) + E(wj; — e, wge — )] + O(e?)

1
~ @[E(U}ji +e,wpe +€) — E(wj; — €, Wke + €)
— E(wj; +e,wpe —€) + E(wj; —e,wre — €))]

where 0 < ¢ « 1. By choosing an interval centered around (w;j,wy) the terms O(e)
cancels one each other.

Another approach is to use the gradient VE:

O’FE 1| OF OF 9
Ow;j;Owge 2% Owji wji-‘re(wkl +e)— Bwji wji—E(wkl +e)| +0() (9.12)
~ 1| 0E _ 0E (9.13)
2¢e 6w]'i Whete a’u}ji Whe—e

|:| Remarks:

O The “brute force” attack used in (9.11) require O(4W') computing time for each
Hessian element (one pass for each of four E terms), i.e. O(4W?) computing
time for the whole tensor. However it represent a good way of checking other
algorithm implementations.
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O The second approach, used in (9.11) require O(2W') computing time to calculate
the gradient and thus O(2W?) computing time for the whole tensor.

0.8.5 Exact Hessian

From (9.3): Oy _ 61,2 and then by differentiating again:

Owpe
J’E, B i OE, \ Oaj i 0E, o O(02¢) (9.14)
6w]'ia’wkz o 6aj 8wk,_z a’u}ji o 6aj 6wu o 6aj '
(using also (9.2)).
Because z; = f(ag) then:
6°E, ,
m = 20k f'(ae)hej + zizeby;j
where: O hej, br;
_ 8&[ _ 86k
h[] = a—aJ and bk] = an

The h;; coefficients

ay depends over all as from neurons s which connects to neuron £, then:

B Oay Oag
hej = Z 9, Da, (9.15)

and (as ay = Y wys f(as)) then:
hlj = Zwlsfl(as)hsj

i.e. the hy; coefficients may be calculated in terms of the previous ones till the first layer
which receive directly the input and for which the coefficients do not have to be calculated.

|:| Remarks:

00 For the same neuron obviously hy = 1.

O For two different neurons, by continuing the development in (9.15): if a forward
propagation path can't be established from neuron ¢ to neuron j, then a, and a;
are independent and, consequently hy; =0

The by; coefficients
The by; are calculated using a backpropagation method.

The neuron k affects the error trough all neurons s to which it sends connections:

O = f'(ar) Y wards
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(see also the backpropagation formula (9.6)). Then:
bk' - i f'(ak) Zwskés (9.16)
I 8a]- B
= f”(ak)hkj Z wsktss + fl(ak) Z wskbsj
o f where f"'(a) = % is the second derivative of the activation function.
|:| Remarks:
O The derivative 8%]_ proceed from the derivative %’ see (9.14). lts application is

correct only as long w;; does not appear explicitly in the expression to be derived
in (9.16).

The weight w;; represents the connection from neuron ¢ to neuron j while the
sum in (9.16) is done over all neurons to which neuron j send connections to.

Thus — according to the feedforward network definition — w;; can’t be among
the set of weights wg, and the formula is correct.

For the s neuron on output layer:

OE,

_ _ OE,
57 Bag

By,

f'(as)

(as ys = f(as)) and:

%, o (, 0B\ ., 0E, . . 0 0E,
88 — 6as - aas <f (a’s) 6ys> _f (a’s) 6ys +f (a’s) 6ys aas

OF,
ys

2
da 8Ep + fl(as) 86121)

+ f" Qg
I )dys 0ys Yz

= f"(as)

OFE 0’E
= f”(as) [1 + fﬁll(ys)] 8y: + fl(as) WQP

S

(because 8%5 ~ 8%5 switch places, using the expression of J; above and as = f~!(ys)).

For all other layers the by; coefficients may be found from (9.16) by backpropagation and
by considering the condition w;; = 0, i.e. into a feedforward network there is no connection
from a neuron to itself.

9.8.6 Multiplication with Hessian

Considering the Hessian as a matrix V - VI E, (see section 9.8.3) the problem is to find an
easy way of multiplying it with a vector v having W components:

viH=v" . (VV1E,
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Using the finite difference method on a interval centered around the current set of weights W
(W is seen here as a vector):

1
viV(VYE)) = % [VIE,(W +ev) = VIE,(W — ev)] + O(e?)
where 0 < e < 1.

Application.

Let consider a two layer feedforward neural network with the sum-of-squares error function.
Then:

a=Wuyx, , z=f(a) and y=Wy)z

Let define the operator R(-) = vV, then R(W) = v (R is a scalar operator, when applied

to the components of W the results are the components of v as VIV = i) Note that W
represents the total set of weights, i.e. W(l) U W(2); also the v vector may be represented,

here, in the form of two matrices v(1) and v(y), the same way W is represented by Wy,
and W(g).

By applying R to a, z and y:
R(a) = v(x
R(z) = f'(a)R(a)
R(y) = Wi R(z) + v(2)2
From the sum-of-squares error function:
02) = f'(aour) © [y —t,] for output layer, agye = W2z
dn) = f'(a) ©W(3)d(2y  for hidden layer

(see (9.4), (9.6) and (9.8)).
By applying again the R operator:

R(d(2)) = f"(aout) © R(aou) © (y — tp) + f'(az)) © R(y)
R(0)) = f"(a) ©R(a) © W(2)d(2) + f'(a) © v(2)d(2) + f'(a) © W2yR(d(2))
Finally, from (9.3):
Vwe Ep = 6(2)ZT for output layer
Vwe, Ep = 81)x"  for hidden layer
and then the components of v H vector are found trough:
R (Vwe, Ep) = R((2)) 7z + 6(2)R(ZT) for output layer

R (VW(Z)EP) = R(5(1)) xT for hidden layer

Ua, z vy

0R()

O vay, vz

O aout
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|:| Remarks:

O The above result may also be used to find the Hessian, by making v of the form
vIi=(0 ... 0 1 0 ... 0); and then the expression vIR(E,) gives a
row of the Hessian “matrix”.
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Radial Basis Function Networks

[ ]10.1 Exact Interpolation

For a unidimensional output network let consider a set of training vectors {x,} _15 the
corresponding set of targets {t,} _75 and a function h : X — Y which tries to map
exactly the training set to the targets such that:

h(xp) =t, , p=LP (10.1)

It is assumed that the h(x) function may be found by the means of a linear combination of
a set of P basis functions of the form ¢(||x — x,||):

P
h(x) =Y wpe(|lx = x,|)) (10.2)
p=1
By building the symmetrical matrix: 0o
e(llxe =xall) ... elllxp —xul])
P = .
elllxi —xpll) ... olllxp —xpl)

then from (10.1) and (10.2) it follows that:
wie=t" (10.3)

k!
o+

where w1 = (w1 ... wp) andsz(tl ... tp). O

10.15ee [Bis95] pp. 164-167.
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The W set of parameters is found immediately if the square matrix @ is inversable (which
usually is); the solution being:

w=tre !
Examples of basis functions are:
e Gaussian function: ¢(z) = exp (—%)
o o(@)=(x*+0%)"",a>0
e o(z)=2’lnz
e Multi-quadratic function: ¢(z) = vz2 + o2
e Cubic and linear functions: p(z) = 2° , p(z) =z
For the multidimensional network output the established relations are immediately extendible
as follows:
hk(Xp):tkp s p:].,P y k:].,K
P —_
hi(x) =Y wipe(lx = x,l)) , k=TK
p=1
Oh Lleth= (h1 ... hg) then h(x,) = t, and also by building W using all W' as rows and

T using all 7 again as rows then W® = T and thus W = T'® ! (assuming ® inversable,
of course).

Dlo.z Radial Basis Function Networks

The radial basis function network is built by considering the basis function as an neuronal
activation function and the wy, parameters as weights.

|:| Remarks:

O To perform a exact interpolation of the training set is not only unnecessary but
a bad thing as well — see the course of dimensionality problem. For this reason
some modifications are made.

When using the basis functions in neural networks, the following changes are performed:

e The number H of basis functions do not need to be equal to the number P of training
vectors — usually is much less. So {wgp} — {wi;}-

e The basis functions do not have to be centered around the training vectors.
e The basis functions may have themselves some tunable (during training) parameters.

e There may be a bias parameter.

1025ee [Bis95] pp. 167-169.
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Figure 10.1: The radial basis function network architecture. On the
hidden layer each neuron have a radial basis activation
function. The activation function of the output layer is
the identity. For bias @9 = 1.

Then the output of the network looks like:

H
yr(x) = Zwkjcpj(x) +wr & yx) =Woeo(x) (10.4)
j=1
where ' = (o ... k) and W holds both weights and bias. 0p W

|:| Remarks:

O If the basis functions are of Gaussian type the they are of the form:

_ (X_l'l’j)TEj_l(X_p’j)
pj(x) = exp | = 5

where ¥; is a covariant symmetrical matrix.

The model may be represented in the form of a two layer network where the hidden neurons
have the basis functions as activation function. Note that the weight matrix from input to

hidden layer is 1 and the output layer have the identity activation function. See figure 10.1.
The basis function associated with bias is the constant function o (x) = 1.

DlO.B Relation to Other Theories

10.3.1 Relation to Regularization Theory

A way to control the smoothing of the model (in order to avoid large oscillations in the
output after a small variation of input) — and thus to control the complexity of the model

103Gee [Bis95] pp. 171-179.
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Ov, P

O dp

Euler-Lagrange
equation

Green's functions

oG

— would be trough an additional term in the error function which penalizes un-smooth
network mappings.

For a unidimensional output, the sum-of-squares error function will be written as:

P

=3 Y lux) — 6 + 5 [ [Pyfx (105)

p=1 X

where v is a constant named regularization parameter and P is a differential operator such
that large curvatures of y(x) gives rise to large values of |Py|%.

By replacing y(x,) with y(x,) dp(x — x,) — where dp is the Dirac function — the error
function (10.5) may be expressed as a functional of y(x) (see the mathematical appendix).

The condition of stationarity for E is to set to 0 its derivative with respect to y(x):
SE < "
Y > [y(xp) — ty] 6p(x — xp) +vPPy(x) =0 (10.6)
p=1

where P is the adjoint differential operator of P (see also the mathematical appendix).
(10.6) is named the Euler-Lagrange equation.

The solutions to (10.6) are found in terms of the Green’s functions G of the operator P
which are defined as being the solutions to the equation:

PPG(x,x') = 6p(x — x')

and then the solutions y(x) are searched in the form:
P
y(x) = Y wG(x,%p) (10.7)
p=1

where {w, } _1 are parameters found by replacing solution (10.7) back into (10.6), giving:

P P

Z[y(xp) —tpldp(x —xp) +v Z wpdp (X — Xp)

p=1 p=1

and by integrating around a small enough vicinity of x,, (small enough such that it will not

contain any other x,/), for all p =1, P:
y(xp) —t, +vw, =0 p=1,P (10.8)

(because of the way dp is defined).

By replacing the solution (10.7) in the above equation and considering the G matrix and
w and t vectors:

G(x1,x1) - G(xp,x1)

G= : : :

G(x1,xp) -+ G(xp,xp)
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finally (10.8) becomes:

wi(G +vI) =

By comparing (10.4) and (10.7) it becomes clear that the Green'’s functions plays the same
role as the basis functions (also the above equation may be compared to (10.3)).

|:| Remarks:

O If the P operator is invariant to translation and rotation then G functions are
dependent only on the norm of x: G(x,x') = G(||x — x'||).

10.3.2 Relation to Interpolation Theory

Let consider a mapping h : X — Y. A noise is added to input . Let p(z) be the probability O p, p
density of input and p(§) the probability density of the noise.

Considering the sum-of-squares error function:

- % / / [y(z + &) — h(@)]p(z) p(€) dd¢
X

where h(x) is the desired output (target) for = + &.

By making the change of variable z + ¢ = z: 0z

_ % / / y(2) — h(@)]2p(e) Bz — z) dadz
X

and the y(z) is found by setting E functional derivative (see the mathematical appendix)
with respect to y(z) to 0:

SE 5(fh(ﬂl: p(z —z)dz

E:
X

()~ A@IP@)PE -~ dr =0 = y(2) = s
X

Considering a sufficiently large set of training vectors then the integrals may be approximated
by sums:

P

ye) = 3 ) 2L
p=1 E 5@ - wq)

¢=1

and by comparing to (10.4) it becomes obvious that the above expression of y(x) represents
an expansion in basis functions form.
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10.3.3 Relation to Kernel Based Method
Considering a set of training data {xp,tp}p:L—P then the estimated probability density of
a pair {x,t}, assuming an exponential smoothing kernel function, is!:
P
~ _ 1 [1x — %[> + ]It = tlI*
p(X,t) = F 2; W—N+m exp |— 2L2 (109)
p:
oL where L is the length of the hypercube side (IV being the dimensionality of the input X

Nadaraya-Watson
estimator

space and K the dimensionality of the Y output space).

The optimal mapping y(x) is given by the average over the desired output conditioned by
the input:

Jtp(x,t)dt

y(0) = [ tp(thodt =

Yy =0
S p(x,t) dt
Y Y
(by using also the Bayes theorem; [ p(x,t) dt = p(x)).
Y

By replacing the p(x,t) with the value from (10.9) and integrating (see also the mathe-
matical appendix regarding Gaussian integrals):

Zt exp[ I }
y(x) =

Z exp[ b l?]

known also as Nadaraya-Watson estimator — a formula similar to (10.4).

D10.4 Classification

For classification into a set of Cj classes the Bayes theorem gives:
px|C)P(Ck) _ _ p(X[Ck)P(Ck)

P(Cylx) =
p(x) 3 PxIC)P(C,)

(10.10)

(because p(x) plays the role of a normalization factor).

Because the posterior probabilities P(Cy|x) is what the model should calculate, (10.10) may
be compared with (10.4), the basis functions being:

p(x|Cr)
K
;1 p(X|Cq)P(Cq)

or(x) =

1See the non-parametric/kernel based method in the statistical appendix.
1045ee [Bis95] pp.179-182.
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Figure 10.2: Bidimensional pattern vector space. The difference be-
tween perceptron based classifiers and radial basis func-
tion classification: a) The perceptron represents the de-
cision boundaries; b) the radial basis function networks
represents the classes trough the basis functions.

and the output layer having only one connection per neuron from the hidden layer, the
weight being P(Cy,) (in this case the hidden layer/number of basis function is also K).

The interpretation of this method is that each basis function represents a class — while
the perceptron network represents the hyperplanes acting as decision boundaries. See fig-
ure 10.2.

It is possible to improve the model by considering a mixture of basis functions m = 1, M
(instead of one single basis function per class):

p(x|Cr) = Z p(x|m) P(m|Cy)
m=1

(i.e. the mixture model). The total probability density for x also changes to:

K
= p(x[Ck) P( Z p(x|m) P
k=1 m=1

where P(m) represents the prior probability of mixture component and it can be expressed O P(m)
as:

K
ZP m|Ck )
k=1

By replacing the above expressions into the Bayes theorem:

M
N > P(m(Ci) p(x|m) P(Ci) pmg
P(Ck|X) — p( |(;)k()X§)(Ck) — m=1 - _ Z wkmgom(x)
> plxlm) P(m) =t
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U Wem, ©m

(% =1 being added on purpose) where:

Om(x) = Ww = P(m|x) and
5~ plxln) Pln)
i = T ey m)

(by using the Bayes theorem), i.e. the basis functions represents the posterior probability of
x being generated by the component m of the mixture model and the weights represent the
posterior probability of class C;, membership given a pattern vector generated by component
m of the mixture.

[ ]10.5 Network Learning

The learning procedure consists of two steps:

e The basis functions are established and their parameters are found, usually by an
unsupervised learning procedure, i.e. only the inputs {x,} from the training set are
considered (the targets {t,} are ignored). The basis functions are usually defined to
depend only over a distance between the pattern vector x and the training vectors
{xp}. i.e. ||x — xp]||, such that they have a radial symmetry.

e Then, having the basis functions properly established, the weights on output layer are
to be found.

10.5.1 Radial Basis Functions

The relation between radial basis function network and other statistical methods described
in section 10.3, suggest that the basis functions should represent the probability density of
input vectors. Then an unsupervised method may be envisaged to find the parameters of
the basis functions, several are described below.

Subsets of data points
This procedure builds the basis functions as Gaussians:

2

2
20].

pj(x) = exp [ (10.11)

The {p;} vectors are chosen as a subset of the training set {x,}.

The {0;} parameters are chosen all equal to a multiple of average distances between the

centers of radial functions (as defined by vectors ;). They should be chosen such as to
allow for a small overlap between radial functions.

1055ee [Bis95] pp. 170-171 and pp. 183-191.
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|:| Remarks:

O This ad hoc algorithm usually gives poor results but it may be useful as a starting
point for further optimization.

Clustering
The basis functions are built as Gaussian, as above.

The training set is divided into a number of subsets S;, equal to the number of basis
functions, such that an error function associated with the clustering is minimized:

H
E=Y > lx =l

Jj=1x,€S;

At the beginning the learning set is divided into subsets at random. Then the mean p; is

calculated inside each subset and each training pattern vector x,, is reassigned to the subset
having the closest mean. The procedure is repeated until there are no more reassignments.

|:| Remarks:

[ Alternatively the p; vectors may be found by an on-line stochastic procedure.
First they are chosen at random from the training set. Then they are updated
according to:

Apj = p(xp — 1))

for all x,, where i represents a “learning constant”. Note that this is similar
to finding the root of V“jE, i.e. the minima of E, trough the Robbins-Monro

algorithm.

Gaussian mixture model
The radial basis functions are considered of the Gaussian form (10.11).

The probability density of the pattern vector is considered a mixture model of the form:
H
p(x) = P(j) ¢;(x)
j=1

It is possible to use the EM (expectation-maximisation) algorithm to find p;, o; and P(j)
at step s + 1 from the values at step s, starting with some initial values p;, 0o; and Py(y):

P
> P(s) (J1xp) %p

p=1
Bis+1)i = —p
E P(s) (.7|Xp)
p=1
P -
El Py (J1%p) [1xp — M(s+1)j”2
p=
O(s+1)i = P

N Y Py (jlxp)

p=1
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s
Porn() =5 > Py (lxp)
p=1
where j =1, H and:
, P(j) p(x
P(jix) = P2
p(x)
Supervised learning
It is possible to envisage also a supervised learning for the hidden layer. E.g. considering
H
the basis function of Gaussian form (10.11), y, = Y wg;p; and the sum-of-squares error
j=1
P
E =1 3 [yr(xp) — tip)?* which have to be minimized then the conditions are:
p=1
P K 2 2
OE lIxp — w5117\ [1%p — 5l
% = Z: Zwkj [yk (Xp) — tkp] exp (— 572 J p; J =0
p=1 k=1 J J
OE CE ||Xp_l‘l"||2 Tsp — Msj
I e S =
Ops;j st 207 o7
However, to solve the above equations is very computational intensive and the solutions
have to be checked against the possibility of a local minima of E.
10.5.2 Qutput Layer Weights
Considering the matrix W = {wk;};—7 (biases included) and the vectorial function o' =
j=0,H
(¢o.-.¢m) then (10.4) gives:
y = Wg(x) (10.12)
and it may be considered as a single layer network. Then considering the sum-of-squares
P
error function E = 1 3" [y(x,) — tp] [y (x,) — t;] the least squares technique is applied to
p=1
find the weights.
oo, T Considering that y is obtained by the form of a generalized linear discriminant, see (10.12),
then the following matrices are build:
wo(x1) -+ wolxp) tin - tip
o = : : and T = | : :
er(x1) - r(xp) tk1 -+ tkp
O &t Then (according to the least squares technique) W& = T which have the solution:

W =T& where @ =T (33T)"



10.5. NETWORK LEARNING 183

(&' being the pseudo-inverse of ®).

Proof. Wo =T = W (¢3T) = TeT = W = T, 0
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Error Functions

Dll.l Generalities

Usually neural networks are used to generalize (not to memorize) from a set of training
data.

The most general way to describe the modeller (the neural network) is in terms of join [ p(x,t)
probability p(x,t), where t is the desired output (target) given x as input. The joined prob-

ability may be decomposed in the conditional probability of t, given x, and the probability

of x:

p(x,t) = p(t]x) p(x)
where the unconditional probability of x may be written also as:

p(x) = / p(x, ) dt

Y

Most error functions may be expressed in terms of the maximum likelihood function £, 0O L
given the {x,,t,} _75 set of training vectors:

P P

L= Hp(xp,tp) = Hp(tp|xp)p(xp)

p=1 p=1

which represents the probability of observing the training set {x,,t,}.

H.1gee [Bis95] pp. 194-195.
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error function

O tiy

RMS

The ANN parameters are tuned such that £ is maximized. It may be convenient instead to
minimize a derived function:

P P P
E=—-InlL=- Zlnp(tp|xp) - Zlnp(xp) = E=- Zlnp(tp|xp) (11.1)
p=1 =1 —

where, in E, the terms p(x,) were dropped because they don't depend on network param-
eters. The E function is called error function.

[ ]11.2 Sum-of-Squares Error

It is assumed that the K components of the output vector are statistically independent, i.e.
p(t|x) = Hp te|x) (11.2)

(tx being the k-th component of vector t).

It is assumed that the distribution of target data is Gaussian, i.e. it is composed from a
deterministic function h(x) and some Gaussian noise ¢:
2
€k

1
tr = hi(x) + e where p(eg) = exp | ——% (11.3)
2mo? 207

Then e, =ty — hi(X), hir(x) = yr(x, W) because it's the model represented by the neural
network (T¥ being the network parameters), and p(e;) = p(tr|x) (as hir(x) are purely
deterministic):

pltelx) = M) (11.4)

1
V2ro? P <_ 202

By using the above expression in (11.2) and then in (11.1), the error function becomes:

P K
1 PK
:2— E_ » yk (xp, W —tkp]Z—i—PKan-i—Tanﬂ'

where t;,, is the component & of vector t,,. By dropping the last two terms which are weight

(W) independent, as well as the 1/0? from the first term, the error function may be written
as:

1 P K
= 5 33 ko, V) — g |1 (11.5)

p=1 k=1

|:| Remarks:

O It is sometimes convenient to use one error function for network training, e.g. sum-

1125ee [Bis95] pp. 195-208.
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of-squares, and another to test over the performance achieved after training, e.g.
the root-mean-square (RMS) error:
P
2_21”3’1)_131)” 1 P
Erms = p;i where (t) = P th
> Ity = (Bl p=t
p=1
which have the advantage that is not growing with the number of tests P.
11.2.1 Linear Output Units
Generally, the output neuron k is applying the activation function f to the weighted sum
of z; — inputs from (last) hidden layer — in order to compute its own output:
H —~—
ye(x, W) = f(ar) where aj = Zwkaj(x,W)
=0
where TV is the set of all weights except those involving the output layer, H is the number [ W, H, ar, 2j

of neurons on hidden layer and wyyo is the bias corresponding to zp = 1 (wy; being the
weight for connection from neuron j to neuron k).

Then, the derivative of error (11.5), with respect to the total input ay into the neuron k,
is:

P

OF df (ax)
dar D lyk(xp W) = tiy)] da
p=1
Assuming a linear activation function f(z) = z then:
OB Sty W) — ] = 2Z
6ak p:1 yk P kp ayk

and the optimization of output layer weights becomes simple. Let:

1 & 1 &
=5t and (2 =7 a(x)
p=1 p=1
and the following Wy, 7 and T matrices are defined:
wyi - W1H Zi1 - Z1p Zn ZlP
Wow=| ¢ = |, Z=|: . | T=
WK1 ' WKH Zm - Zmp tk1 - tip

where Wo,+ holds the weights associated with links between (last) hidden and output layers,
Zip = 2j(xp) — (2j) and tgp = tgp — (tx). Then the solution for weights matrix is:

Wout = TZ' where ZT = ZT(ZZT)_l (11.6)

U gjpr ka
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0zt wo Z' being the pseudo-inverse of Z. The biases w = (wio ... wko) are found trough:
wo = (t) — Wou(2) (11.7)
Proof. By writing explicitly the bias:
H
Yk = Zwkaj + wko (11.8)
j=1
and putting the condition of minimum of E with respect to biases:
P H
OE  OFE Oy
= — = 2 —t =0
Owry Oy, Qwpo p;l ];1 kB b ) ity
O (t), (25) (2j(xp) being the output of the hidden neuron j when the input of the network is x;) and then:
H 1 P 1 P
wio = (te) — > _ wi;(z;) where (t;) = 5 Sty » (z) = 5 > 2i(xp)
j=1 p=1 p=1
bias i.e. the bias compensate for the difference between the average of target and the weighted average of (last)
hidden layer output.
By replacing the biases found, back into (11.5) (through (11.8)):
1 P K H _ 2
B= IS S w T~ Ty (119)
p=1k=1 |j=1
The minimum of E with respect to wy; is found from:
. P Tt L
B, = ,;1 {Zl WhsZsp — tkp} Zip=0, k=T,K, j=T,H (11.10)
and the set of equations (11.10) may be condensed into one matrix equation:
WouZZT —TZ" =0 (11.11)
which yields the desired result. a
|:| Remarks:
O It was assumed that ZZT is invertible.
O The solution (11.6) was found by maintaining the W weights fixed. However if
they change, the optimal solution (11.6) changes as well.
outliers O The sum-of-squares error function is sensitive to training vectors with high error
— called outliers. It is also sensitive to misslabeled data because it leads to high
error.
11.2.2 Linear Sum Rules
O u, ug Let assume that for all targets (desired outputs) from the training set it is true that:

uTtp +ug =0 where u, ug=const., Vp

By summing over all training vectors it follows that uy = —u®(t) and then:

u't, = —u’(t) (11.12)
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Then it is also true that:
uly =u'(t)
i.e. if the training set have the property (11.12) then any network output will have the same
property.
Proof. The network output is y = Wouz + wo and also from (11.7): wg = (t) — Wout(z). Then:
uTy = uT (Wouz + wo) = uTTZ1 (2 — (2)) + uT(t)
But the elements of the row matrix (vector) uTT are:
{uTTT}, = uTT(,p) = uT(t, — () = 0

by virtue of (11.12). O

11.2.3 Significance of Network Output

Let consider that the number of training data sets grows to infinity and the following error
function (using Euclidean norm):

P
1 )
E- I;ggoﬁ;ﬂjuy(xp,vv) _ (11.13)

K
% Z //[yk(xp, W) — tkp]Qp(tk,x) dty, dx

k=1Xv,

K
% Z //[yk (va W) - tk]zp(tk|x) p(x) dty, dx

kle,Yk

where Y}, is the unidimensional component of the output space Y related to ;.

The following conditional averages are defined:
@mz/mwmmkmd@mz/mwmmk (11.14)
Yk Yk
Then, by using the above definitions, it's possible to write:
[k — t1]” = [yx — (trlx) + (telx) — ])°

= [y — (te)]* + 2(ye — (telx)) ((telx) — tr) + [(te]x) — ta]®

and by replacing into the expression of F, the middle term cancels after integration over
((tr]x) =t = (tr]x) — (t|x) = 0)

K K
E= % Z/[yk(x’w) = (te[)*p(x) dx + % Z/[(ti|X> — (te|x)]p(x) dx  (11.15)

k=1% k=1%

(upon integration over t5: the first term is independent of p(tx|x) and [ p(tx|x)dty =1
Y

as p(tx|x) is assumed normated, while for the second term [(tx|x) — tx]> — (tr|x)? —
2(tk|x)* + (tg[x)).

0Y;
O (tr]x), (1)
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Figure 11.1: The network output significance. Unidimensional input
and output space. Note that (t|x) doesn’t necessary co-
incide with the mazimum of p(t|z).
In the expression (11.15) of the error function, the second term does not depend upon
network parameters W and may be dropped; the first term is always positive and then
E > 0. The error becomes minimum (zero) when the integrand in the first term is zero, i.e.
yr(x, W*) = (tg|x) (11.16)
g w+ where W* denotes the final weights, after the learning process have been finished (i.e.

optimal W value).

The ANN output with sum-of-squares error function represents the average of target con-
ditioned on input. See also figure 11.1.

To obtain the above result the following assumptions were made:
e The training set is sufficiently large: P — co.
e The number of weights (w parameters) is sufficiently large.

e The absolute minimum of error function was found.

|:| Remarks:

0 The above result does not make any assumption over the network architecture
or even the existence of a neuronal model at all. It holds for any model who try
to minimize the sum-of-squares error function.

O As p(tr|x) is normated then each term in the sum appearing in last expression

of E in (11.13) may be multiplied conveniently by [ p(ts|x) dk’ =1 such that
Ykl

FE may be written as:

B =5[] Iy, W) = t1Pn(el) pix) de dx
X,Y

K
({tr} were assumed statistically independent, p(t|x) = [] p(tx|x)) and then the
k=1
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proof of (11.16):
y(x, W) = (t|x)
may be expressed similarly as above but directly in vectorial terms.

The same result may be obtained faster by considering the functional derivative of E with
respect to yx(x) which is set to zero to find its minima:

//wxﬂ/—mMMB)(Mmﬂzo

X, Y

5yk

The right term may be split in two integrals, y,(x, W) is independent of &, p(tx|x) is
normated and then:

yi(x, W) = /tkp(tk|x) dty, = (tk|x)
Y
(the integrand of [ have to be zero).

In general the result (11.16) represents the optimal solution: assuming that the data is
generated from a set of deterministic functions h(x) with superimposed zero-mean noise
then:

tr = hi(x) + e =>
yr(x) = (e |x) = (he(x) + ex|x) = hi(x)
The variance of the target data, as function of x, is:
ﬁw=/m-mm%wwm:@m—mm2 (11.17)
Y

([t — (te]x)]* = (t7]x) — 2(tx|x)* + (tx|x)?) i.e. is exactly the residual term of the error
function (11.15) and it may be used to assign error bars to the network prediction.

|:| Remarks:

O Using the sum-of-squares error function, the network outputs are x-dependent
means of the distribution and the average variance is the residual value of the
error function at its minimum. Thus the sum-of-squares error function cannot
distinguish between the true distribution and a Gaussian distribution with the
same x-dependent mean and average variance.

11.2.4 OQuter product approximation of Hessian

From the definition (11.13) of error function, the Hessian terms are:

Yk 3yk / D%yp,
8w33wq Z/ Ow, aw x) dx +Z dws0w, (yr — (tr|x))p(x) dx
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Minkowski error

Lg norm

where w;, w, are some two weights, also the integration over t;, was performed (y; is
independent of p(t)|x) which is normated, i.e. [ p(tx|x)dt; = 1).
Y

The second term, after integration over x, cancels because of the result (11.16), such that
the Hessian becomes — after reverting back from the integral to the discrete sum:

0’E EP:Z Ay ( xp, W*) Oyg(xp, W*)

Ow0w, - P — W ow,

|:| 11.3 Minkowski Error

A more general Gaussian distribution for the noise ¢, see (11.3), is
1/R

_RET™
2'p(1/R)

where 'z is the Euler function®.

pler) = exp (—Blek|™) = p(te|x) , R = const. (11.18)

By a similar procedure as used in section 11.2 (and using the likelihood function) the error
function becomes:

P K
E=) > Iy W) = tiyl”
p=1k=1

which is named Minkowski error.

The derivative of the error function, with respect to the weights, is

1 . 8yk(x 7W)
8ws Z Z lyk (xp, W) — trp| ™" sign(ye(xp, W) — trp) an

p=1 k=1 8

which may be evaluated by the means of backpropagation algorithm (ws being here some
weight).

|:| Remarks:

O The constant in front of exp function in (11.18) ensures the normalization of
probability density: [ p(ey) dey, = 1.
Yi

O Obviously, for R = 2 it reduces to the Gaussian distribution. For R = 1 the
distribution is called Laplacian and the corresponding error function city-block
metric.

More generally the distance |y — ¢|f is named Lg norm.

1135ee [Bis95] pp. 208-210.
1See the mathematical appendix.
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O The use of R < 2 reduces the sensitivity to outliers. E.g. by considering a network
with one output and R = 1 then:

P
= 2l W)~

and, at minimum, the derivative is zero:
P
Z sign(y(x,, W) —t,) =0
p=1

condition which is satisfied if there are an equal number of points ¢, > y as there
are t, <y, irrespective of the value of difference.

D11.4 Input-dependent Variance

Considering the variance as depending on the input vector o = o (z) and a Gaussian
distribution of the noise then, from (11.4):

_ 1 ex _ [yk (X7 W) - tk]2
Pliel) = o) &P ( 207(x) )

By the same means as used in section 11.2 for the sum-of-squares function (by using the
likelihood function), the error may be written as:

o f [

p=1 k=1

Dividing by 1/P and considering the limit P — oo (infinite training set) then:
—t
E= Z // { - XQZ i +1n O'k(X):| p(tr|x) p(x) dty, dx

and, the condition of minima with respect to yy, is:

FE = (x yk(x,W) — 1 . _
e =700 [ I pltsbe) di =0

Yi
which means that the output of network, after the training was done, is:

yk (%, W) = (ti|x)

Similarly, the condition of minima for E with respect to oy, is:

or__ x L [yr (x) — t;]? N _
dog (x) = p( )/ Lk(x) Jz(x) p(te|x) dty, =0

Y

14See [Bis95] pp. 211-212.
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and, after the training (E minimum), the variance is (see also (11.17)):
oii(x) = ([tr — (tex)]* |x)

The above result may be used to find the variance as follows:
e First a network is trained to minimize the sum-of-squares error function, using the

{Xp, tp},—7 5 training set.

e The outputs of the above network are y;, = (tx|x). These values are subtracted from
the target values ¢; and the result is squared. Together with the input vectors x,, they

form a new training set {xp, (t, — (tp|x>)2}p:ﬁ.

e The new set is used to train a new network with a sum-of-squares error function. The
outputs of this network are o7 = ([t — (1 |x)]?|x).

[ ]11.5 Modeling Conditional Distributions

A very general framework of modeling conditional distributions is to build a model in two
stages:

e The first stage uses the input vectors x, to model — trough an ANN — some pa-
rameters 0(x).

e The 6 parameters are used into a parametric model (non ANN) to find the conditional
probability density p(t|x).

|:| Remarks:

[0 The above approach may deal well with complex distributions. By comparison,
a neural network with sum-of-squares error function may model just Gaussian
distributions with a global variance parameter and a x-dependent mean.

0 M As parametric model, a good choice is the mixture model. In this approach, the distribution
M

of p(x) is considered of the form: p(x) = Y p(x|m) P(m) where M is the number of
m=1

mixture components m.

On similar grounds, the probability distribution p(t|x) may be expressed as:
M
(%) = Y am(x) o (t]x) (11.19)
m=1

U apn, where a,,,(x) are prior probabilities, conditioned on x, of the target vector t being generated
by the m-th component of the mixture. Being probabilities they have to satisfy the constraint
of normality:

M
dam(x)=1 and  an(x)€[0,1]

1155ee [Bis95] pp. 212-222.
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The kernel functions @,,,(t|x) represents the conditional density of the target vector t for
the m-th mixture component. One possibility is to choose them to be of Gaussian type:

i —um(X)Il2>

207 () (11.20)

o) = Gz

and then the outputs of the neural network may be defined as follows:

e A set of outputs {y,m} for the a,, parameters which will be calculated trough a
softmax function:

N exp(Yam)

mT M
> exp(Yan)

n=1

(11.21)

e A set of outputs {y,m} for the o, parameters which will be calculated trough the
exponential function:

Om = exXp(Yom) (11.22)

o A set of outputs {y,km} for the p,, parameters which will be represented directly by
the network outputs:

Bem = Yukm

The error function is build from the likelihood:
P P M
E=—-InL=—-In (Hp(tp|xp)> =— Zln ( Z am (Xp) cpm(tp|xp)>
p=1 p=1 m=1

The problem is to find the network weights in order to minimize the error function. This
is done by finding an expression for the derivatives of E with respect to network outputs
y(.) and then the weights are updated by using the backpropagation algorithm. The error

function will be considered as a sum of P components Ej;:

M
Ey,=—In ( Z m (Xp) @m(tp|xp)>

m=1

(11.23)

The posterior probability that the pair (x,t) was generated by the component m of the
mixture is:

M
and, obviously, is normated ( Y 7, = 1).

U ©m

|:| yam ' yo'm '
Yukm

softmax function

0E,

O m,,
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The 8E denvat:ves
R oF s .
From (11.23): 572 = —2= and from (11.21):
ooy,
By = dpmQn — QpQuy
(Onm being the Kronecker symbol). E, depends upon yu, trough all a,, parameters, then:
O0E, 6E oo,
= =0y — Ty
Mam aan 8yam
(by using the property of normation for 7 as well).
The BE denvat:ves
From (11.23) and (11.20):
0B, (lt—m, > K
Oom m ol Om
Also from (11.22) J d"” = oy, and then:
_ 2
OB, _ OB, don __ (lt=m,l®
8yam 0o, dyam O'%n
The 88E derivatives.
Since fgm = Yukm, then from (11.23) and (11.20) (Euclidean norm):
8Ep _ aEp - Mem — Tk
ayukm a,u/km " Urzn
The conditional average of the target data is:
M
(t|x) = /tp(t|x dt = Z o (X /tgam(t|x dt =) o (%) o, (%) (11.24)
v m=1 N m=1
(from (11.19) and (11.20); it was also assumed that Y = R¥, see Gaussian integrals in the
mathematical appendix).
Os The variance s(x) is:

2
=t (%)
Proof. From the definition of average and using (11.19) and (11.20) (also: Euclidean norm and Y; = R):

/||t— (6l [12p(t]x) dt—z/tk— (L)) (L) dty

k=1pg

M
s*(x) = (It = (tlx)IPx) = Y am(x) [

m=1
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(tk — (k%)) om (t]x) dty

I
M=
M=
Q
s

%\

K M
_ am, [tk: — ﬂ‘kml(x)]z
= kg Z: o K/20.K( ) R/(tk — (tg|x))? exp {—720%1()() } diy,

To calculate the Gaussian integral above first make a change of variable &;, = t;, — (t|x) and then a second O %, bk

one Ty, = Iy, + (tg|x) — tpm (x) forcing also a squared ;. This leads to:

/(tk ) e {7 [te — 11 GO } i — /;k . {7 (t + (k%) — piom (%))° } @
R R

207, (x) 207, (x)

v} ™
= [ies <20§f<x)> B (0 p)? [ oo <20§f<x)> iy
R

R

72
- 2(<tk'|x> - Uk'm) /fk exp <_#k(x)> di\k
R m

First term, after an integration by parts, leads to a Gaussian (see mathematical appendix) and equals

V2w a3,(x); the second one is directly a Gaussian giving v/27 02, (x) while in the third term the integrand
is an odd function, integrated over a domain symmetrical around origin, so it is zero. The sought result is
obtained after the (11.24) replacement. |

D11.6 Classification using Sum-of-Squares

If the sum-of-squares is used as error function then the outputs of neurons represent the
conditional average of the target data y = (t|x) as proven in (11.16). In problems of
classification the t vectors represent the class labels. Then the most simple way of labeling
is to assign an network output to each class and and to consider that an input vector
x is belonging to that class Cj, represented by the (output) neuron k with the biggest
output. This means that the target for a vector x € Cy, is {t = 6kq}q:L—K (Okq being the

Kronecker symbol). This method is named one-of-k encoding. The p(¢1|x) probability may  one-of-k
be expressed as:

tk|X 26[) k - (Skq (Cq|X)

(6p being the Dirac function and P(C,|x) is the probability of the x € C, event, for a
given x).

From (11.16) and the above expression of p(t|x):

Z /5@5[) tr _5kq) (C |X) dt, = (Ck|X)

q= 1Yk

i.e. when using the one-of-k encoding the network outputs represent the posterior probability.

11.6See [Bis95] pp. 225-230.
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The outputs of network being probabilities must sum to unity and be in the range [0, 1]:
e By the way the targets are chosen (1-of-k) and the linear sum rules (see section 11.2.2)
the outputs of the network will sum to unity.
e The range of the outputs may be ensured by the way the activation function is chosen
(e.g. logistic signal activation function).
11.6.1 Hidden Neurons
The error function (11.9) may be written in a matrix form:
1 o~ o~
E=3 Tr{(WoutZ — T)* WouZ — T)} (11.25)
0O Sg, St and, by replacing the solution (11.6):
1 S SIS o
E=3 Te(T'T — SpS;') where Sp=ZT'TZ", Sp=27Z" (11.26)
Proof. As Zt = ZT(ZZT) and for two matrices (AB)T = (BT AT) then:
1 e AT Sy e 1 JU ~ ey~ ~
= - Tz _ t7_ _ = T ZtTHT _ T t7
E= 2Tr{(TZ 7-T) (T7'7 T)}_ 2%{(2 ZITTT —TT) (T71Z - T) }
_ 1 ST 7>T\-1T>57T _ 7T [57TZ5T\-15 _ 7
- 5Tr{[z (ZZ™Y VT ZTT - T ] [TZ (ZZ") Z—T]}
= % Tr {ZT(ZZT)*lTZTTTZT(ZZT)*IZ —ZYzZ"Y 'z T - T "TZY(Z2Z"Yy 1 Z + TTT}
For two matrices A and B, such that B have same dimensions as AT, it is true that Tr(AB) = Tr(BA).
This property is used in first and third terms, by moving Z from left to right, thus they become identical
and cancel out. As Tr(AT) = Tr(A), the second term is transposed (again (AB)T = BT AT) and then, Z
is moved from left to right:
B= %ﬁ [ ZT"T7" (22" +T°T} O
Minimizing the error becomes equivalent to maximize the expression:
1
J=3Tr (SpS7') (11.27)
The S; matrix may be written as (see the definition of Z):
L P
Sr=27Z" = la(xy) — ()[a(x,) — ()]" (11.28)
p=1
i.e. it represents the total covariance matrix of (last) hidden layer with respect to the training
set.
O P, (z)c, Let P; be the number of x, € C; and (z)c, = & > z(x,) (i.e. the mean of hidden

* XpECk
neurons output over the training vectors belonging to a single class). Then:

K
g =Y Pi((2)e, — () ({z)e, — ()" (11.29)
k=1



11.6. CLASSIFICATION USING SUM-OF-SQUARES

199

IS e NT e
Proof. Sg = ZTTTZT = (TZT) (TZT) (as (AB)T = BT AT). Considering the one-of-k encoding

P P
then (1) = L 3 tp = 2, also (2;) = & 3 2j(xp) and then:
p=1 =1

P
_ Py . ) 1
tkp = tkp — P and  Z"(p,J) = 2j(xp) — P sz(xp)
p=1

. P
Each element of TZT is calculated directly, note that 3 tx,2;(xp) = Pi(z;)¢, due to one-of-k encoding:
p=1

P P
- ) Py 1
(T27) (ki) = 3 [ten = 2] [0 = 35 3 25000 = Putees = 230
p=1 p'=1
e NT e n
The final result is obtained by doing the (TZT) (TZT) multiplication. O

The processing on hidden neuron layer(s) may be seen as non-linear transformation such
that (11.27) is maximized. The (11.27) expression have a strong resemblance with the
Fisher criterion. The output of (last) hidden layer have the role to generate maximum dis-
crimination between classes, optimum for a linear transformation (performed by the output
layer).

|:| Remarks:

O Note that S contains the multiplicative factor sz under the sum, fact which
strongly raises the importance of classes well represented in the training set, see
section 11.6.2.

11.6.2 Weighted Sum-of-Squares

For the sum-of-squares networks, the minimization of the error function results into a max-
imisation of the .J term (see (11.27)) which for the one-of-k encoding is dependent upon the

observed prior probabilities ﬁ(Ck) = P,/ P of the training set. If these prior probabilities
differ in the training set from the true P(Cy) then the (trained) classifier (model) built will
be suboptimal.

To correct the above problem the error function may be modified by inserting a weighting
factor &, for each pattern; the error becoming:

)

P
1 C
E = 3 E kplly(xp) — tp||>  where &, = ~( k) for x, € Cy, (11.30)
p=1

(Cr

)

|:| Remarks:

00 The prior probabilities P(Cy) are usually not known, then they may be assumed to
be the probabilities related to some test patterns (patterns which are run trough
the net but not used to train it) or the adjusting coefficients x, may be even
estimated by other means.

Considering the identity activation function f(a) = a then:

OE OE df 0E

B~ By dog, ~ Oy~ 2y rl(x0) = ]

O P(Cr), P(C)
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where (bias was considered):
K
Y = Zwkaj + wgo (11.31)
q=1
Then the condition of minima of E with respect to wy is:
P H
) OE Oyy,
Owro ayk Owro Zl Kp ];1 WjZj (XP) + Wio kp
O (tr), (25) the solution being:
P P
H 21 Kpthp 21 KpZj(Xp)
wro = (tr) = D _wii(z) 5 (te) = 5 , ) ="% (11.32)
i=1 > Kp > Kp
p=1 p=1
From (11.30), using (11.31) and (11.32), by same reasoning as for (11.9) and with the
same meaning for Z;, and "
2 2
1 K [ H _ | PLE (H N
E:§Z’%Z Zwkajp—tkp 2522 Zwkajpv’fp_tkpv“p
p=1 k=1 \j=1 p=1k=1 \j=1
0K The matrix of k, coefficients is build as:
o 00 e 0 ki 0 -+ 0
k=" = | = K'k=kkT=|" " :
: " 0 : 0
0 o 0 JEP 0 -+ 0 &kp
and then, by the same reasoning as for (11.25):
1 7 T T 7! T
E=3T (WoutZ T ) (WoutZ -7 ) (11.33)
oz, T where Z' = ZK and T' = TK.

On the other hand, the condition of minimum for E, relative to the weights, is:

O P H N 2\ L
Z Kp Z WqZqp ~ thp | Zjp
1 q=1

8wkj o =

P H
= Z Kp (Z WigZgp\/Kp — tkp\/’%) Zipy/kp =0
q=1

p=1
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or, in matrix notation, similar to (11.11):
WourZ'Z'" =T'Z'" =0 (11.34)

which leads to the solution (see also (11.6) and related calculations: results are similar, by
making the substitution Z <> Z' and T ¢ T"):

Wou =T'2't where A A AV AR
and the error function may be written as (see (11.26)):
1 o
E = 3 Tr {T’TT’ _ 5535%—1}

where Sty = ZTTFZT and Sy = 77T,
Similar to (11.28) and (11.29), considering the definition of , and the one-of-k encoding,
the Si; and S/, matrices may be written as:

K
sp =3 PO S ) — @llatx,) — ()T

Py
k=1 k Xp EC

K
Sp =D P’P*(Ch) (2)c, — (2)((2)c, — (2)"

k=1
Proof. The proof for S is very similar to the proof of (11.29). Note that in one-of-k encoding:
P
P(Cy)
Z Eplipzj (Xp) = =
p=1 P(ck)

(of course, assuming that the training set is correctly classified) and so forth for the rest of terms. Also
P(Ck) = Py/P. m|

Py, (Zj)ck

11.6.3 Loss Matrix

Penalties for misclassification may be introduced in the one-of-k encoding by changing the
targets to:

if =1k

0
tky =1 — Ly for x, € Cy where Ly, = { [0,1] otherwise

L being the loss matrix. Note that for Ly, = 1 — ¢ the situation is reduced to the one-of-k
case.

Considering the loss matrix, Sp becomes:

K [ K T
Sp = Z ZP (1= L) ((Z)c ] Z Py (1= Lie)((Z)e, — (2))
k=1 L{=1 =1
Proof. Same as for proof of (11.29):
P K K
D tepzi(xp) =Y > (1= Lie)z(xp) Z (1 — Lie){zj)e,
p=1 1=1x,€Cy =1

and so forth. O

0 S, Sh
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[ ]11.7 Cross Entropy

11.7.1 Two Classes Case

Considering a two classes problem, a one network output is discussed, such that the target is
either t = 1, for pattern vectors belonging to Cy, or otherwise t = 0 (x € C3), i.e. the network
output represents the posterior probabilities P(C;|x) = y(x) and P(C2|x) = 1—y(x). Then
p(t|x) may be written as:

pt]x) =" (xp)[1 — y(x,)]" (11.35)

and for the whole training set — giving the likelihood:

P P

L= Hp(tp|xp) = H y' (xp) [1 = y(x,)]' 7"

p=1 p=1

The error function may be taken as the negative logarithm of the likelihood function (as
previously discussed):

P
E=—-InL==) t,Iny(x,) + (1 —t,)In[l —y(x,)] (11.36)

cross-entropy also known as cross-entropy.

The error minima, with respect to y(x,), is found by zeroing its derivatives:

OF _ b= y(xp)
Oy(xp)  y(xp) [1 —y(xp)]
O Emin the minimum occurring for y(x,) = t,, Vp € {1, ..., P}, the value being:
P
Brin = = 3" tyInty + (1= 1) In(1 — 1,) (11.37)
p=1

|:| Remarks:

O Considering the logistic activation function y = f(a):

1 df
= — = 1—
f@=1r— s T @) - fa)]
O a(xp) then the derivative of error with respect to a(x,) (total input to output neuron
when presented with x,) is:
1)) OE df(a(xp))

Ja(x,) ~ Bylxy) dalx,) V0P T

1175ee [Bis95] pp. 230-240.
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For one-of-k encoding, either ¢, or 1 —t, is 0 and then Eq;,. = 0. For the general case, the
minimum value (11.37) may be subtracted, from the general expression (11.36) such that
E becomes:
P
1-—
E:—thlnM+(1—tp)lnﬂ (11.38)
— tp 1- tp
p=1
11.7.2 Sigmoidal Activation Functions
Let assume that the posterior probabilities of outputs z of hidden neurons, with respect to
classes Cy, (k € {1,2}) is of the exponential general form:
p(z|Ci) = exp |A(8r) + B(z,¢) + 0, z (11.39)
where 8, and ¢ are some parameters defining the form of distribution and A and B are 0 0y, ¢, A, B

some (fixed) functions.

From the Bayes theorem:

_ p(z|C)P(C1) p(z|C1)P(Cy)
PO =y = pEe)P(@) + p(alCa) P(Ca)

B 1 where a — 1o PEICUP(C)

1+ exp(—a) here a=1 p(z|C2) P(C2)

By replacing (11.39) in the expression of a (above)

1
P(Ci|z) = ¥ exp[— (W7 + w0)] where w=0; —0,

P(Cy)
P(C2)

Wo = A(Bl) — A(eg) + In
i.e. the network output is represented by a logistic sigmoid activation function applied to the

weighted sum of hidden neurons outputs (obviously only those connected to the network
output).

11.7.3 Cross-Entropy Properties

Let €, = y(xp,) — t, be the error for input pattern x,. Then the cross-entropy (11.38)
becomes:

P
_ Ep Ep
E——;tpln<l+g>+(1—tp)1n<1—1 > (11.40)

_tp

and it can be seen that it depends on relative error (e, /tp, €p/(1 —tp)).

|:| Remarks:

O The cross-entropy error function will try to minimize the relative error and thus
giving evenly results for any kind of targets (large or small) while compared with
sum-of-squares error function which tries to minimize the absolute errors (thus
giving better results with large target values).

U a, w, wy
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0 (i)

Let consider binary outputs, i.e. t, = 1 for x, € C; and t, = 0 for x, € C. Then the
(11.40) error becomes:

E==) In(l+g)- > In(l-g)

xpE€Cy xp€C2

(by splitting the sum in (11.40) in two, separately for each class).

|:| Remarks:

O Considering the absolute error ), small, then In(1 +¢,) ~ +e,; also for x,, €
Cy = t, =1 and y, € [0,1], then, obviously €, < 0; similarly, for x, € Cs,

P
ep >0, then E ~ Y |g,|.
p=1
For an infinitely large training set the sum in (11.36) transforms into an integral:

E=— / / {tlny(x) + (1 = t)In[1 — y(x)]} p(t|x) p(x) dt dx
X 0

y(x) is independent of ¢ and then, by integration over ¢:

bE=- / [(te) Iny (x) + (1 = (i[x)) In(1 - y(x))] p(x) dx
X

where (t|x) = /tp(t|x) dt (11.41)
0

The value of y(x) for which E is minimum is found by zeroing its functional derivative:

OE _ [(tIX> 1= (tx)
oy J y(x)  1-y(x)

]p(x)dXZO

and then y(x) = (¢|x) (E = 0 if and only if the integrand is 0), i.e. the output of network
represents the conditional average of the target data for the given input.

For the particular encoding scheme chosen for ¢, the posterior probabilities p(t|x) may be
written as:

p(t|x) = 0p(1 — t)P(C1]x) + dp(t)P(Ca|x) (11.42)

(0p being the Dirac function). Substituting (11.42) in (11.41) and integrating gives y(x) =
P(Cy|x) i.e. the output of network is exactly what it was supposed to represent.

11.7.4 Multiple Independent Features

So far only one property of the input vectors x was present and studied in the network
output — its membership to a particular class — property mutually exclusive.
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To watch out for multiple, non exclusive, features a network with multiple outputs is required
and then yi (x) will represent the probability that the k-th feature is present in x input vector.

K
Assuming independent features then: p(t|x) = [] p(tr|x).

k=1
The presence or absence of the k-th feature may be used to classify x as belonging to one

of 2 classes, e.g. C{ if it does have it and C} if it doesn’t. Then, by the way the meaning of
Yr was chosen, the posterior probabilities p(¢;|x) may be expressed as in (11.35) and:

p(tr]x) = y,tg"(l - yk)lﬂt’c =  p(tjx) = H Yy 1 tr
P P K
t o _
£=[Irttb) = I1 H () [1 = i (3,)] 10
p=1 p=1k=1

In the usual way, the error function is build as the negative logarithm of the likelihood
function:

P K
E=-InL=- Z Z {tipInyr(xp) + (1 — tep) In[1 — yp(xp)]}

p=1 k=1

Because the network outputs are independent then for each y; the analysis for one out-
put network applies. Considering this, the error function may be changed the same way
s (11.38):

P K
1-—
_ § E |:tkp In Yk (Xp) + (1 _ tkp) In Yk (XP)
tkp 1-— tkp

11.7.5 Multiple Classes Case

Let consider the problem of classification with a set of mutually exclusive classes {C.},_1 7.
and the one-of-k encoding scheme, i.e. ty, = dy¢ for the input vector x,, € Cy.

The output of (output) neuron k represents the posterior probability of Cr: P(Ci|x) =
K

yr(x); thus the posterior probability density of t, is: p(t,|x,) = [] y,tc’“" (xp) (similarly to
k=1

the two classes case, see (11.35)). Then:

P P P K
E:Hp(tp|xp):HH ter (x = E:—lnﬁ:—ZZtkplnyk(xp)
p:l p: k=1

p=1k=1

The error function have a minimum when all the output values y;(x,) coincide with the
targets tgp:

Enin = — Z Ztkll In tkp

p=1k=1
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and, as in (11.38), the minimum may be subtracted from the general expression, and the
energy becomes:

P K i (%) P
k
E==>"Y tih tkp” =-> E (11.43)
p=1 k=1 p=1
X v ()
O E, where E, = 1;::1 trpln ’“tk—p"

U ag, W, wio

To represent the posterior probabilities P(C,|x), the network outputs should be yj, € [0, 1]

K
and sum to unity > yr = 1. To ensure this, the softmax function may be used:

k=1
exp(ax) 1
— = h An = o —1 1144
Yk = T+ (=7 where r=ar—In ; exp(as) ( )
exp(ay) ik

(=1

and it may be seen that the activation of output neurons is the logistic function.

Let assume that the posterior probabilities of the outputs of hidden neurons is of the general
exponential form as (11.39)

p(2|Ci) = exp |A(0r) + B(z,¢) + 0,z (11.45)

where A, B, @}, and ¢ have the same significance as in section 11.7.2.

From Bayes theorem, the posterior probability p(Ck|z) is
p(2|Ck) P(Ck) _ p(2|Ck) P(Ck)

p(Crlz) = =
p(z) é p(zlCe) P(Co)

(11.46)

By substituting (11.45) in (11.46), the posterior probability becomes: p(Ci|z) = M
> exp(ar)
=1

where:

wy = O

T
ap = Wi Z + wy, and
BTTRE TR {wm:Aww+mew

The derivative of error function with respect to the weighted sum of inputs a;, of the output
neurons is:

O, _ 5~ 0F, oy
Oay, o Oye Oay,
(because E, depends on ay, trough all y,, see (11.44)).
From (11.43) respectively (11.44)
08, _ __ty
dye ye(xp)

) 0
respectively 8—52 = YeOer — YeYk
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p()

Figure 11.2: A histogram. It may be seen as a set of “bins”, each
containing some “objects”.

OE,
Bak
and two class with logistic activation cases.

and finally = yr(xp) —tr, same result as for sum-of-squares error with linear activation

[ ]11.8 Entropy

Let consider a random variable z and its probability density p(z). Also let consider a set of

P values {z,},_75. By dividing the X axis (z € X) into "bins” of width Ay (for each [ Ay
“bin” k) and putting each p(x,) into the corresponding “bin”, a histogram is obtained. See

figure 11.2.

Let consider the number of ways the objects from bins are arranged. Let P, be the number

of “objects” from bin no. k. There are P ways to pick up the first object, P — 1 ways to [ P
pick up the second one and so on, there are P! ways to pick up the set of P objects. Also

there are P! ways to arrange the objects in each bin. Because the number of arrangements

inside bins doesn’t count then the total number of arrangements with will end up in the

same histogram is:

P!

V= 1e
k

The particular way of arranging the objects in bins is called a microstate, while the arrange-  microstate
ment with leads to the same p(x) is called macrostate. The parameter representing the  macrostate
number of microstates for one given macrostate is named multiplicity . multiplicity

|:| Remarks:

O The notion of entropy came from physics where it's a measure of the system
“disorder” (higher “disorder” meaning higher entropy). In the information theory
it is a measure of information content.

1185ee [Bis95] pp. 240-245.
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O There is an analogy which may be done between the above example and a physics
related example. Consider a gas formed of molecules with different speeds (just
one component of the speed will be considered).
From macroscopic (macrostate) point of view it doesn't matter which molecule
have a (particular) given speed while from microscopic point of view if two
molecules swap speeds there is.

O If the number of microstates decrease for the same macrostate then the order in
the system increases (till there is only one microstate corresponding to the given
macrostate in which case the system is totally ordered — there is only one way
to arrange it). As entropy measures the degree of “disorder” it shall be inversely
proportional to the multiplicity.

The results from statistical physics corroborated with thermodynamics lead to
the definition of entropy as being equal (up to a multiplicative constant) with the
negative logarithm of multiplicity; the constant being the Boltzmann constant k.
Based on the above remarks, the entropy in the above situation is defined as:
S L L pr > B!
=——IhhW=——=|InP! - !
P P —
and, by using the Stirling formula In P! ~ Pln P— P for P > 1 and the relation " P, = P,
k
for P, P, — oo, it becomes:
P, P
k k
O pg where p, = P,/ P represents the — observed in histogram — probability density.
The lower entropy (S = 0) will be when all “objects” are in one single “bin”, i.e. all
probabilities p;, = 0 with the exception of one py = 1. The highest entropy will be when all
pr are equal.
Proof. The proof of the above statement is obtained by using the Lagrange multiplier technique to find the
maximum (see mathematical appendix) but the minimum of S will be missed due to discontinuities at 0.
The constraint is the condition of normation > pr = 1; then the Lagrange function will be:
k
L= Zpklnpk +A Zpk - 1]
k k
and the maximum is found by zeroing the derivatives:
oL oL
— =1 1+A=0 d — = —1=0
e npp +1+ an X ;pk
then from the first equation: p, = e~ (1T Vk, and, considering K as the total number of “bins”, by
or introducing this value into the second one A = —1+1n . Then for p = 1/I the entropy is maximum. [

Considering the limit K — oo (number of bins) then the probability density is constant
inside a “bin" and p;, = p(x, € bing) Ay, where z, is from inside “bin” k. Then the
entropy is:

S = Zp(xp € bing) Ay In[p(zp) Ag] =~ /p(a:) lnp(z)dz + Klgnoo In Ay
k b
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(because Ay, = const. and [ p(z)dz = 1). For K — oo the with of “bins” will reduce
X

to Ar — 0 and thus the term Klim InA; — oo and, to keep a meaning, it is dropped
— 00

from the expression of entropy (anyway the most important is the change of entropy AS
and the divergent term disappears when calculating it; this is also the reason for the name
“differential entropy”).

Definition 11.8.1. The general expression of differential entropy is:

S=- /p(x) In p(x) dx

X
The distribution with maximum of entropy, subject to the following constrains:
oo
e [ p(z)dzx =1, i.e. normalization of distribution.
—0o0

o0

e [ zp(z)dz = p, i.e. existence of a mean.
—0o0
o0
e [ (z—p)’p(z)dx =02, ie. existence of a variance.
—0o0

is the Gaussian:

p(z) = \/%U exp {—%]

Proof. The distribution is found trough the Lagrange multipliers method (see mathematical appendix). The
Lagrange function is:
oo
L= / p(z) [lnp(m) + A1+ Aoz + Az — ,u)z] dr — X1 — Xz — A3(x — u)2

— 00
Then maximum of S is found by zeroing the derivatives of L:

oL [ A
o = / Inp(z) + 1+ A1+ Xow + Ag(z — p)?] dz =0 (11.48)
4

—o0o

and the other derivative equations g—fl, é?TLz'
(11.48) may be zero only if the integrand is zero — because the integrand is an odd function? and the
integration is made over an interval symmetric relatively to the origin. Then the searched probability density

is of the form:

g)TLg just lead to the imposed conditions. The derivative

p(x) = exp [—1 — A1 — Xaz — A3 (z — p)?] (11.49)
and the A1, A2, A3 constants are found from the conditions imposed.

From the first condition:

o0
1= / exp [—1 — A1 — dox — A3(x — p)?] dz (11.50)
— 00

A 7 A2 )2
exp(—l—/\l-i-ﬁ—/\gu) /exp [—Ag (:v—u—l—ﬁ) :| dx

— 00

2A function f is odd if f(—z) = f().

differential
entropy
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A /
:exp(flf)q#»ff/\z,u) )\1
3 3

(see also the Gaussian integrals, mathematical appendix).

From the second condition, similar as above, and using the change of variable # = = — p (one of the
integrals will cancel due to the fact that the integrand will be an odd function and the integration interval
is symmetric relatively to origin):
o0
= / T exp [—1 — A1 — X2z — A3z — u)z} dx

— 00

A2 A2 2
= -1 - - — —
exp ( A1+ s Azu) / T exp |: A3 (m W+ 2/\3) :| dx
— 00

e N\ T A \2
:eXp(flf)\1+%7A2,u) (ufa) /mexp 7)\3(x7u+%) dx

and by using (11.50) (see also Gaussian integrals) if follows that p = p — ;ng thus A2 = 0. Replacing
back into (11.50) gives exp (1 + A1) = ,/5-.
From the third condition, as A2 = 0 (integration by parts):
oo
0% = / (x—p)?exp [-1 = A1 — As(z — p)?] dz
—oo
el T e"l=M g
= - —p) d{exp [-A3(z — p)?]} = — —
T /(m p) d{exp [~X3(z — p)?]} Vo
— 00
and then finally A3 = 2%2 and e 1721 = 21770. The wanted distribution is found by replacing the A12,3
values back into (11.49). O

Another way of interpreting the entropy is to consider it as the amount of information. It
is reasonable to consider that the amount of information and the probability are somehow
interdependent, i.e. S = S(p).

The entropy is a continuous, monotonically increasing function. On the other hand an
certain event have probability p = 1 and bears no information S(1) = 0.

Let now consider two events A and B, statistically independent and having probabilities p4
and pp. The probability of both events occurring is papp and the entropy associated is
S(papp). If event A have occurred then the information given by event B is S(papp) —
S(pa) and on the other hand S(pg). Then:

S(paps) = S(pa) + S(pp)
From the above result it follows that S(p?) = 2S(p) and, by induction, S(p") = nS(p).

Then, by the same means S(p) = S{(p'/™)"} = nS(p'/") which may be immediately
extended to S(p™/™) = 2 S(p). Finally, from the continuity of S:

S(p*) = zS(p)
and thus it also may be written as:

S(p) = ${(1/2)71°%27} = ~5(1/2) log, p
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where S(1/2) is a multiplicative constant and by choosing it to be equal to 1 the en-
tropy/information is being said to be expressed in bits. By choosing natural logarithm
S(p) =—=S(1/e)Ilnp and S(1/e) = 1 the information will be expressed in nats.

|:| Remarks:

0 The above result may be explained by the fact that, for independent events, the
information is additive (there may be information about event A and event B)
while the probability is multiplicative.

Let consider a discrete random variable 2 which may take one of the values {z,} and have
to be transmitted, or rather information about it. For each z,, the information is —Inp(z,).
Then the expected/average information/entropy to be transmitted (as to establish what of
the possible x,, values = have now) is:

S == plz,) Inp(z,)
P
the result being known also as noiseless coding theorem.
For a continuous vectorial variable x, and also

considering that usually the true distribution p(x) is not known but rather the estimated one
p(x) (the associated information being —lnp(x)). Then the average/expected information
relative to x is:

S = —/p(x) In p(x) dx (11.51)
b

|:| Remarks:

0 The entropy may be written as:

= — Xn@ X — X)Inp(x)ax
5 - X/p< B !m )up(x) d

where the first term represents the asymmetric divergence between p(x) and
p(x)3. It is shown in the “Pattern Recognition” chapter that S(x) is minimum
for p(x) = p(x).

For a neural network which have the outputs y;, the entropy (11.51), for one x, is:

K
Sp=— Z tr Inyr (xp)
k=1

because ¢, represents the true probability (desired output) while y;(x) represents the es-
timated (calculated) probability (actual output). For the whole training set the cross-
entropy is:

P K
S=- Z Zt’“’ Inyi(xp)
p=1 k=1

the result being valid for all networks for which #;, and y; represents probabilities.

3Known also as Kullback-Leibler distance.

bits, nats

noiseless coding
theorem
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[ ]11.9 Outputs as Probabilities
Due to the fact that many error functions lead to the interpretation of network output as
probabilities, the problem is to find the general conditions which lead to this result.
It will be assumed that the error function is additive with respect to the number of training
P
vectors F = 21 E, and each E,, is a sum over the components of the target and actual
p=
output vectors:
K
Z f tkpayk Xp
k=1
af where f is a function to be found, assumed to be of the form:
fltrp, yk(%p)) = flye(xp) — tep|)
i.e. it depends only on the distance between actual and desired output.
O (Ep) Considering an infinite training set, the expected (average) per-pattern error is:

Z//f lyk (x) — tr|) p(t]x) p(x) dt dx

k=1%y

For the one-of-k encoding scheme, and considering statistically independent y; (network
outputs), the conditional probability of the target may be written as:

p(t]x) = H lZ(sD (te — 6¢q) P(Cy|%) ] Hp (te|x) (11.52)
=1
and then the expectation of the error function becomes:

K

(te|x) dt F(lyn(x) = t]) p(telx) dix | p(x) dx
];X/ H/ ¢ ¢ / Yr(x) — tk k k| p(x

Z IYZ

where the integrals over Yy ¢ are equal to 1 due to the normalization of the probability
(or, otherwise, by substituting the value of p(¢;|x) and doing the integral) and the p(tx|x)
probability density may be written as (see (11.52) — the cases k = ¢ and k # ¢ were
considered):

p(te|x) = p(ty — 1) P(Cr|x) + 25,3 (tr) P(Cylx) =
q¢k

=0p(tr, — 1) P(Cr|x) + dp(tr) [1 — P(Ck|x)]

K
(because >~ P(C,|x) = 1, normalization).
g=1

119Gee [Bis95] pp. 245-247.
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Finally the average error becomes:

Z/{ /f (lyr(x) = til) 6p(te — 1) P(Ck|x) dty,

k=1%

+/f(|yk(x) — tr]) Op(tx) [1 — P(Cr|x)] dix }p(x) dx
Y

{ /f(1 —yk) 6p(0) P(Ck|x) dt

+/f(yk) dp(0) [1 — P(Ck|x)] dty, }p(x) dx
Y

K
:23/ (1= ) P(Cel) + F () [1 = PC)]} p(x) dx
Lx

because the first integral over Y}, is for the case t; = 1 while the second is for the case
ty, = 0; obviously y; € [0, 1].

The conditions of minima for (E,,) are found by setting its functional derivative, with respect

to yr(x), to zero:
(Ep)
0yk(x)

where f' is the derivative of f. This leads to:

[ —yr) _ 1= P(C]x)
f'(yr) P(Cklx)

and, considering that the network outputs are probabilities (this was the hypothesis):

= f'(1 = i) P(Cilx) + f'(yw) [ = P(Ckx)] = 0

' —yx)  1—yy
F'k)  we (11.53)

A general class of functions which satisfies (11.53) is:
fly) = /yr(l —y)"dy , r = const.

and from this class (f'(1 —y) =df(1 —y)/d(1 —y)):
e r=1 = f(y) =y?/2, ie. the sum-of-squares error function.

e 1=0= f(y)=—-In(1—-y)=—In(1—y|) i.e. the cross-entropy error function.

|:| Remarks:

O The Minkowski error function f(y) = y’* does not satisfies the (11.53) unless
R = 2 which leads to the, already known, sum-of-squares error.

o f
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In this case the outputs of network are:

B P(Ck|x)1/(R’1)
T PR 11— P(C)] /R

On the other hand the decision boundaries still give the minimum of misclassifi-
cation because y;, are monotonic functions of P(Cj|x).



CHAPTER ]_ 2

Parameter Optimization

[ ]12.1 Error Surfaces

Generally the error may be represented as a surface E = E(W)?! into the Ny + 1 space
where Ny is the total number of weights (see also figure 12.2 on page 219). O Nw

The goal is to find the minima of error function, where VE = 0; however note that
this condition is not enough to find the absolute minima because it is also true for local
minimums, maximums and saddle-points.

In general it is not possible to find the solution W in a closed form. Then a numerical
approach is taken, to find it by searching the weights space in incremental steps (t = 1,...)
of the form W, 1) = W + AW(;). However, usually, the algorithms does not guarantee

for the finding of absolute minima and even an saddle-point may stuck them.

On the other hand the weight space have a high degree of symmetry? and thus many local
and global minimums which give the same value for the error function; then a relatively fast
convergence may be achieved starting from a random point (i.e. the local/global minima
will be relatively close wherever the starting point is).

It was shown? that the optimum value for the network is obtained when (y;|x) = (tx|x),
i.e. the actual average output yj equals the desired output ¢z, both conditioned on input
x. However this equality was obtained by considering the training set as infinite while in
practice the training set is always finite and covers just a tiny amount from all possible
cases. Then even a local minima may give a good generalization.

12.1Gee [Bis95] pp. 253—256.
1Such a surface was drawn in the “Backpropagation” chapter for 2 weights.
2See the “Multi Layer Neural Networks' chapter.
3See the “Error Functions” chapter.

215
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[ ]12.2 Local Quadratic Approximation
Let consider the Taylor series development of error E around a point Wy, note that here
W is being seen as a vector:
1
E(W) = E(Wo) + VE|w, + 5 (W = Wo) " H|w, (W = Wo) (12.1)
0OH where {H};; = #gwj is the Hessian matrix, note that here the Hessian will be considered
as a matrix. Then the gradient of E with respect to W may be approximated as:
VE =VE|w, + H|w, (W — Wp)
g wr Considering a minima point W* then VE|y~ = 0 and:
1
E(W)=E(W*)+ 5(W —WHTH|w- (W — W™) (12.2)
O uy, A Because the Hessian is a symmetric matrix then it is possible to find an orthonormal set of
eigenvectors* {u;} with the corresponding eigenvalues {)\;} such that:
Hu;=Nuw; , ujuj=4; (12.3)
(A\; and u; being calculated at the minimum of E, given by the point W*).
By writing (W — W*) in terms of {u;}
W -Ww*= Z a;u; (124)
i
O« (where «; are the coefficients of the {u;} development) and replacing in (12.2)

E(W) = EW?*) + % Z Aia?

i.e. the error hyper-surfaces projected into the weights space are hyper-ellipsoids oriented
with the axes parallel with the orthonormated {u;} system and having the lengths inversely
proportional with the square roots of Hessian eigenvalues. See figure 12.1 on the facing
page.

|:| Remarks:

O From (12.2):
AE=E(W)—-E(W*) = %(W —WHTH |y (W —W™)

then W* is a minimum point if only if H is positive definite® (& AE > 0 <
E(W) > E(WY)).

1225ee [Bis95] pp. 257—259.
4See mathematical appendix.
5See previous footnote.
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Figure 12.1: A constant error surface projection into a bidimensional
weights space is an ellipse having the azes parallel with
the Hessian eigenvectors and lengths inversely propor-
tional with the square root of Hessian eigen values.

[0 The quadratic approximation of error function (12.1) involves the knowledge of
W(W + 3)/2 terms (W for VE and W (W + 1)/2 for the symmetrical Hessian
matrix). So, to find a minimum will require at least O(W?) equations, each
needing at least O(W) steps, i.e. a total of O(W?3) steps.

By using the gradient information and the backpropagation algorithm the required
steps are reduced to O(W?).

O It was shown® that for linear output neurons it is possible to find the related
weights by one step.

|:|12.3 Initialization and Termination of Learning

Usually the weights are initialized with random values to avoid problems due to weight space
symmetry. However there are two restrictions:

o If the initial weights are too big then the the activation functions f will have values
into the saturation region (e.g. see sigmoidal activation function) and their derivatives
f" will be small, leading to an small error gradient as well, i.e. a approximatively flat
error surface and, consequently, a slow learning.

e If the initial weights are too small then the activation functions f will be linear and
their derivatives will be quasi-constant, the second derivatives will be small and then
the Hessian will be small meaning that around minimums the error surface will be
approximatively flat and, consequently, a slow learning (see section 12.2).

which suggest that the weighted sum of inputs, for sigmoidal activation function, should be
of order unity.

6See chapter “Single Layer Neural Networks” .
1235ee [Bis95] pp. 260—263.
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committee of
networks

The weights are usually drawn from a symmetrical Gaussian distribution with 0 mean (there
is no reason to choose any other mean, due to symmetry). To see the choice for the variance
o of the above distribution, let consider a set of inputs {x;},_t with zero mean: (z;) =0

and unit variance: (z?) = 1 (calculated over the training set).
The output of neuron is:

N

z = f(a) where a= Zwixi

i=0
(for i = 0 the weight wy represents the bias and z¢ = 1).

The weights are chosen randomly, independent of {z;}, and then the mean of a is:

N N
(@) =) (wimi) = (wi)(w;) =0
=0 =0

(as (z;) = 0) and, considering {w;} statistically independent (w;w;) = 6;;0°, the vari-
ance is:

N N N
(az) = <<Zw,xz> (ija:j>> = Z(w?)(mf) = (N + 1)02 ~ Ng?
i=0 =0

i=0
(for non-bias the sum is from i = 1 to N and then (a?) = No?). Because (a®) ~ 1 (as
discussed above) then the variance should be chosen o ~ N~1/2,

Another way to improve network performance is to train multiple instances of the same
network, but with a different set of initial weights, and choosing among those who give best
results. This method is called committee of networks.

The criteria for stopping the learning process may be one of the following:
e Stop after a fixed number of steps.
e Stop when the error function had become smaller than a specified amount.

e Stop when the change in the error function (AE) had become smaller than a specified
amount.

e Stop when the error on an (independent) validation set begin to increase.

[ ]12.4 Gradient Descent

A simple, geometrical, explanation of the gradient descent method is the means of repre-
sentation of the error surface into the weights space. See figure 12.2 on the next page.

The gradient of error function, relative to the weights, VE will point to the set of weights
which will give maximum error. Then the weights have to be moved against the direction of
V E; note that this does not mean a movement towards the minima point. See figure 12.2
on the facing page.

1245ee [Bis95] pp. 263-272.
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Figure 12.2: The error surface for a bidimensional weights space.
The steps t, t+ 1 and t +2 are also shown. The weights
are moved against the error mazimum (and not towards
minimum,).

At step ¢t = 0 (in discrete time approximation) the weights are initialized with the value
Wo (usually randomly selected). Then at some step ¢ + 1 they are adjusted following the
formula:

AWi(iy1)y = Wiy — Wiy = —nVE|w,, (12.5)

where 1 is a parameter governing the speed of learning, named learning rate/constant,
controlling the distance between W(; ;1) and W(; (see also figure 12.2). This type of
learning is named a batch process (it uses all training vectors at once every time the gradient
is calculated). (12.5) is also known as delta rule.

Alternatively the same method (as above) may be used but with one pattern at a time:
AW(i1)y = W) — Wiy = =0V Eplw,,

where p denotes a pattern from the training set, e.g. the training patterns may be numbered
in some way and then considered in the order p = ¢ (first pattern taken at first step, ...,
and so on). This type of learning is named sequential process (it uses just one training
vector at a time).

|:| Remarks:

O The gradient descent technique is very similar to the Robbins-Monro algorithm’
and it becomes identical if the learning rate is chosen of the form 7 oc 1/t and thus

"See chapter “Pattern recognition” .

learning rate
batch learning

sequential learning
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|:| >\max

the convergence is assured; however this alternative leads to very long training
time.

O The choice of n may be critical to the learning process. A large value may lead
to an over shooting of the minima especially if it's narrow and step (in terms of
error surface) and/or oscillations between 2 areas (points) in weights space. A
small value will lead to long learning time.

O Compared to the batch learning, the sequential process is less sensitive to training
data redundancy (a duplicate of a training vector will be used twice, in two
separate steps, and thus, usually, improving learning, rather than being used
twice at each learning step).

O It is also possible to use a mixture learning, i.e. to divide the training set into
subsets and use each subset for batch process. This technique is especially useful
if the training algorithm is intrinsically of the batch type.

12.4.1 Learning Parameter and Convergence

Considering the quadratic approximation of the error function in the neighborhood of min-
ima, from (12.2), (12.3) and (12.4):

From (12.4):

AWy = Z Aaju; where  Aa; = a;(41) — ) (12.7)

(3

and by replacing (12.6) and (12.7) in (12.5) and because the eigenvectors u; are orthonor-
mated, then:

Aa; = =iy = a1y = (1= nhi)ag (12.8)

Again from (12.4), by multiplying with u} to the left, and from the orthonormation of {u;}:
uf (W -W") =«

i.e. a; represents the distance (into the weights space) to the minimum, along the direction

given by u;.

After T steps the iterative usage of (12.8) gives:

airy = (1= 1)) ai) (12.9)

A convergence process means that lim W) = W*, i.e. lim a;) = 0 (by considering the
t—00 t—o00
significance of «; as discussed above). Then, to have a convergent learning, formula (12.9)
shows that it is necessary to impose the condition:
2

l—nN|<1,Vi = p<
>\max

where A\nax is the biggest eigenvalue of the Hessian.
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N

E = const.

Figure 12.3: Slow learning for a small Apin/Amas ratio. The longest
axis of the E = const. ellipsoid surface is proportional

with \~Y/? while the shortest one is proportional with

min
)\;1%;2. The gradient is perpendicular to the EE = const.

surface. The weight vector is moving slowly, with oscil-
lations towards the minima of E, center of the ellipsoids.

Considering the maximum possible value n = 2/Anax, and replacing into (12.8), the speed
of learning will be decided by the time needed for the convergence of a; corresponding to

the smallest eigenvalue, i.e. the size of factor (1 - 2}\)‘%) If the ratio Amin/Amax is very
small then the convergence will be slow. See figure 12.3.

So far, in equation (12.5), the time, given by ¢, was considered discrete. By considering
continuous time the equation governing weights change during learning becomes:

AW
2, WVE
dt v

which represents the equation of movement for a point in weights space, which position is
given by W and subject to a potential field E(W) and viscosity 1/1.

12.4.2 Momentum

By adding a term to the equation (12.5) and changing it to:
AW(t+1) = —HVE'|W(t) + /J,AW(t) (12.10)

it is possible to increase the speed of convergence. The u parameter is named momentum.

(12.10) may be rewritten into a continuous form as follows:

Wity = Wy = =0V Elw,, + i [Wiy = Wi 1]

7
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E E
114 114
— —
AW AW AW AW' AW" AW
a) b) c)

Figure 12.4: Learning with and without momentum (W', W' and
W' are 3 points, consecutive in time). Figure a) shows
learning without momentum: AW decreases in propor-
tion with VE, i.e. decreases around minima. Figure b)
shows learning with momentum (without oscillations):
the learning rate increases, compensating for the de-
crease of VE. Figure ¢) shows oscillations; most of the
additional quantities, introduced by momentum, cancels
from one oscillation to the next.

Wity = Wiy = =0V Elw,, + 1 [Wiey = Wi 1]

= 1 [Wierny = Win] + 1 [Wieray — W)

AW(r1) = =0V EBlwy, = p [AW(es1) = AWy + pAW e

(1= ) AWs1) = —nVE|w,, — nA* Wy (12.11)
O AW, AW where AW(H-I) = W(t+1) - W(t) and AZW(H_l) = AW(H-I) - AW(t).
By switching to the limit, the terms in (12.11) have to be of the same infinitesimal order,
Or let 7 be equal to the unit of time (introduced for dimensionality correctness), then
dt dt?
(1—p)dW — = —nVE — — pd’W
T T
Om,v which gives finally the differential equation:
d? d 2 1-
m%%—l/d—t/fz—VE, where m:%,t/:% (12.12)

pointing that the momentum shall be chosen p € (0, 1).

|:| Remarks:

O (12.12) represents the equation of movement of a particle into the weights space
W, having “mass” m, subject to friction (viscosity) proportional with the speed,
defined by v and into a conservative force field E.
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At

uz

E = const.

Figure 12.5: The learning, alongside Hessian eigenvector correspond-
ing to smallest eigenvalue, is accelerated comparing with
plain gradient descent. See also figure 12.3 on page 221
for comparison.

.- . 2 - -
W represents the position, % represents the speed, % is the acceleration,

finally £ and —V E are the potential, respectively the force of the conservative
fields.

To understand the effect given by the momentum — see also figure 12.4 on the preceding
page — two cases may be analyzed:

e The gradient is constant VE = const. Then, by applying iteratively (12.10):
AW = —gVE(1+p+p2+...)~ —%VE
(because i € (0,1) and then lim p™ = 0), i.e. the learning rate effectively increases
n—oo

_n
from n to T

e In a region with high curvature where the gradient change direction almost completely
(opposite direction), generating weights oscillations, the effects of momentum will
tend to cancel from one oscillation to the next.

The above discussion is also true on the components of vector . The advancement in
the direction of error minima alongside the direction of eigenvector corresponding to the
smallest eigenvalue of Hessian is accelerated. See figure 12.5.

12.4.3 Other Gradient Descent Improvement Techniques

Bold descent
This algorithm improvement is based on the following idea:

e If, after a step, the error increases, i.e. AE > 0 this means that the minimum point
was overshot. Then the change is rejected (reversed), because otherwise the weight
value will be further from the minima point, and the learning rate is decreased.

e |If, after a step, the error decreases, i.e. AE < 0 then the weight adjustment is
accepted, but the learning rate is considered to be too small and consequently is
increased.



224 CHAPTER 12. PARAMETER OPTIMIZATION

The algorithm changes the learning rate, at each step, as follows:

) P if AE<O0, p>1
e+ = ong FAE>0,0<1

and the weight change is rejected if AE > 0. In practice p ~ 1.1 and o ~ 0.5.

Quick backpropagation
The quick backpropagation algorithm makes the following assumptions:

e The weights are independent. This is true only if the Hessian would be diagonal, i.e.
its eigenvectors are parallel with the weights axes which in practice is seldom true (see
also figure 12.3 on page 221 — the system {u;} is usually not parallel with the W

system).
e The error function may be approximated with a quadratic polynomial, i.e. a parabola
Oa,b,c E(w;) = a + bw; + cw?, a,b,c = const.
and then the weights are changed to the minima of error function by using 2 estimates of

the error gradient.

Assuming the above hypotheses then:

E
E(w;) = a + bw; + cw? = B b+ 2cw;
K3
Bur |, = b+ 2ewig A R
= ¢ = 2c=
gfi b b+ 2cwi—1) Wi(¢) — Wi(¢—1)

At t 4+ 1 the minimum is attended (as assumed):

. N ) 0 = b
minimum = w; =——
ow; |, it+1) 2¢
From the error gradient at ¢:
oF | _ OFE
oF Ow; ¢ Ow; i1
b= - W(y)
Ow; |, Wity — Wie—1)
and then the weights update formula is:
B
ow;
_ il
Awjp41) = — o5 B Aw;)
Ow; ¢ Ow; i1

(Awj(t41) = Wigt41) — Wie), AWy = W) — Wigs—1))-

|:| Remarks:

O The algorithm assumes that the parabola have a minimum. If it have a maximum
then the weights will be updated in the wrong direction.
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O Into a region of nearly flat error surface it is necessary to limit the size of the
weights update, otherwise the algorithm may jump over minima, especially if it
is narrow.

D12.5 Line Search

The main idea of the algorithm is to search for the minimum of error function along the
direction given by its negative gradient, instead of just move by a fixed amount given by
the learning rate.

The weight vector at step t + 1, given the value at step ¢, is:
Witrn) = Wiy = Ay VElw,

where \(;) is a parameter, such that E()) = E (W) — AVE|w,,, ) is minimum. 0 A

By the above approach the problem is reduced to a unidimensional case. The minimum of
E()\) may be found by searching for 3 points W', W' and W'’ such that E(W') > E(W")
and E(W'") > E(W"). Then the minimum is to be found somewhere between W' and
W' and may be found by approximation E with a quadratic polynomial, i.e. a parabola.

|:| Remarks:

O Another, less efficient but simpler, way would be to advance, along the direction
given by —V E, in small, fixed steps, and stop when error begin to increase.

[ ]12.6 Conjugate Gradients

12.6.1 Conjugate Search Directions

The method described in section 12.5 does not give the best direction for search of the
minima in the weight space. Considering that the line search minimum have been reached
at step ¢t + 1 then:

) OE

o\ ‘ D) ‘
Wit Wity =A) VElw,

=0 = (VE|W(t+1>)T (VE|W(t)) =0

i.e. the gradients from two consecutive steps are orthogonal. See figure 12.6 on the following
page. This behavior may lead to more (searching) steps than necessary.

It is possible to continue the search from step ¢ + 1, beyond, such that the component of
the gradient parallel with the previous direction — and made 0 by the previous minimization
step — is preserved to the lowest order. This means that a series of directions {d;} have
to be found such that:

T T
(VE|W(t+1)) dy =0 and (VE|W(t+1)+>‘d(t+1)) di =0

1255ee [Bis95] pp. 263-272.
126GSee [Bis95] pp. 274-285.
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conjugate
directions

g w

0 Nw

w2

surfaces E = const.

|
w

1

Figure 12.6: Line search learning. The error gradients from two con-
secutive steps are perpendicular.
and, by developing in series to the lowest order:

I:(VE|W(1+1))T + )‘d’(I;-l-l)H d(t) =0 =

dly  Hdpy =0 (12.13)
where H is the Hessian calculated at point W;,1. Directions which respects condition

(12.13) are named conjugate (or interfering).

12.6.2 Quadratic Error Function
A quadratic error function is of the form:
1
E(W)=FEy+bt'w + 3 WTYHW |, b, H = const.

and H (the Hessian) is symmetrical and positive definite.
The error gradient is:
VE=b+ HW (12.14)
and the minimum of E is achieved at the point W* where:
VE|w-=0 = b+HW"=0 (12.15)
Let consider a set of {d;}, 1, conjugate — with respect to H — directions (Nw being
the total number of weights):
d/Hd; =0 for i#j (12.16)
and, of course, d; # 0, Vi.

Proposition 12.6.1. The {d;}, 1, set of conjugate directions is linearly independent.
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Proof. Let consider that there is a direction d; which is a linear combination of the other ones:

d, = Z a;d; , «; = const.
it

and then, from the way the set {d;} was chosen:

T
df Hdg 420 = (Z aidi> Hdg g0 = aqd({qﬂqu,q# =0
il

and as d:{q#qu,q# # 0 then Yoy q+¢ = 0, i.e. d; = 0 which runs counter the way {d;} set was

chosen. 0O

|:| Remarks:

O The above proposition ensures the existence of a set of Ny linear independent
and H conjugate vectors.

As {d;} contains Ny vectors and is linear independent then it may be used as a reference
system, i.e. any W vector from the weights space may be written as a linear combination

Let assume that the starting point for the search is W; and the minimum point is W*.
Then it may be possible to write:

Nw
W* — W1 = Z aidi (1217)
i=1

where «; are some parameters. Finding W* may be envisaged by a successive steps (of
length «; along directions d;) in the form:

Wi+1 = Wl + Oéidi (1218)

where ¢ =1, Nw and Wiy, 1 = W*.

By multiplying (12.17) with df H to the left and using (12.15) plus the property (12.16):

Nw
df HW* = Wy) = —djb—d/ HW; = Y a;df Hd; = a,d} Hd,
i=1
and then the oy steps are:
d} (b + HW))
= 12.19
“ dTHd, (12.19)

The oy coefficients may be put into another form. From (12.18): W11 = W1 + ) «a;d;;
i=1
multiplying with d}, | H to the left and using again (12.16):
d}f HWi =df  HW; =

dlZ'TJF1VE|"V1'+1 = diT+1(b + HWip) = diT+1(b + HWy)
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and by using this result in (12.19):
T
oy = _%EW (12.20)
d, Hd,
Proposition 12.6.2. If the weight vector is updated according to the procedure (12.18)
the the gradient of the error function at step i + 1 is orthogonal on all previous conjugate
directions:
d]VE|w, =0, Vj,i such that j <i < Nw (12.21)
Proof. From (12.14) and (12.18)

VE|w,,, — VElw, = H(Wiz1 — W;) = o; Hd; (12.22)
and, by multiplying to the left with dT and replacing ; from (12.20), it follows that ({d;} are conjugate
directions):

dfVE|w, , =0 (12.23)
On the other hand, by multiplying (12.22) with d; to the left:
dr (VE|Wi+1 - VE\WZ.) —adfHd; =0 , Vj<i<Nw (12.24)
The equation (12.24) is written for all instances i,i — 1,... ,5 + 1 and then a summation is done over all
equation obtained, which gives:
df (VE\WHI - VE\WHI) -0 , Vj<i<Nw
and, by using (12.23), finally:
dfVE|w,,, =0 , Vj<i<Nw
which combined with (12.23) (i.e. for j = i) proves the desired result. O
The set of conjugate directions {d;} may be built as follows:
1. The first direction is chosen as:
d, = -VE|w,
2. The following directions are build incrementally as:
dit1 = —VE|w,, +8id; (12.25)
0 B; where 3; are coefficients to be found such that the newly build d;;1 is conjugate with

the previous d;, i.e. d, | Hd; = 0. By multiplying (12.25) with Hd; to the right:

(VE|W1'+1 )THdi

T
(_VE|Wi + ﬁzdl) Hd; =0 = ﬁz =
+ dTHd;

(12.26)

Proposition 12.6.3. By using the above method for building the set of directions, the error
gradient at step j is orthogonal on all previous ones:

(VE|w,) VE|w, =0 , Vj,i such that j <i < Nw (12.27)

Proof. Obviously by the way of building, each direction vector represents a linear combination of all previ-
ously gradients, of the form:

j—1
dj = —VE|w, + > _ %uVElw, (12.28)
=1
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where 7, are the coefficients of the linear combination (their exact value is not relevant to the proof). O v

By multiplying (12.28) with Vw E|w,; to the right and using the result established in (12.21):

T il
(VE|W].) VElw, = 7 (VElw,)" VElw, , Vijisuch that j <i< Ny
(=1

For j = 1 the error gradient equals the direction d; and, by using (12.21), the result (12.27) holds. For
j=2:

j-1
T T T
(VElw,)" VElw, = > v (VElw,) VElw, =m (VElw,) VElw, =0
=1
and so on , as long as j < ¢ and thus the (12.27) is true. |

Proposition 12.6.4. The (set of) directions build by the above method are mutually con-
Jugate.
Proof. It will be shown by induction.
By construction do Hd; = 0, i.e. these directions are conjugate.
It is assumed (induction) that:
dfHd; =0 , Vi,jsuchthatj <i< N
is true and it have to be shown that it holds for i + 1 as well (assuming ¢ + 1 < Ny, of course).

For d;41, by using the above assumption and (12.25):

T T T T
df, Hd; = — (VE|W.+1) Hd; + g;dTHd; = — (VE\WHI) Hd; (12.29)

i

V4,4 such that j < ¢ < Ny (the second term disappears due to the induction assumption supposed true).
T
From (12.22), VE|w,,, — VE|w,; = o Hd;. By multiplying this equation with (VE|Wi+1) to the left,

T
and considering (12.27), i.e. (VE|Wi+1) VE|w,; =0 for ¥j < i+ 1 < Ny, then:

T
(VE\WZ.H) (VE‘\WJ._H - VE|W].)

T T
= (VElw:s,) VElw;, — (YEIwiy,) VElw, = o;VElw,,, Hd; =0

J
and by inserting this result into (12.29) then:
df,,Hd; =0 , Vj,isuchthat j <i< Ny

and this result is extensible from j < i < Ny to j < ¢+ 1 < Ny because of the way d;41 is build, i.e.
d; 1 Hd; = 0 by design. O

|:| Remarks:

O The method described in this section gives a very fast converging method for find-
ing the error minima, i.e. the number of steps required equals the dimensionality
of the weight space. See figure 12.7 on the next page.

12.6.3 The Algorithm

The previous section give the general method for fast finding the minima of E. However
there are 2 remarks to be made:

e The error function was assumed to be quadratic.
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At

u2

FE = const.

Figure 12.7: Conjugate gradient learning. Into a bidimensional
weight space it takes just 2 steps to reach the minimum.

e For a non-quadratic error function the Hessian is variable and then it have to be
calculated at each W; point which results into a very computational intensive process.

For the general algorithm it is possible to express the «; and 3; coefficients without explicit
calculation of Hessian. Also while in practice the error function is not quadratic the conjugate
gradient algorithm still gives a good way of finding the error minimum point.

There are several ways to express the J3; coefficients:

Hestenes-Stiefel e The Hestenes-Stiefel formula. By replacing (12.22) into (12.26):
T
VE|w, VE\w,., — VE|w,
/Bi — ( |v‘;+1) ( |W1+1 |Wl) (1230)
di (VE|Wi+1 - VE|W1)
Polak-Ribiere e The Polak-Ribiere formula. From (12.25) and (12.21) and by making a multiplication
to the right:
d; = -VE|w, +8idi_1 ; dl VE|w, =0 =
i VElw: == (VElw,)" VElw: + f:di VE|w,
=- (VE|WZ)T VE|W1
and by using this result, together with (12.21) again, into (12.30), finally:
T
VE|w, VE|w,,, — VE|w,
/Bi — ( |Wl+1) ( T!Wl+1 |Wl) (1231)
(VE|w;)" VE|w,
Fletcher-Reeves e The Fletcher-Reeves formula. From (12.31) and using (12.27):
T
VE|w, VE|w,
8 = (VElwi,.) Wi (12.32)

(VE|W1')T VE|Wi

|:| Remarks:

O In theory, i.e. for a quadratic error function, (12.30), (12.31) and (12.32) are
equivalent. In practice, because the error function is seldom quadratic, they may
gives different results. Usually the Polak-Ribiere formula gives best result.
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Let consider a quadratic error as function of «;:
1
E(Wl + Oézdl) = FEy+ bT (Wz + aldz) + 5 (Wl + aidi)T H (Wl + Oézdl)

The minimum if error along the direction given by d; is found by imposing the cancellation
of its derivative with respect to «;:
OE
aai -

0 = b'dj+(W+a;d) Hd; =0

and considering the property x'y = yTx and the fact that VE = b + HWW, then:

_ _d;FVE|Wi

i = 12.33
@ dT Hd, (12.33)

The fact that formula (12.33) coincide with expression (12.20) indicate that the procedure
of finding these coefficients may be replaced with any procedure for finding the error minima
along d; direction.

The general algorithm is:
1. Select an starting (into the weight space) point given by W.
2. Calculate VE|w, and make: d;y = —VE|w,
3. Fori=1,...,(max. value):
(a) Find the minimum of E(W; + a;d;) with respect to «; and move to the next
point Wity = Wi + aj(min.)d;-
(b) Evaluate the stop condition. It may be error drop under some specified value, a
fixed number of steps, e.t.c.

(c) Calculate VE|w,,, and then j3;, using one of the (12.30), (12.31) or (12.32).
Finally calculate the new d;;; direction from (12.25).

(Cycle is to be repeated till the error minima have been found, or some maximal
number of steps have been executed).

12.6.4 Scaled Conjugated Gradients

The line search algorithm may have the following drawbacks:
e it may involve several calculations of the error function.
e it may be sensible on the accuracy of a; determination.

For a general network however it is possible to calculate the product between the Hessian

and a vector, e.g. Hd; in the conjugate gradient algorithm, in just O(W) steps®. However
there is a possibility that the Hessian is not positive definite, meaning that the denominator

d} Hd, of (12.20) may be negative and thus driving an increase of error.

The Hessian may be made positive definite by performing a translation of the form H —

8See chapter “Multi layer neural networks” .

OA
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H + A where [ is the unit matrix and A is a sufficiently large coefficient. The formula
(12.20) then becomes:
dIVE|w,
o = — : 12.34
T Hlv, s + M (1234
O Hlw,, \i H|w, being the Hessian calculated at point W; and \; being the required value of A to
make the Hessian positive definite.
The problem is to choose the A; parameter. One way is to start from some value — which
may be 0 as well — and to increase it till the denominator of (12.34) becomes positive. Let
O 6; consider the denominator:
6; = df Hd; + \;||d;|?
O A, o} If 0; > 0 then it can be used; otherwise (§; < 0) the A\; parameter is increased to the new
value A, such that the new value of the denominator §; > 0:
i
=0+ = N> >0 = Aj>\ - T
i
An interesting value to choose for A} is A = 2 (/\i - ﬁ) which gives:
5; =-9; + )\iniHQ = —d;FHdi
|:| Remarks:

O If the error is quadratic then A; = 0. In the regions of the weights space where
error is badly approximated by a quadratic \; have to be increased, in the regions
where error is closer to the quadratic approximation \; may be decreased.

0 A; 0 One way to measure the degree of quadratic approximation is:
E(W;) — E(W; + a;d;)
A; = 12.35
‘ E(Wl) — EQ(WZ + ald,) ( )
U Eq where Eg is the local quadratic approximation:

1
EQ(WZ + Oézdl) = E(WZ) + alleVE|Wl + 5 Oé?leH|Wldl

and, by replacing into (12.35) and using (12.20):

2[E(W;) — E(W; + a;d;)]

A; =

O In practice the usual values used are:
Ait1 = /\2/2 if A; >0.75
Ait1 = A if 0.25 < A; <0.75 (12.36)
>‘i+1 =4); if A; <0.75

with the supplemental rule to not update the weights if A; < 0 but just increase
the value of \; and reevaluate A;.
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Figure 12.8: Newton direction —H 'V E points directly to the error
minima point W*.

|:| 12.7 Newton’s Method

For a local quadratic approximation around minima (12.2) of the error function, the gradient
at a some W point is VE = H|w~(W — W*) and then the minimum point is at:

W*=W - H '\w-VE (12.37)

The vector —H 'V E, named Newton direction, points from the W point directly to the  Newton direction
minimum TW*. See figure 12.8.

There are several points to be considered regarding the Newton’s method:

e Sinceit is just an approximation, this method may require several steps to be performed
to reach the real minimum.

e The exact evaluation of the Hessian is computationally intensive, of order O(PW?2),
P being the number of training vectors. The computation of the inverse Hessian H !
is even more computationally intensive, i.e. O(W?3).

e The Newton direction may also point to a saddle point or maximum so checks should
be made. This occurs if the Hessian is not positive definite.

e The point given by (12.37) may be outside the range of quadratic approximation,
leading to instabilities in the learning process.

If the Hessian is positive definite then the Newton direction points towards a decrease of
error — considering the derivative of error along Newton direction:

OE(W — AH-'VE)

5 =—(H'VE)'VE

=—(VE)'H'VE<0
(the matrix property (AB)T = BT A" was used here, as well as the fact that Hessian is
symmetric).

If the Hessian is not positive definite the a approach similar to that used in section 12.6.4
may be used, i.,e. H — H + M. This represents a compromise between gradient descent

1275ee [Bis95] pp. 285-287.
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and Newton's direction:

e ForA>0 = H+ Al ~ H, i.e. the new direction is close to Newton’s direction.

e For A>0 = H+ A ~ )\, and then —(AI)™' = — {1, i.e. the new direction is
close to VE.

D12.8 Levenberg-Marquardt Algorithm

This algorithm is specifically designed for “sum-of-squares” error function. Let g, be the

Oep, € error given by the p-th training pattern vector and €™ = (¢; ... ep). The error function
is then:
1< 1
2 2
E=13 6 = LIkl (12:38)
p=1
or Let consider the following matrix:
Oe1 Oe1
BWr T Wy
T = : _
Oep Ocp
Wyttt Wy,

then, considering a small variation in W weights from step ¢t to ¢ + 1, the error vector e
may be developed in a Taylor series to the first order:

(t+1) = €ty + L(Wies1) — Wiy))

and the error function at step ¢ + 1 is:

1
B+ = 5 lew + T (Wiesry — Wi)II? (12.39)

Minimizing (12.39) with respect to W ;1) means:

T
VE|lw,1 = (e + T (W) = Wi))] T=0 = ep+ T(Wiyr) — W) =0

T is not square so first a multiplication with YT to the left is performed and then a
multiplication by (YTY)~! again to the left which finally gives:

W(tJrl) = W(t) — (TTT)ilTTE(t) (12.40)

which represents the core of Levenberg-Marquardt weights update formula.

From (12.38) the Hessian matrix is:

92E L Oe, Oey D%,
{H}ij = dwow; > (6—w,8—w, e 8wi8wj>

p=1

1285ee [Bis95] pp. 290-292.
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and by neglecting the second order derivatives the Hessian may be considered as:
H~T'Y

i.e. the equation (12.40) essentially involves the inverse Hessian. However this is done trough
the computation of the error gradient with respect to weights which may be efficiently done
by the backpropagation algorithm.

One problem should be taken care of: the formula (12.40) may give large values for AW,
i.e. so large that the (12.39) approximation no longer apply. To avoid this situation the
following changed error function may be used instead:

1
Eivy = 3 ey + YWieg1y = W)llP + MIWieg1) — Wiy II?

where X is a parameter governing the AT size. By the same means as for (12.40) the new
update formula becomes:

Wierr) = Wiy — (YT + A1) 'Y Tey (12.41)

For A > 0, (12.41) approaches the Newton formula, for A > 0 (12.41) approaches the
gradient descent formula.

|:| Remarks:

O For sufficiently large values of A the error function is “guaranteed” to decrease
since the direction of change is opposite to the gradient and the step is propor-
tional with 1/\.

O The Levenberg-Marquardt algorithm is of model trust region type. The model
— the linearized approximation error function — is “trusted” just around the
current point W, the size of region being defined by \.

O Practical values for A are: A ~ 0.1 at start then if error decrease multiply A by
10; if the error increases go back (restore the old value of W, i.e. undo changes),
divide A\ by 10 and try again.

OA






CHAPTER ]_ 3

Feature Extraction

[ ]13.1 Pre/Post-processing

Usually the raw data is not feed directly into the ANN but rather processed before. The
preprocessing have the following advantages:

e it allows for dimensionality reduction and thus avoid the course of dimensionality,
e it may include some prior knowledge, i.e. information additional to the training set.

Also the ANN outputs are also postprocessed to give the required output format. The pre
and post processing may take any form, i.e. a statistical processing, some fixed transforma-
tion and/or even a processing involving another ANN.

The most important forms of preprocessing are:

e dimensionality reduction — it allows for building smaller ANN's and thus with less
parameters and better suited to Iearn/generalizel,

e feature extraction — it involves making some combination of original training vector  feature extraction
components called features; the process of calculating the features is named feature
extraction,

usually both processes going together, i.e. by dropping some vector components automati-
cally those more “feature rich” will be kept and reciprocal the number of features extracted
is usually much smaller than the dimension of the original pattern vector.

The preprocessing techniques described above will always drive to some loss of information.
However the gain in accuracy neural computation outweighs this loss (of course, assuming
that some care have been taken in the preprocessing phase). The main difficulty here is to
find the right balance between the informational loss and the neural processing gain.

13.1Gee [Bis95] pp. 295-298.
1See the “Pattern Recognition” chapter, regarding the course of dimensionality
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[ ]13.2 Input Normalization

One useful transformation is to scale the inputs such that they will be into the same order
of magnitude.

O (z;), 0; For each component z;, of the input vector x, the mean (z;) and variance o; are calculated:
1< 1 & )
(#:) =5 Y owip o, of= 1 > (@ip — (2:))
p=1 p=1
and then the following transformation is applied:

e (13.1)

O 24p where the new pattern introduced ;, have zero mean and variance one:

1< 1 & 1 &

(T:) = P Z@p =0, 52'2 “pP_1 Z(fip - (@))2 = ﬁzg?p =1
p=1 p=1 p=1

A similar transformation may be applied to the target pattern vectors.

|:| Remarks:

O While the input normalization performed in (13.1) could be done into the first
layer of the neural network, this preprocessing makes easier the initial choice of
weights and thus learning: if the inputs and outputs are of order unity the the
weights should also be of the same order of magnitude.

whitening Another, more sophisticated, transformation is whitening. The input training vector pattern
O (x), set have the mean (x) and covariance matrix X:
1< R
R =5 D% s S= e D0 — ()0 — ()T
p=1 p=1
ou, A and considering the eigenvectors {u;} and eigenvalues \; of the covariance matrix: Yu; =

A;u; then the following transformation is performed:

X, = AU (x, - (x))

A
Uit WIN 0
where U = o : , A=
UN1 t UNN : -0
0 --- 0 Ay

u;; being the component i of u;; {A='/2};; = \/%61']-. Because ¥ is symmetric, it is

possible to build an orthonormal {u;} set?:

u;u; = (5” = UTU =1

1325ee [Bis95] pp. 298-300.
2See mathematical appendix.
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T2

~{x,} distribution

{Xp} distribution

Figure 13.1: The whitening process. The new distribution {X,} have
a spherical symmetry and is centered in the origin — in
the eigenvectors system of coordinates.

The mean of transformed pattern vectors is zero and the covariance matrix is unity:

P
X)=> %,=0 (13.2)
p=1

€ AR c) [ Ac) L ZipﬁT A EUTSUA ET
= ATHUTAUATHT = (ATHUTART) (AUATET) = UTU = 1

(A may be written as A = A2A2; A2UA"2T = U is true — may be checked by direct
multiplication — and, because of diagonal nature of A matrices they equal their transposed).

The (13.2) result shows that in the system of coordinates given by {u;} the transformed
distribution of X, is centered in origin and have a spherical symmetry. See figure 13.1.

|:| Remarks:

0 The discussion in this section was around input vectors with a continuous spec-
trum. For discrete input values the above methods may be inappropriate. In
these cases one possibility would be to use a one-of-k encoding scheme similar
to that used in classification.

[ ]13.3 Missing Data

The "missing data” problem appears when some components of some/all training vector
are unknown.

133Gee [Bis95] pp. 301-302.
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Several approaches may be taken to deal with the problem:

U X(k), X(m)

Discarding data. If the process responsible of missing data is independent of data set
and there is a (relatively) large quantity of data then the incomplete pattern vectors
may be discarded from the training set. This is the most simple approach.

Filling in. The missing data may be filled in with values calculated using various
approaches:

—

Use the means over corresponding data for which values are known. However
this approach is too simplistic and usually gives poor results.

Calculate the missing values by a regression method over known data. The
drawback is that the regression function generated is noise-free and then it un-
derestimates the covariance in data.

Use the EM (expectation-maximisation) algorithm>. where missing data may be
treated as mixture components.

The general approach: integrate over the corresponding variables by weighting
with the corresponding distribution. This involves the fact that the distribution
itself is modeled.

Let consider that, from the pattern vector x, one part Xy, is known and the rest
X(im) IS Missing.

Using the Bayes theorem, the posterior probability of x(;) € C, respectively
x € Cy, are:

(X1 ICk) P(Ck)
P (%))

p(X(k);X(m)|Ck) P(Cy)
P (X(k)s X(m))

P (Crlx)) =

P (Crlx(r), X(m)) =

Using the above equations, the posterior probability of class Cy, while knowing
only x(;), may be expressed as:

P (Chlxw)) = » (<00 = 7 ) / P (X(k)s X(m) ICk) dX(m)
X(m)
1
= / P (CrlX k), X(m)) P (X(k)> X(m)) dX(m)
P(X(k))x( )

D13.4 Time Series Prediction

The time series prediction problem involves the prediction of a pattern vector x(7) based
of the knowledge of previous behavior of the variable.

3Described in “Pattern Recognition” chapter.
134See [Bis95] pp. 302-304.
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The following approaches are common:

e The static method.It is assumed that the statistical properties of the data generator
do not evolve in time.

The pattern vector is sampled in time, at regular interval, resulting a series of values,
i.e. time is converted to a discrete form: ..., X;_o, X;_1, X,, ...

The training set is build by using one value as output and some n previous values as
input, e.g. X, is used as output and x,_,, ..., X,—_1 as inputs; then x, ;1 is used as
output and xX;_,41, ..., X as inputs, e.t.c.

The first predicted value may be used as output to make the second prediction, and
so on.

e Detrending. The time series may have a simple trend, e.g. increasing or decreasing in
time. This may lead to a pour prediction over time. However, by fitting a simple curve
to the data and then removing the value predicted by this simple model the data are
detrended. Only the more complex model (assumed constant in time) remains.

e The dynamical approach. This involves a method which allows for retraining in time
and adaptation to the data generator as it changes in time.

[ ]13.5 Feature Selection

Usually, only a subset of the full feature set is used in the training process of ANN. As there
may be many combinations of features, a selection criteria have to be applied in order to
find the most fitted subset of features (the individual input vector components may be seen
as features as well).

One procedure of selection is to train the network on different sets of features and then to
test for generalization achieved on a set of pattern vectors not used at learning stage.

As the training and testing may be time consuming on a complex model, an alternative is
to use a simplified one for this purpose.

It is to be expected — due to the curse of dimensionality — that there is some optimal
minimum set of features which gives the best generalization. For less features there is too
little information and for more features the dimensionality course intervene.

On the other hand usually a criteria J used in class separability increases with the number 0O J, X
of features X:

J(X4) > J(X) if XCX, (13.3)

e.g. the Mahalanobis distance* A2. This means that this kind of criteria can't be used
directly to compare the results given by two, different in size, feature sets.

Assuming that there are N features, there are 2"V possible subsets (2 because a feature
may be present or absent from the subset, the whole set may be also considered as a

subset). Considering that the subset is required to have exactly N features the number of
N!

ik In principle, an exhaustive search trough all possible

possible combination is still

1355ee [Bis95] pp. 304-310.
“4Defined in chapter “Pattern Recognition”
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Figure 13.2: The branch and bound decision tree. Build for a par-
ticular case of 5 features. If at one level a feature, e.g.
1, can not be eliminated then the whole subtree, marked
with black dots, is removed from the search.

combinations should be made in order to find the best subset of feature. In practice even
a small number of features will generate a huge number of subset combinations, too big to
be fully checked.

There are several methods to avoid evaluating the whole feature combination sets.

The branch and bound method

This method gives the optimal solution based on a criteria for which (13.3) is true.

Let assume that there are N features and N features to be selected, i.e. there are N — N
features to be dropped.

A top-down decision tree is build. It starts with one node and have N — N levels (not
counting the root itself). At each level one feature is dropped such that at the bottom

there are only N left. See figure 13.2.

Note that as the number of features to remain is N then the first level have only N — N.
It doesn't matter what features are present on this level as the order of elimination is not
important. For the same reason one feature eliminated at one level does not appear into
the sub-trees of other eliminated features.

The elimination works as follows:

e A random combination of features is selected, i.e. one point from the bottom of the
decision tree. The corresponding criteria used in class separability J(Xj) is calculated.
See (13.3).

e Then one feature is eliminated at a time, going from top to the bottom of the tree.
The criteria J(X) is calculated at each level.

If at some level J(X) > J(Xp) then continue the search. Otherwise (J(X) < J(Xp))
there are are the following possibilities:

e The node is at bottom of the tree. The new feature combination is better then
the old one and becomes the new level of comparison, i.e. J(X) — J(Xp).
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e If the node is not at the bottom of the tree then the whole subtree is eliminated
from search as being suboptimal. The condition (13.3) is no more met, i.e. a
feature (or combination of features) which shouldn’t have been eliminated just
was and all combinations which contain the elimination of that feature shouldn't
be considered further.
The sequential search

This method may give suboptimal solutions but is faster than the previous one. It is based
on considering one feature at a time.

There are two ways of selection:

e At each step one feature — the one which gives biggest J(X) criterion — is added  sequential forward
to the (initial empty) set. The method is named sequential forward selection. selection

e At each step the least important feature — the one witch gives the smaller decrease  sequential  back-
of J(X) criterion — is eliminated from the (initial full) set. The method is named  ward elimination
sequential backward elimination.

[ ]13.6 Dimensionality Reduction

This procedure tries to reduce the dimensionality of input data by combining them using an
unsupervised learning process.

13.6.1 Principal Component Analysis

The problem is to map a set of input vectors {x,}, which are N dimensional, into a set of
corresponding vectors {z,} which have a lower dimensionality K < N.

The x input vector may be represented by the means of an orthonormal set of vectors {u;}:

N
x:E zu; = zi:uiTx where uiTuj:(Sij
=1

A transformation x — X is performed as follows: from the set {z;} only K are retained

(e.g. the first ones) and the others are replaced with constants b; O X, b;
K N
X = Zziui + Z b;u; , b; = const.
i=1 i=K+1

which practically represents a dimensionality reduction from N to K.

The problem is now to to select the best K set of components from x. This can be done
by trying to minimize the error when switching from x to X, i.e. the difference between the
two vectors:

136See [Bis95] pp. 310-316.
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0 Ex and for a set of P input vectors
1P 1PN
Erx = B} Z lIxp — i10||2 =3 Z Z (zip — b;)® (13.4)
p=1 p=1i=K+1
From the condition of minimum of Ex with respect to b;
P
0Fk 1
p=1
P
0 (x) where: (x) = & Y x,, is the mean input vector.
p=1
Then the error (13.4) may be written as (use (AB)T = BT AT matrix property):
1 BN , 1 X
Ex = 3 Z | Z [u] (x, — (x))]” = 3 Z u} Su; (13.5)
p=1i=K+1 i=K+1
ox where ¥ is the covariance matrix of input vectors {x,}:
P
£= (xp— (x)(xp — ()T (13.6)
p=1
The minima of Ex with respect to {u;} occurs when the this set is made from the eigen-
vectors of covariance matrix® ¥:
DY A; being the eigenvalues. By replacing (13.7) into (13.5) and using the orthogonality of

{u;} the error becomes:

1 N
Ex =3 >N (13.8)
1=K+1

and is minimized by choosing the smallest N — K eigenvalues.
Let consider the translation of coordinates from whatever {x,} was represented to the one
defined by the eigenvectors {u;} and in the same time a translation of the origin of the new

system to (x), i.e. in the new system (x) = 0; this means that each x, may be represented
as linear combination of {u;}:

N
Xp = E Qipl;
i=1

P N
and by replacing in (13.5), considering also the orthogonality of {u;}, Ex =1 >> > g,
p=1i=K+1

i.e. Ex is a quadratic form. From (13.8) it follows that the surfaces Ex = const. are hyper-
ellipses with the axes proportional with 1/4/A; and the dimensionality reduction is done by

5See the mathematical appendix.
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Figure 13.3: The constant-error surfaces are hyper-ellipses. The di-
mensionality reduction is done by projecting the data
points (black dots) on the azes corresponding to the
smallest eigenvalue X;, i.e. in this bidimensional case
on uy

dropping those dimensions corresponding to the smallest axes, i.e. by making a projection
on the axes corresponding to largest A; representing the largest spread of data points. See
figure 13.3.

|:| Remarks:

O The method described is also known as the Karhunen-Loéve transformation. The
u; are named principal components.

13.6.2 Non-linear Dimensionality Reduction Trough ANN

The principal component analysis performed in the previous section may reduce the dimen-
sionality only trough a linear process.

Sometimes the data have an intrinsic dimensionality which cannot be retrieved by linear
methods. See figure 13.4 on the following page.

Auto-associative ANN may be used to perform dimensionality reduction. The input pat-
terns are used also as targets (hence the “auto-associative” name) but the network have
a "bottleneck” build into hidden layers. See figure 13.5 on the next page. The hidden
layers have less neurons than input and output layers thus forcing the network to “squeeze”
the data trough, thus achieving a dimensionality reduction — the output of hidden layer
representing the dimensionally reduced input data.

|:| Remarks:

O The error function used is usually the sum-of-squares.

O If the network contains only one hidden layer then the transformation performed
is linear, i.e. equivalent to principal component analysis. Unless it is “hardware”
implemented there is no reason to use single hidden layer ANNs to perform
dimensionality reduction.
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Z2

Figure 13.4: Sometimes the data have an intrinsic dimensionality
which cannot be revealed by a linear transformation. In
this case the data points are distributed on a circular
shape and could be described by one dimension, e.g. the
angle 6 measured from one from a reference point.

input layer

Z layer

output layer

non-linear transformation
- dimensionality reduction

non-linear transformation

‘

Figure 13.5: The use of auto-associative ANNs for dimensionality re-
duction. The network have a bottleneck, i.e. the hidden
layers have less neurons than input and output layers.
The dimensionality reduction is achieved in layer Z.
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O The same design may be used for data compression.

[ ]13.7 Invariance

In some applications of ANNs the output should be invariant to some transformation of
the input, e.g. the classification of the shape of an object should be invariant to the posi-
tion/rotation of it.

The most straightforward approach — and also the most inefficient — is to include into
the training set as many examples of the transformed input as possible. This require a large
amount of training data and gives pour result for transformations uncovered well by the
learning set. Various more effective alternatives have been developed.

13.7.1 The Tangent Prop Method

This method is applicable for continuous transformations, e.g. translations and rotations

but not mirroring.

Let assume that the transformation of a vector x leads to vector s and is governed by one

scalar parameter «, e.g. rotation is defined by the angle parameter. Then s = s(x, ) and

let M be the reunion of all s vectors for a given x and all possible values of a. Also the

“natural” condition s(x,0) = x is imposed.

Let 7 be the vector defined as

Os(x, @)
Oa

T =
a=0

The change in network output, due to the transformation defined by « is:
ay] Oy; Ox; ay]
Z Ox; O Z ox; Ti= Z Tiii

where J is the Jacobian®

(13.9)

O0y1 .. Oun

Oz oz N
J= 6yJ = : - :
8$Z i=1 . ’ ’

j:1 dyk .. Oyx

(9I1 BEN

If the network mapping function is invariant to the transformation in the vicinity of each
pattern vector x, then the term (13.9) is heading towards zero and it may be used to build

a regularization function” of the form:
| P
LSS G
p=1 j=1

where J;;p and T, are referring to the input vector x,, from the training set {x,}, _i 5.

137Gee [Bis95] pp. 319-329.
6The Jacobian is defined in the “Multi layer neural networks” chapter.
"See chapter “Pattern recognition” .
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The new error function becomes: E = E + v where v is a regularization parameter
determining the influence of ().

|:| Remarks:

O In practice the derivative defining 7 is found by the mean of finite difference
between x and s obtained from a (relative) small a.

13.7.2 Preprocessing

The invariant features may be extracted at preprocessing stage. These features are named
moments.

0z, u; Let consider one particular component z of the input vector, described in some system of
coordinates and let {u;} be the coordinates of x, e.g.  may be a point on a bidimensional
image and {u;,us} may be the Cartesian coordinates, the point being either “lit" (z = 1)
or not (z = 0) depending upon coordinates (u1, uz).

oM The moment M is defined as:
M= / /a:(ul,... Jun) K(uy, ... ,un)du . ..duyn
U1 UN
kernel function where K (u1,... ,un) is named kernel function and determines the moments to be consid-

ered. For discrete spaces the integrals changes to sums:

M= Z s Zx(ul(il), N ,UN(iN)) K(ul(il), . 7UN(iN)) Aul(il) . AuN(iN)

(the values being taken at the points i1, ... ,in).
regular moments One of the possible kernel functions is the power function which give rise to regular moments
M, in:

M, iy = /---/x(ul,... ,uN)ui1 uﬁ(}’ dui ...dun
Uq Un
O @; and by defining w; = % (1 in i-th position) then:

o~

Mi, ... in :/ / z(ug,...,un) (u1 —ﬂl)il o (un —EN)iN duy ...duy (13.10)

central moments which is named central moment.

The central moment, defined in (13.10), is invariant to translations, i.e. to transformations
of type z(u1,...,un) = x(us + Auq,... ,uny + Auy), provided that the edge effects are
neglected, or the U; domains are infinite.

Proof. Indeed, the moment calculated for the new pattern is:

=[] x(ur +Au,... ,uy + Auy) (w1 — 1) .. (uy —Tx) Nduy ...duy (13.11)

Ui Un
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and by making the change of variable u; — u; + Au; = u; then du; = du;, also ﬁi = u; + Au;, and by
replacing in (13.11):

Mo in :/ / (@, ... ,ax) @1 — @) ... (A — Gn)N day ... dEy = Moy, 0y O
U, Un

A moment p;, . ;, invariable to uniform scaling, i.e. z(u1,... ,un) = z(Qui,... ,qun)
where « is the scaling parameter, may be built as:

—
Mihn JIN

uily---viN = ]\/Z(}7+(f%)+....+iN)/N (1312)

Because the p;, ... iy, moment is build using only the central moments M;, ... ;. then it is
automatically invariant to translations.

Proof. Let consider a scaling defined by «. Similarly as for translation:

M\ila---aiN = / / x(aul,... ,auN)(ul 751)1.1 (’U.N 7ﬂN)iN duy ...duy (13.13)
Uy Un
1 — \it = \i
= NrniTin | z(aut,... ,aun) (cur —aur)' ... (@uy — auy )N X
Uy Un
x d(aut)...d(auy)
1 ~ - Y = Nin g~ ~
:m/-~/:v(ul,...,un)(ul—ul)”...(un—uN)lNdul...duN
Ui Un
M. in

oV +it++in

By the same means, for ]T/[\O,___ .0 which is: ]/\4\0,___,0 = [ [ z(u1,... ,un)dur ... dun it gives that:
Uy Un
= M
Mo,.. 0= —2° (13.14)
«

Finally, by using (13.13) and (13.13) into (13.12) it gives that [i;; ... ix = Mi,,... in - I-€. the p moment is
invariant to scaling as well. O

It is possible also to build a moment which is independent to rotation. First the M moment
is rewritten in generalized spherical coordinates®:

™ 2m

M, .. in ://---/a:(r,t‘)l,... ,ON) (7"(zos,t‘)1)i1 ...(rcosGN)iNrdrdﬁl...d9N
0 0 0

N
As 3" cos?f; = 1 then the moment:
i=1

Mg = Msp,..0+Mo2o,..0+...+ M. . 02
is rotation independent and thus the moment:

BR = [2,0,...,0 + M0,2,0,....0 F---+ [o,... 02

8See mathematical appendix.

O py,...

ins &
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Figure 13.6: The shared weights method for bidimensional pattern
vectors. Region A from first layer activates neuron 1
from second layer, respectively region B activates neu-
ron 2. The weights from A to 1, respectively from B
to 2 are the same, i.e. the same input pattern in A re-
spectively B will give same activation in 1 respectively
2. Layers 1, 2, 8, ... are in decreasing size order.

is independent to translation, scaling and rotation.

|:| Remarks:

0 There are two potential problems when using moments: one is that it may be
computationally intensive and the second is that some information may be lost
during preprocessing.

13.7.3 Shared Weights

This technique is using specially build ANNs to allow for a relative translation invariance.

|:| Remarks:

[ This technique is useful in image processing and bears some resemblance with
mammalian vision.

Considering a bidimensional input pattern the network is build such that a layer will receive
excitatory input only from a small area of the previous layer. By having (sharing) the same
weights, such areas send the same excitatory input to the next layer, when presented with
the same input pattern. See figure 13.6.

13.7.4 Higher-order ANNs

A higher-order network have a neural activation of the form?:

N N N
zj = f wjo + E W;;T; + E E Wiy inTiy Tin + - -
i=1

i1=1ix=1

9See chapter “Multi Layer Neural Networks’
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Figure 13.7: Translation in bidimensional space. t represents the
translation vector. The pattern values x;, is replaced
by zy , respectively x;, by ;.

where neuron z; receives input from x;, wjo is the bias and f is the activation function.

By using second-order neural networks, i.e. of the form:

N N
zi=f ( Z Z wjilinileé) (1315)

i1=112=1
it is possible to built a network whose output is translation invariant for a bidimensional
input pattern.

Considering a translation of a pattern in a bidimensional space then in the place i; occupied
previously by z;; now will be an input z;; which have come from i}, the same happens for

the second point i5. See figure 13.7.

To keep the network output (13.15) the same it is necessary to impose the condition:
Wyiris = Wi i (13.16)

for each pair of points {(i1,12), (i],15)} which may be correlated by a translation.

|:| Remarks:

00 The condition (13.16) greatly reduces the number of independent weights (such
that a second order neural network becomes more manageable).

O One layer of second order neural network is sufficient to extract the translation
invariant pattern information.

O Highest order networks may be used for more complex invariant information ex-
traction, e.g. a third order network may be used to extract information invariant
to translation, uniform scaling and rotation by correlating 3 points.






CHAPTER ]_4:

Learning Optimization

D14.1 The Bias-Variance Tradeoff

Let p(t|x) be the target t probability density, conditioned on input x. The conditional O (t|x), (£*|x)
average of the target is (t|x) = [ tp(t|x) dt and the conditional average of the square of
Y

targets (t?|x) = [ t*p(t|x) dt.
v

For an infinite training set the sun-of-square error function may be written!, considering
only one output, as:

B =3 [0 - o dx+ 5 (160~ x2lpedx (14)

X X

The second term in (14.1) is independent of y(x) and thus independent of weights — it
represents an intrinsic noise which sets the minimum of E. The first term may be minimized
to 0 in which case y(x) = (t|x).

Finite training data sets S, considered containing P training vector patterns (each), cannot
cover the whole possibilities for input/output and then where will always be some difference
between y(x) (after training) and (¢|x) (considering an infinite set).

The integrand of the first term in (14.1), i.e. [y(x) — (t|x)]?, gives a measure of how closeis [ &g
the actual mapping y(x) to the desired target t. To avoid the dependency over a particular

141gee [Bis95] pp. 332-338.
1See chapter “Error Functions”, “Significance of network output” .
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bias

variance

O h(x), e

training set, the expectation (average) &g is taken as a measure of the mapping:
measure of mapping = Es{[y(x) — (t[x)]*}

the average being done over the whole ensemble of training sets.

Definition 14.1.1. The bias represents the difference between the average of network map-
ping y(x) and the data generator, i.e. (t|x):

bias = Es{y(x)} — (t|x)
The average bias over the input x is defined as:

(average bias)? = %/[Es{y(x)} — (t|x)]?p(x) dx
b

For a perfect model, the bias would be 0 (as Es{y(x)} = (t|x)). Non-zero bias arises from
two causes:

e difference between the function created by the model (e.g. ANN) and the true function
who generated the data — this is the “true” bias,

e variance due to data sets — particular sensitivity to some training sets.

Definition 14.1.2. The variance represents the average sensitivity of the network mapping
y(x) to a particular training set:

variance = Es{[y(x) — Es{y(x)}]*}
The average variance over the input x is defined as:

average variance = % /55{[y(x) — Es{y(x)}]*} p(x) dx
X

Let consider the measure of mapping [y(x) — (t|x)]*:
[y(x) = (tx)]* = [y(x) — Es{y(x)} + Es{y(x)} — ()]
= [y(x) = Es{y(x)} + [Es{y(x)} — (tx)])*

+2[y(x) = Es{y () H[Es{y(x)} = (¢[x)]

When doing an average over the above equation, the third term cancels (because y(x) —
Es{y(x)}) and then:

Es{ly(x) = (tx)]*} = Es{ly(x) — Es{y(x)}} + [Es{y()} = (tx)]*

= variance + (bias)?

To see the meaning of bias and variance let consider the targets as being generated from a
function h(x) to which some random noise ¢, with 0 mean, have been added:

tp = hixp) +&p (14.2)
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and the optimal mapping is then (t|x) = h(x).
There are two extreme possibilities for the y(x) mapping choice:

e The mapping is build to be some g(x) function, completely independent of data set.
Then the variance is zero since E5{y(x)} = g(x) = y(x).

However the bias may be very high (unless some other prior knowledge have been used
to build g(x)).

e The mapping is build to fit the data perfectly. Then the bias is zero since:
Es{y(x)} = E{h(x) + e} = h(x) = (t[x)

However the variance is:
Es{ly(x) — Es{y(x)}1*} = Es{ly(x) — h(x)]"} = Es{e?}
and the variance of € may be high.

The above discussion reveals that there is a tradeoff between the bias and the variance and,
in practice, a balance between the two, should be found.

One way to reduce the bias and variance at the same time is to increase the complexity
model by using larger training sets, i.e. the size of training set determines the size of the
model such that the optimal balance between bias and variance is found (note however that
this approach leads to the course of dimensionality and thus the model cannot be increased
indefinitely).

Another way to reduce bias and variance at the same time is to use the prior knowledge (if
any) about the data generator (14.2) when building the model.

[ ]14.2 Regularization

The error function E may be changed by adding a regularization term? €:
E=FE+vQ (14.3)

where ) is a function which have a large value for smooth mapping functions y(x) anda 0O Q, v
small value otherwise, i.e. is large for simple models and small for complex models, thus
encouraging less complex models. The v parameter controls the influence of Q.

Thus the regularization © and the error E counterbalance one each other (as error generally

increases in simple models) in the process of minimizing the changed error function E during
learning process.

14.2.1 Weight Decay

In the case of a over-fitted model the mapping will have areas with large curvature which
require large values for weights®.

1425ee [Bis95] pp.338—346.
2See chapter “Radial Basis Function Networks”
3See chapter “Parameter optimization”
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By encouraging weights to be small the error hyper-surface is kept relatively smooth. This
may be achieved by using a regularization of the form:

1 2
Q= 5 Z i (14.4)
Many ANN training algorithm make use of the error gradient. From (14.3) and (14.4):
VE =VE +vW (14.5)
(W being seen as vector).
Considering just the part generated by the regularization term, the weight update formula
in the gradient descent learning method* in the continuous time 7 limit is:
d ~
d—W = -—nVE = —nwW (VE neglected)
-
(where 7 is the learning parameter) which have a solution of the form:
W(r) =W (0)e ™"
i.e. the regularization term (14.4) favors weights decay toward 0, following an exponential
rule.
Ob, H Considering a quadratic error function® of the form:
1
E(W)=E;+b"W + 3 WYHW | b, H = const. (14.6)

ow+ where H is a symmetrical matrix (it is in fact the Hessian), the minima of E (from VE = 0)

is at W™ given by:
VE=b+HW*=0 (14.7)
0w+ Similarly, the minima of E (from VE = 0) occurs at W* given by:
VE=b+HW*+vW*=0 (14.8)
(from (14.5) and (14.7)).
0wy, A Let {u;} be an orthogonal system of eigenvectors of H such that:

T

Hlli = )\iui 5 u; u; = (5” (149)
where )\; are the eigenvalues of H (such construction is possible due to the fact that H is
symmetrical, see mathematical appendix).

Let consider that the system of coordinates in the weights space is rotated such that it

becomes parallel with {u;}. Then W* and W* may be written as:
W*:Zw;ui , W*:Z@;ui
i i

4See chapter “Single Layer Neural Networks” .
5See chapter “Parameter Optimization”
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Figure 14.1: The hyper-surfaces E = const. are hyper-ellipses having
azes proportional to 1/+/X;. The distance between W*

and W* is smaller along azes corresponding to larger
eigenvalues \; of H.

and from (14.7) and (14.8) VE = 0 = VE and considering the orthogonality of {u;} it
follows that:

A>>rv = wf ~w!

N . As the surfaces E = const. are hyper-
N<r S |@] < |

which means that {

ellipses which have axes proportional with® 1/4/); this means that W* is closer to W*
along u; directions with correspond to larger \;. See figure 14.1.

14.2.2 Linear Transformation And Weight Decay

Let consider a multi-layer perceptron network having one hidden layer and one linear out-

put layer. Then for the hidden layer z; = f <wj0 + Zwﬂmz> and for the output layer
i

Yk = Wko + ) Wijzj.
J

Considering a linear transformation of the form: z; — z; = ax; + b where a,b = const.
then is is possible to get the same outputs by changing the weights of hidden layer as:

1
Wi; —» wj; = Ewﬂ

b

wjo = Wjo = Wjo — — 3 Wji
(2

(may be checked directly, z; doesn't change).

6See chapter “Parameter Optimization”.
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Error
|
|
|
|
|
| validation
|
) | ) training
under-fitting | over-fitting -
early stop time
Figure 14.2: The error given by the wvalidation set increases from
some point outwards. At that point the network is opti-
mally fitted; beyond is over-fitted, before is under-fitted.
Similarly, for a transformation of the output layer: y, — ¥ = cyr + d where ¢,d = const.
the weight changes of the output layer are:
Wgj — ﬁkj = CWgj
wro — Wro = cwro +d
By training two identical networks, one with original data and one with transformed inputs
and/or outputs the the trained networks should be equivalent, with weights changed by the
linear transformations as shown above. The regularization term (14.4) does not satisfy this
requirement. However a weight decay regularization term of the form:
o 141 2 120 2
hidden output
layer layer
satisfies the invariance of linear transformation, provided that suitable rescaling is performed
on vy and V3.
14.2.3 Early Stopping
validation From the whole set of available data for training, usually, some part is put aside and not

used in training, for the purpose of validation, i.e. checking the generalization capability of
network with some data unused during the learning process.

While the error function always decreases for the training set during learning, the error for
the validation set decreases at the beginning then, later, begin to increase as the network
becomes over-fitted. See figure 14.2.

The network is optimally fitted at the point where the validation set gives the lowest error;
at this point training should be stopped as the generalization capabilities are best, even if
further training will lower error with respect to the training set.

A justification of the early stop method may be given by the means of the weight decay
procedure. As the weights adapt during learning, the weight vector W follows a path which
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Figure 14.3: The “early stop” method gives similar result as the
“weight decay” procedure as it involves stopping on the
learning path — marked with an arrow — before reach-
ing W*. The particular form of the learning path may
be explained by the faster advancement along directions
with greater VE, i.e. smaller \;. See also figure 14.1 on
page 257.

leads to IW* before reaching W*. See figure 14.3 and section 14.2.1.

14.2.4 Curvature Smoothing

As over-complex neural models leads to network mappings with large curvatures (on error
surface), a direct approach will be to build a regularization term which increases with
curvature. As the second derivatives are a measure of the curvature then the regularization
should be of the form:

1 < X (02 Xp ’
)

p=1 i=1 k=1

N respectively K being the size of input respectively output vectors.

14.2.5 Choosing weight decay hyperparameter

Considering the weight decay regularization (14.4) then the prior probability density of
weights is chosen usually as a Gaussian of the form p(w) o exp(—vQ) which have the

variance 0 = 1//v.

Considering the logistic activation function’ f(z) = this one is saturated around

1
Tte =
x =3, ie. f(—3)~0.04 and f(3) ~ 0.95 (very close to lower 0 and upper 1 asymptotes).

As the reason (among others) for weight decay regularization is to prevent saturation of
neuronal outputs then the variance of total input is to be around 2. For a small number of

142.55ee [Rip96] pg. 163.
See also chapter “Pattern Recognition”.

UON, K
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O ple)

inputs in the range [0, 1] a reasonable variance should be between 1 and 10, e.g. the middle
value 5 may be considered, this corresponds to v ~ 0.04

In practice is a good thing to have some neurons saturated (this corresponding to a sort of

pruning®) then the base range for v is between 0.001 and 0.1. Experience indicate that a
multiplication of v up to 5 times is not critical to the learning process.

[ ]14.3 Adding Noise

Another way to achieve better generalization is to add random noise to the training set
before inputting it to the network.

Let consider a random vector € which is being added to the input x and have probability
density p(e).

In the absence of noise, the error function is®:

K
E=3 3 [ [l = tPateulx) pix) axe

Considering an infinite number of training vectors, each containing an added noise term,
then

K
E= %;}//!E/[yk(x +€) — ti]*p(tr|x) p(x) p(e) dx dt, de (14.10)

A reasonable assumption is to consider the noise sufficiently small as to allow for the ex-
pansion of y;(x + €) in a Taylor series, neglecting the third order and above terms:

1 N
+ 2 Z Z cici 83:183:]

i=1 j=1

N

0
ye(x+e) = yp(x) + ) & 8y'”
i=1

+ 0% (1411)
e=0

It is also reasonable to assume that the noise have zero mean and uncorrelated components:
/Qﬁ(e) de =0 and // g;ejp(e) de = vd;; (14.12)
€ €

where v is the variance of noise.

By using (14.11) in (14.10) and integrating over & with the aid of (14.12), the error function
may be written as:

E=E+uvQ

8See also section 14.5.
1435ee [Bis95] pp. 346-349.
9See chapter “Error Functions’.
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where () becomes a regularization parameter of the form:

; Z Z // { <8yk> % [yr(x) — tk] %2;/; }p(tkIX)p(x) dxdt,  (14.13)

k=1i=1y %

where the noise do not appear anymore (normalization of p(e) was also used).

The network mapping which minimize the sum-of-squares error function E is'® y; = (t;|x).

Thus the network mapping which minimize the regularized error function E, see (14.3),
should be of the form y;, = (tx|x) + O(v). Then the second term in (14.13):

(the integration over Y have been performed) cancels to the lowest order of v, at the minima

of error E. This property makes the computation of second order derivatives of y;, (a task
computationally intensive) avoidable, thus leaving the regularization function of the form:

;ZZ/ (gi’“> x) dx (14.14)

zlkl

or, for a discrete series of training vectors:

[ ]14.4 Soft Weight Sharing

This method encourages groups of weights to have similar values! by using some regular-
ization links.

The soft weight sharing relates to weight decay method. Considering a Gaussian distribution
for weights, of the form:

p(w) = \/%7 exp (—%)

then the likelihood'? of the whole set of weights is:

Nw
1 1
i=1

Ny being the total number of weights. The same way, the negative logarithm of a like- [ Ny

10See chapter “Error functions”.

1445ee [Bis95] pp. 349-353.
1A hard sharing method is discussed in the chapter “Feature Extraction”.
12See chapter “Pattern Recognition”.
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D Mr amv pm(w)

O 7,

lihood gives the error function!®, the negative logarithm of likelihood (14.15) gives the
regularization function (14.4) (up to an additive constant which plays no role in a learning
process).

It is possible to encourage weights to group together by using a mixture!* of Gaussian
distributions:

M
pw) = ampm(w)

where M is the number of mixture components, a,,, are the mixing coefficients and p,, (w)
are the mixture components of the (assumed) Gaussian form:

_ 1 (w = prm)?

1 being the mean and o being the standard deviation.

|:| Remarks:

O In the mixture model «,,, = P(m) is the prior probability of the mixture compo-
nent m.

Then the regularization function is:
Nw Nw M
Q=—-InL=-1In Hp(wz) =- Zln Z QP (W;) (14.17)
i=1 i=1 =1
The regularized error function:
E=E+vQ (14.18)
have to be optimized with respect to weights w; and parameters a,,, tm, and op,.

|:| Remarks:

0 An optimization with respect to v is not possible as it will lead to » = 0 and
E — E, i.e. the network will end up by being over-fitted. See section 14.2.3.

The posterior probability of mixture component m is:

T (W) A‘j’“’ﬁ (14.19)
21 QnPn (w)

From (14.18), (14.17), (14.19) and (14.16), the error derivatives with respect to w; are:

OE OE M Wi —
ow;  Ow; + Vm2::1 mm (3) o2,

13See chapter “Error Functions”.
14See also the chapter “Pattern recognition” regarding the mixture models.
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which shows that the weights w; are pulled towards the distribution centers pu,, with with
“forces” proportional to the posterior probabilities 7, .

Similarly the error derivatives with respect to u,, are:

OF

N
Ol v

w
Hm — Wj
> mm(wi) =
i=1 Tim

which shows that pu,, are pulled towards the sum of all weights, weighted by 7,,.

Finally, the error derivatives with respect to o, are:

OE 1 (wi— fim)
a —l/;’ﬂ'm(wl) [E—T

|:| Remarks:

O In practice the o, parameters are taken of the form o, = exp(n,,) and opti-
mization is performed with respect to 7,,. This ensures that ¢, remains strictly
positive.

As a,, plays the role of a prior probability it have to follow the probability constrains

M
am €10,1] and > a,, = 1. This is best done by using the softmax function method:
m=1
0
- ;Xp(')/m) N ;;m S o —ana
> exp(n) "
n=1

Then the derivative of E with respect to vy, is (by similar ways as for previous derivatives

M
and using the normalization ) «a;, = 1):

n=1
OF M OE oay, M & T (w;) -
E - s 80én 8')/m - nXZ:I [(_ ; n (6nmam - anam) - ;[am — TTm (wz)]

|:| Remarks:

O In practice care should be taken when initializing weights and related parameters.
One way of doing it is to initialize weights with values over a finite interval, then
divide the interval into M subintervals and assigning one to each p,,(w;), i.e.
equal auy,, fm, centered into the respective subinterval and o, equal to the width
of the subinterval. This method of initialization ensures a partial soft sharing and
allows better learning from the training set.
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growing method

pruning method

O ek, (ex)

O Ekp
O w;

0 2z, (2)

[ ]14.5 Growing And Pruning Methods

The network architecture may play a significant role in the final generalization performance.
To allow for the finding of best architecture, e.g. the number of hidden layers and number
of neurons per hidden layer, two general ways (which avoids an extensive search) may be
used:

e The growing method: The starting network is small and then neurons are added one
at a time till some criteria for optimization have been satisfied.

e The pruning method: The starting network is big and then neurons are removed one
at a time till some criteria for optimization have been satisfied.

14.5.1 Cascade Correlation

Cascade correlation is of growing method type.
The network starts with a single fully connected layer, where all inputs are linked to outputs.

At each stage — after the network have been trained for an empirical amount of time —
a new hidden neuron is added, such that it receive input from all inputs and all previously
added (hidden) neurons and send its output to all output neurons. See figure 14.4 on the
next page.

The weights from inputs and all previously added neurons to the actually being added hidden
neuron are calculated in one step and after insertion they remain fixed, e.g.— in figure 14.4
— the weights on link O are calculated prior to z; insertion, then the weights on links [
and [ are calculated prior to insertion of z5 and so on.

The weights from inputs to outputs and from all hidden neurons to outputs remain variable,
to be further adapted, e.g.— in figure 14.4 — only weights on main (input — output) link
and those on links [0 and O will continue to adapt during further learning.

|:| Remarks:

O By the above architecture the network is similar to one having just one “active”
layer (the output) which receive input from input neurons and all hidden (added)
neurons.

The “fixed" weights of the new (in the process of being inserted) neuron z is computed as
follows:

e The error € of output neuron y; and the mean error () over all training set are
calculated first:

P
1
€k =Yk —lk (6’“):FE Ekp
p=1

(exp being the error ey, for input vector x, from the training set).

e The weights w; of all inputs to the new neuron z are initialized — weights for links
from all inputs and all previous inserted hidden neurons.

The output of the new neuron z and the mean output over all training set (z) will be:

1455ee [Bis95] pp. 353—364.
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input layer

r

output layer O

Figure 14.4: The cascade correlation method. The network architec-
ture starts with input and output layers fully intercon-
nected (the thick arrow shows that all output neurons re-
ceive all components of the input vector). The the first
hidden neuron z; is added and the connections O (z
receives all inputs) and O (z1 sends its output to all
output neurons) are established. later, when zo is added
connections O (zo receive input from z1), O and O are
also added. And so on.

P
zp=1f Z WiTip ) <Z>:%Z’ZP
p=1

all inputs

where the sum in z, is done also over the previous inserted hidden neurons (f being
the activation function and z, being the new neuron output for input vector x,). OFf 2

e The weights are optimized by maximizing the correlation, i.e. covariance, S between 0O S
the output of the new neuron to be inserted and the residual actual (before the insertion

takes place) error of the network output — similar to the Fisher discriminant!®:

K P
S=>"1 (2 — () ek — (ex))

k=1

e The maximisation of S is performed by using the derivative with respect to w;:
aS K P
fuy = E 22T ()

where the sign is given by the expression inside the module from S.

15See chapter “Single Layer Neural Networks” .
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saliency

O 5E, 6wi, NW

0 Hy;

The maximisation may be done using the above derivative in a way similar to the
methods used in backpropagation.

14.5.2 Pruning Techniques

Saliency of weights

The pruning technique involves starting with a (relatively) large network, training it, then
removing some neuronal connections, then training again and repeat the training/pruning
process.

To decide about what network links are less important and thus susceptible to removal it is
necessary to assess the relative importance of weights, this process being named saliency.

Optimal Brain Damage

Let consider a small variation in error function §F due to a small variation of weights
dw;. By developing in series and taking only the first 2 terms (N is the total number of
weights):

Nw OF 1 Nw Nw
_ 3
0FE = — dw; + 3 E E H;;jdw;dw; + O(0w?)

Wi
i=1 Ow; i=1 j=1

5’E

where H is the Hessian whose elements are H;; = 5. ——.
i J

At minimum of E its first derivatives become zero. Assuming that the Hessian may be
approximated by making all non-diagonal elements equals to zero — this representing the
main assumption of this technique — then:

1
—_— .. . 2
0F = 5 E H“((S’U}l)

i=1
To remove a neuronal connection is equivalent to make its corresponding weight equal zero:
5wi =0- w; = —w; (1420)
and then a measure of saliency for weight w; would be:

2
Hiiwi

5 (14.21)

saliency =

The optimal brain damage technique involves removal of connections defined by the weights
of lowest saliency.

|:| Remarks:

O In practice the number of weights being deleted, the amount of training between
weight removal and the overall stop conditions are empirically established.
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Optimal Brain Surgeon

The optimal brain surgeon technique works in the same manner as the optimal brain damage
but does not assume that the Hessian is diagonal as this may lead to pour results in some
cases.

The variation around minima of E is then (6T is the vector of Jw;):

6F = % SWTHSW (14.22)

Assuming that weight w; is pruned then, equivalent to (14.20):

ow; =0 —w; = —w; & elT5W +w; =0 (14.23)
where e; is a unit vector parallel to w; axis, i.e. el 0 is the projection of dw on w; axis;
e; is of the fomel = (0 --- 0 1 0 --- 0), with 1 in the i-th position and Ny
dimensional.

To find the new (pruned) weights, E have to be minimized subject to condition (14.23).
The Lagrange multipliers are used'®; the Lagrange function is:

1
L=E+\eloW +w,;) = 5 SWTHSW + Me] 6W + w;)

and then by zeroing the derivative with respect to JW:
VL =HoW +Xe;=0 = oW =—-\H le

and, by replacing in (14.23) and considering the form of el and thus e} H 'e; = {H '}
then:
w;

such that finally:
Wy

oW = “TH T,

H e, 14.24
(3

Replacing (14.24) into (14.22) the minimal error variation due to the removal of neural link
corresponding to w; is (H is symmetric and then H ! is as well, also use matrix property
(AB)T = BT AT):

1w} T/ rr—1\T -1 1w} T(g7—1\T
6E:§Wei (H-)"HH ei:iwei (H ) ¢ (14.25)
_1 v
2{H '}

Optimal brain surgery works in similar way to optimal brain damage: after some training
the inverse Hessian is calculated and some weights involving the smaller error variation, as
given by (14.22), are zeroed, i.e. the corresponding inter-neuronal links removed. Then the
procedure is repeated.

16See mathematical appendix.

O éw

Dei
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14.5.3 Neuron Pruning
Instead of pruning inter-neuronal links, it is possible to prune whole neurons.

O sj To be able to choose which neurons may be removed it is necessary to have a measure of
neuron saliency. Such a measure may be the difference in network output error made by
neuron removal:

Sj = Liwith neuron j — Liwithout neuron j

U a; As the above measure is computationally intensive, an alternative approach is to modify
the neuronal input by adding an overall multiplying factor a;. The neuronal output is then
written as:

Z5 = f (Oéj ijizi>
i
where the activation function f is defined such that f(0) = 0, e.g. f = tanh. Then for
aj =1 the neuron j is present, for a;; = 0 the neuron is removed.
The saliency of neuron j becomes:
5j = Ela;=1 — Ela;=0
which shows that the derivative of F with respect to a; is also a good measure of neuronal
saliency:
~ OF
§j=— 7—
Oa; ;=1
which may be evaluated in a backpropagation way. Note the “—" sign; usually the error
increases after the removal of a neuron, while a; decreases and s; is taken as a positive
quantity (and the bigger it is, the more important the corresponding neuron is).
[ ]14.6 Committees of Networks
As, in practice it is common to train different networks (with different architectures) in
order to choose the best it would be much better to combine several networks to form a
committee (it's even not required to be a network, it may be any kind of model).
0 M Let assume that each network have only one output and there are M such networks. The

mapping achieved by each network y,,,(x) may be seen as being the desired mapping h(x)
plus some added error £, (x):

Ym(x) = h(x) + &m(x)
The averaged sum-of-squares error for network m is:

(B} = E{lym(x) — R} = E{2,) = / €2, (x) p(x) dx

X

1465ee [Bis95] pp. 364—369.
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The average error over the whole set of networks when acting individually (not as commit-
tee) is:

1

Eav. = M

M=

1 M
(Em) = M Z E{Egn}

m=1

Simple committee

The simplest way of building a committee of networks is to consider the output of the whole
system Ycom. as being the average of individual network outputs:

1 M
Yeom = 37 mz_:l Yo (%) (14.26)

The averaged sum-of-squares error for the committee is:

2 2

1 Y 1 U
<Ecom.> =¢£ [M mzzjl ym(x)] =¢£ [M mz::l 51’(")]

M 2 M
By using the Cauchy inequality in the form: ( > Em(x)> < L Y €2 (x) it follows that
m=1

m=1
(Ecom.) < Eay., i.e. the error of committee is less than the average error over independent
networks.

|:| Remarks:

O Considering that the error £,,(x) have zero mean and are uncorrelated:
E{em} =0 and E{epmen} =0 form#n

then the error (E¢om.) becomes:
1 2
<Ecom.> = e E E{gm} = M E,.

which shows a big improvement. However in practice the error €,,(x) is strongly
correlated, the same input vector x giving a similar error on different networks.

Weighted committee

Another way of building a committee is to make an weighted mean over individual network
outputs:

M
Yoom = D Umym(X) (14.27)
m=1

As ycom. have the same meaning as y,,,(x) then clearly the a,, coefficients should have a
meaning of probability, i.e. a,, is the probability of y,, being the desired output from all

U Ey.

D ycom.

O (Ecom.)

O a,,
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{ym } set. The the following conditions should be imposed:
M
€[0,1],Ym and > ap=1 (14.28)
and they will be determined as to minimize the network committee error.
|:| Remarks:
O By comparing (14.27) with (14.26) it's clear that in the simple model all networks
have equal weight 1/M.
aoc The error correlation matrix C is defined as the square and symmetrical matrix whose
elements are: Cp,p, = E{em(x)en(x)} (as it's defined as expectation, it does not depend
on x).
The averaged sum-of-squares error of the committee becomes:
2
(Ecom.) = E{[Yeom.(x) = h(x)]*} = € (Z am5m> (14.29)
M M M M
=& { (Z amsm> (Z an6n> } = Z Z A0 Crmn
m=1 n=1 m=1n=1
To find the minima of (Ecom.) subject to constraint (14.28) the Lagrange multipliers
method!’ is used. The Lagrange function is:
M
L:E+/\<Zam—1> ZZamanC’mn+/\<Zam—l>
m=1 m=1n=1
and by zeroing its derivatives with respect to a,,:
L M
G- =0 = Q;anCmn+)\:0, for m =1, M
Oa, A (as C' is symmetrical then C;; = Cj;). Considering the vectors a® = (a1 -+ aa) and

X = M1 then the above set of equations may be written in matrix form as:
20a+A=0

which may be solved easily as:

1 A
_ - 1 __~ 1
o = 5 CT' A & o= 5 nE I{C }mn (1430)

By replacing the value of a,, from (14.30) into (14.28), X is found to be:

[\)

M
> AC Y an

17See mathematical appendix.
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and then the replacement of A back into (14.30) gives the final values for ay,:

'}
c—11 mn
a= i = apy =

M
> X ACT D

m=1n=1

(14.31)

||M§ﬁMh

{c
=
2 S0

The error (14.29) may be written in matrix form as (Ecom.) = @ Cax and then, by replacing
the value of «, and using the relations:

M
C™'DT=17(CHT=1"C"" and 17C7'I=)" > {C'}un
m=1n=1

(C' is symmetrical) then the minimum error is (Ecom.) = 1
{ “1}mn

HM§

M
P

As the weighted committee is similar to the simple committee, the same criteria apply to
prove that (Ecom.) < Eav.

|:| Remarks:

O The coefficients found in (14.31) are not guaranteed to be positive so this have to
be enforced by other means. However if all a,, are positive then from Va,,, > 0

M

and Y a, =1=Va,, € [0,1] (worst case when all coefficients are zero except
m=1

one which is 1).

[ ]14.7 Mixture Of Experts

The mixture of experts model divides the input space in sub-areas, using a separate, specially
trained, network for each sub-space — the expert — and a supplementary network to act as
a gateway, deciding what expert will be allowed to generate the final output. See figure 14.5
on the following page.

The error function is build from the negative logarithm of the likelihood function, considering
a mixture model'® of M Gaussian distributions. The number of training vectors is P.

P M
E=-)"In l > am(xp)pm(tp|xp)] (14.32)

p=1 m=1

where the pp,(t|x) components are Gaussians of the form: O pm(t|x)

1 t— x)|12
pm(t|x) = Wexp {—%}

(N being the dimensionality of x). The p,,(x) means are functions of input and the O w,,(x)

147Gee [Bis95] pp. 369-371.
18See chapter “Pattern Recognition” and also chapter “Error Functions” regarding the modeling of con-
ditional distributions.
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network
expert 1

network gateway
”””” expert M network

Figure 14.5: The mizture of experts model. Each “expert” network is
specialized in one input sub-space. The gateway network
decide what expert will be allowed to give the final output
(by blocking all others). There are M “experts” and the
gateway have one output for each “expert”.

covariance is set to unity.

Each “expert” will represent an Gaussian and will output the p,,(x). The ay, coefficients
are generated trough a softmax function from the outputs 7, of the gateway:

_exp(Ym)

mT M
2 exp(Tn)

The mixture of experts is trained simultaneously, including the gateway, by adjusting the
weights such that the error (14.32) is minimized.

|:| Remarks:

[0 The model presented here may be extended to a level where each expert becomes

an embedded mixture of experts.

[ ]14.8 Other Training Techniques

14.8.1 Cross-validation

Often, in practice, several models are build and then the efficiency of each is estimated, e.g.
generalization capability using a validation set, in order to select the best one.

1485ee [Bis95] pp. 371-377 and [Rip96] pg. 41.
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Figure 14.6: The stacked generalization method. The set of networks
J\/(O)l, ... ,N(O)M are trained using P — 1 vectors from
the training set then the network N1y is used to assess
the generalization capability of the level 0 networks.

However sometimes the available data is too scarce to afford to put aside a set for validation.
In this case the cross-validation technique may be used.

The training set is divided into S subsets. The model to be considered is trained using
S — 1 subsets and the one left as a validation set. There are S such combinations. Then
the efficiency of the model is calculated by making an average over all S training/validation
results.

14.8.2 Stacked Generalization

This method is also applicable when the quantity of available data is small and it is desirable
to keep all the “good parts” of various models.

Considering that the number of available training patterns is P then a set of M level 0

networks N(o)1, ... ,N(o)n are trained using only P — 1 training patterns. See figure 14.6.
The left-out pattern vector is run trough the set of networks J\/(O)l, - ,N(O)M this will give
rise to a new pattern (for the next network layer) of the form {y1,... ,ym}.

The whole procedure is repeated in turn for each of the P patterns, this giving rise to a
new set of P vectors. This new set is used to train a second level network /\/(1) using as

target the desired output y. Obviously the Ny assess the generalization capability of the
Noyts- -+, Noym networks.

Finally the Ng)1,-.. ,N(o)m are trained using all P training x patterns.

14.8.3 Complexity Criteria

Complexity criteria are measures of the generalization and complexity of models.

The prediction error is defined as being the sum between the training error and a measure
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of the complexity of model:

prediction error = training error + complexity measure

where the complexity measure may be the number of weights.

For small networks the training error will be large and complexity measure low. For large
networks the training error will be low and the complexity measure high. Thus by finding the
minimum of prediction error helps finding the optimal tradeoff between model complexity
and generalization capability.

The prediction error, for a sum-of-squares error function is defined as:
. 2E  2Nw ,
ediction error = — + ——
prediction error P + P o

where E is the error given by the training set, after learning was completed, P is the number
of training patterns, Ny is the total number of weights and o is the variance of noise in
data — to be estimated.

Another way of defining prediction error — which is applicable for non-linear models and
regularized error functions — is:

. 2E 2y
dict =" 4+ 2o’
prediction error + o

where v is named the effective number of parameters and is defined as:
Nw
Ai

A; being the eigenvalues of Hessian and v being the multiplication parameter of the regu-
larization term.

14.8.4 Model For Mixed Discrete And Continuous Data

It may happen that the input pattern vector x have a discrete component along a continuous

one, i.e. is of the form x¥ = (a z; ... xn) where a takes discrete values and {z;}

continuous ones. In this case one way of modeling the distribution p(x) is to try to find a
conditional Gaussian distribution of the form:

_ pa(a) Ry Ty—1o
p(X) - (27T)N/2|E|1/2 eXp 2 (X u/aa) E (X u/aa)
where p, (a) is the probability of a taking the value a, X* = (z; ... xy) is the contin-

uous part of the input vector and p,, and X are the means and respectively the covariance
matrix (which may be « and a dependent).
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Bayesian Techniques

[ ]15.1 Bayesian Learning

15.1.1 Weight Distribution

Let consider a given network, i.e. the number of layers, number of neurons, activation

function of neurons are all known and fixed.

Let p(W) be the prior probability density of weights, Ny, the total number of weights, O p(W), Ny, T
W' = (w; ... wny) the weight vector, P the number of training patterns and

T ={ty1,...,tp} the training set of targets.

The posterior probability density of weights p(1W|T") is (using Bayes theorem):

p(T|W) p(W)
p(T)

where p(T') represents a normalization factor which ensures that p(IW|T') integrated over
all weight space equals unity, thus p(T') = [ p(T|W)p(W) dW .
w

|:| Remarks:

O As the training set consists of inputs as well, the the probability densities in (15.1)

should be conditioned also on input p(W|T, X) = W

networks do not model the probability density p(x) of inputs and then X appears
always as a conditioning factor and it will be omitted for brevity.

p(W|T) = (15.1)

, however the

15.1Gee [Bis95] pp. 385-398.
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The Bayesian learning involves the following steps:
e Some prior probability density p(1W) is established for weights. This will have a rather
large breath as little is known at this stage.
e The posterior probability of the targets p(T'|W) is established.
e Using the Bayes theorem (15.1) the posterior conditioned probability density p(W|T")
is found.
15.1.2 Gaussian Prior Weight Distribution
As explained in the previous section the prior probability density p(1¥) should be defined
in a form which will define some characteristics of the model but on the other side leave
enough freedom for weights.
Let consider an exponential form:
W) = —aFE 15.2
pV) = 5= s expl(—aBw) (152)
O Ew, Zw where Eyy is a function of weights and Zyy is the normalization factor:

Zw(a) = / exp(—aB) AW (15.3)
w

such that [ p(W)dW = 1.
W

One possible choice for Eyy is:
1 1
By = 3 IWIP =3 > wf (15.4)
i=1
which encourages small weights since for large ||W||, Ew is large and consequently p(W)

is small and thus W have unlikely value.

From (15.3) and (15.4) (see also the mathematical appendix, Gaussian integrals):

[e’e] [ee] Nw Nw.
2 2
o a
pV) = (5=) " exp (-5 IWIP) (15.6)

15.1.3 Application — Simple Classifier

Let consider a neuron with two inputs z; and x5 and one output . The neuron classifies
the input vector x* = (z1 ) in two classes C; and C». The weights are w; and wo, i.e.
the vector WT = (w; w,), for inputs z; respectively z». See figure 15.1 on the facing

page—a. The output y represents the probability! of x € C; and 1 — y the probability of
x € Cs.

1See chapter “Single Layer Neural Networks” .
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T T2
w1 wa
O
Y
a) the classifier b) the training data

Figure 15.1: a) The simple classifier: one neuron with two inputs
and one output. b) The training data for the classifier,
4 pattern vectors. The dashed line represents the class
decision boundary, x3 and x4 are exceptions.

Let consider that there are 4 training patterns:

X1:<§> ECQ,X2:<:§> Ecl,X3:<2> EC1,X2:<_01> € Co

The reason for this choice is the following: x; and x5 are good examples of their respective
class while x3 and x4 are exceptions — it is not reasonable to expect correct classification
from one single neuron for them as the decision boundary will not be convex? (the problem
is not linearly separable). See figure 15.1-b. However x3 and x4 do carry some information:
together with x; and x, it suggest the decision boundary is rather as depicted in figure 15.1;
if they would have been absent it the decision of where to draw the “line” would have been
more difficult (lower probability to be the one chosen).

The neuronal activation function is chosen as the sigmoidal function:

1 1
14 exp(=WTx) 1+ exp(—wiz1 — wats)

y

As probability of x € C; is y and probability of x € Cs is 1 — y then the probability of
targets, conditioned on weights is:

pTW) = T v6e) T 11—yl = 11 —y(x)]y(x2) y(xs) [1 - y(xa)]

xpECL xpEC2

The prior probability density for weights is chosen as a Gaussian of type (15.6) with a = 1:

1 w? 4+ w?
p(W) = p(wi,w2) = -— exp -1
2T 2

2See chapter “Single Layer Neural Networks”
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—-1.8 1

—-3.0 et
-3.0 -1.8-0.6 0.6 1.8 3.0
w1

b) level curves of weight distribution
before learning

3.0 RN
-3.0 -18-06 06 1.8 3.0
w1

c) weight distribution after learning d) level curves of weight distribution
after learning

Figure 15.2: The probability density for weights: figures a) and b)
show the prior probability p(W); figures ¢) and d) show
the posterior probability p(W|T).
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and the graphic of this function is drawn in figure 15.2 on the facing page a) and b).

o0 o0
The normalization factor p(T) = [ [ p(T|W) p(W) dwidw, may be calculated numer-

— 00 — 00
ically.

p(TW) p(W)

o(T) and its graphic is

Finally, the posterior probabilities of weights is p(W|T) =
depicted in figures 15.2—c and 15.2—d.

The best weights correspond to the maximum of p(W|T") which occurs at w; = —0.3 and
Wy R —0.3.

|:| Remarks:

O Before any data is available the best weights correspond to the maximum of prior
probability which occurs at w; = 0 and wy = 0. This will give y(x) = 0.5,
Vx, i.e. there is an equal probability of x belonging to either class — the result
reflecting the absence of all data on which the decision is made.

O After the data becomes available the weights are shifted to w; = —0.3 and wy =
—0.3 which gives y(x1) ~ 0.0475, y(x2) ~ 0.9525, y(x3) ~ 0.4255, y(x4) ~
0.5744. The x3 and x4 are misclassified (as it should have been y(x3 € C;) > 0.5
and y(x4 € C3) < 0.5) but this was to be expected, and the patterns still
carry some useful information (they are used to reinforce the established decision
boundary).

O In general the prior probability p(1W) is wide and have a low maximum and
posterior probability is narrow and have a high peak(s) — this may be seen also
in figure 15.2 on the preceding page.

15.1.4 Gaussian Noise Model

In general, the likelihood function, i.e. p(T'|W) may be written in exponential form as:

p(TIW) = exp(—fBEr) (15.7)

1
Z7(B)

where E7 is the error function, 3 is a parameter and Z7(3) is a normalization factor which
ensure that the p(T'|WW) is normalized:

ZT(ﬂ) = /exp(—ﬂET) dt1 ce dtp (158)
Y

Assuming a sum-of-squares error function3, and that the targets are generated from a
smooth function to which a zero-mean noise have been added, then:

p(t|x, W) ~ exp <_§ ly(x, W) — t]2> and thus (15.9)
P 1 3L
p(T|W) = Hp(tp|xva) = Z1(8) €xp (‘5 Z[y(xp,W) - tp]2>

3See chapter “Error Functions”.

O Er, 8, Zr
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U Zs

os

g w=

l\')l»—l

P
Z y(xp, W) — t,]? (15.10)

and it becomes evident that 3 controls the variance: o = 1/+/f3, and by replacing E7 into
(15.8) and integrating*

Sk

Zr(B) = <—> (15.11)

15.1.5 Gaussian Posterior Weight Distribution

From (15.1), (15.2) and (15.7), and defining Zs = p(T') as the normalization factor, then

p(W|T) = Zis exp(—aEw — BE7) = Zis exp[—S(W)] (15.12)

where S(W) = aEw + BEr and Zs(a, 3) = f fexp W) dW dt; ...dtp.

Considering the expression (15.10) of E7 and (15.4) of Ey then

ﬂ P OéNW
52 YO, W) =" + 5 3w
p=1 i=1

which represents a sum-of-squares error function with a weight decay regularization func-
tion®. Since an overall multiplicative term does not count, the multiplicative constant of
the regularization term is a/ 3. For the most probable weight vector W* for which p(W|T')

is maximum, S is minimum and thus the regularized error is minimum.

15.1.6 Consistent Prior Weight Distribution

The plain weight decay, as the one from (15.4), is not consistent with linear transformation®.
However for two layers the simple weight decay may be changed to the form

EW:%Zuﬂ%-%sz

hidden output
layer layer

15.1.7 Approximation Of Weight Distribution

In order to simplify the computational process of finding the (maximum of) posterior prob-
ability, the function S(W) may be developed in series and only the most significant terms
retained:

SOW) = S(W) 4+ 2 (W — WTH(W — W*) + O[(W — 17

4See mathematical appendix, regarding the Gaussian integrals.
5See chapter “Learning Optimization” .
6See chapter “Learning Optimization”, also for the form of changed weight decay expression.
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1
~ S(W*) + §(W -WHTHW - W*)
where Hg is the Hessian of the regularized error function (the term proportional in O Hg

(W — W*) is zero due to the fact that the series development is done around minimum).

Considering the gradient as a vectorial operator VT = (821

8"-UNW) then, consid-
ering a weigh decay Eyy, the Hessian is:

Hs = (VVTH)SW*) = B8(VVT) Er(W*) + ol = 8H + ol

The posterior distribution becomes:

1
p(W|T) = — exp {—S(W*) ~5 (W - W) T Hg(W — W*)} (15.13)
s
where Z% is the normalization coefficient for the distribution (15.13) and then®: 0 Zg
1
7% = exp[-S(W™)] /exp [—5 (W - W*)THg(W — W*)} dW (15.14)
w

= exp[—S(W™)] (ZW)NW/Q |HS|71/2

[ ]15.2 Network Outputs Distribution

The probability density of targets is dependent on input vector and on weights trough the
training set:

Pt T) = / p(tx, W) p(W|T) dW
w

Considering a sum-of-squares error function, i.e. p(t|x, W) given by (15.9) and the quadratic
approximation of p(W|T') given by (15.13), then

p(tx, T) ocvlexp <—§ It — y(x, W)]2> exp (% (W — W) T Hg(W — W*)> AW

(15.15)

Let define g = Vy|w~ and AW = W — W*. As the error function was approximated after 0 g, AW, y*
a series development around TW*, the same can be done with y(x, W):

y(x, W) ~y* + gt AW where 3* =y(x, W)

"The method of calculation of the Hessian H of the error function is discussed in chapter “Multi Layer
Neural Networks” .

8See also mathematical appendix.
1525ee [Bis95] pp. 398—402.
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The targets probability density becomes:

p(t|x,T) = C’/exp <—§ [t —y* —gT AW]* — %AWTHSAW> dW
w

where C' is a multiplicative constant such that [ p(t|x,T) dt = 1.
v
As (gTAW)2 = AWTggT AW (by using the matrix property: (AB)T = BT AT) then:

pliix,T) = Cexp |5 =372 x

X /exp {—% AWT (Hs + pgg’) AW + B(t — y*)gTAW} dW

which represent a Gaussian integral with a linear term?, and then:

p(tlx,T) = Cexp [—§ (t - y*ﬂ (2m)™ /2| Hs + Bgg™|1/? x

% e 5_2 k2 T Ty~1
p |5 (t=y")"g (Hs + fgg") &

_(t—y)?

5 [ﬂ — g™ (Hs + Bgg”) ' g] }

oc where C' = const.

The normalization condition [ p(t|x,T)dt =1 (where Y = (—00,00)) gives:
Y

1/2
, [ 2m / _ 1
B — g™ (Hs + fgg") "
d oy leading to the distribution wanted in the form:
1 (t— y*)2]
p(t|x,T) = exp [—7 where
N 207

02 = 1
" B—32g" (Hs + feg”) g

representing a Gaussian distribution'® with o, the variance and (t) = y* the mean of t.

(15.16)

To simplify the expression of o7 first the following transformation is done Hgs — H5 = Hg/f3
= HsTl — H{™' = BHg, and then the numerator and denominator are both multiplied by
the number gT (I + H,'gg™) g which gives:

_ g'(/+Hs 'gg")g
g'(I+ Hs 'ggl)g —gt(Hs +gg’) 1gg™(I + Hg 'ggl)g

9See the mathematical appendix.
10See also the chapter “Pattern Recognition”.
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The first term of the denominator reduces to g'g + gt H; 'gglg while for the second,
the matrix property (AB)™! = B~ A~! is applied, in the form:

(HS +gg") ' = [H5(I + Hy 'gg")] " = (I+ HS 'gg®) THE !
and then the second term of the denominator becomes:
g'(I+Hs 'gg’) 'Hy 'gg" (I + Hs 'gg’)g
To simplify the expression a g7 Ig is added and subtracted and, in the added term, I is

changed to I = (I + H 'gg®)'I(I + H 'gg"). By regrouping, the whole expression
is reduced to g H 'ggleg.

Finally the variance (15.16) becomes:

1
o} = 5t g'Hsg

As it measures the “width" of distribution (see the remarks below) the variance o; may be

considered as an error bar for y*. The 1/ part is due to noise in data while the g Hsg
part is due to the “width” of the posterior probability of weights. The error bar is between
y(x) —Co and y(x) + Co, the value of constant C' to be established application dependent
(see also the remarks below).

|:| Remarks:

O Considering a unidimensional distribution

p(z) = \/%U exp {_%]

the “width” of it — see figure 15.3 on the following page — is proportional with
the variance o. The width of distribution, at the level half of maximum:

1 1 1
T) == x = = & rz=(x)xVvV2In2- -0
p() 2pma 2\/%0’ <>

is only o dependent, being “width" = 2v/2In2.0 235 0.
00 The width of probability distribution equals 20 for & = (x) + o at which point

the probability drops at p((z) + 0) = Pmax/v/€ & 0.606 Pmax-
15.2.1 Generalized Linear Networks

The generalized linear network have one layer and the output is of the form?!
y(x, W) = W'p(x) where ¢"(x) = (p1(x) - on(x))

©;(x) being the activation function of neuron j.

11See chapter “Radial Basis Function Networks”.

U e, pj
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0 W*, y*

A

L
—

2v2In2-o

Figure 15.3: The Gaussian width. At p(r) = Dmas/2 the width is

2v/2In2-0.

The error function of this network is:
B < a
S(7) = £ 3 Mty = WEelx)l + 5 WP
p=1

and, as is a quadratic function in W, then the weight probability density is strictly Gaussian
with one single maximum.

Considering W* as the weight vector corresponding to the maxima of posterior weight
probability and y*(x) = y(x, W*) then:
y(x, W) = y(x) + AW p(x)

where AW =W — W*,

The Hessian is: Hs = (V-VT)S(W*) =3 i o(xp) p(xp)T +al.

p=1

The posterior probability of targets is calculated in a similar way as for (15.15):

p(t]x,T) o /exp {—g [t —WTp(x))? - %AWTHSAW} dW

with a variance o7 = % +oTHsep.

D15.3 Classification

Let consider a classification problem with two classes C; and Cy with a network involving
only one output y representing the probability of the input vector x being of class Cy, then
(1 —y) represents the probability of being of class C5. Obviously the targets ¢ € {0,1} and
the network output y € [0, 1].

153See [Bis95] pp. 403—406.
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The likelihood function for observing the whole training set is'?

P
p(TIW) = [Tl ()] [1 = y(x,)]" " = £ = exp[-G(T|W)] (15.17)
where G(T'|WW) is the cross-entropy: 0OG

G(TIW) = Z{t Iny(xp) + (1 —tp) In[l — y(x,)]}

|:| Remarks:

O The normalization condition for the distribution (15.17) is > p(T|W) = 1.
tp€{0,1}

After the replacement of p(T'|W) from (15.17), the result is a product of terms

of the form y(x,) + [1 — y(x,)] = 1, i.e. the distribution p(T'|IW) is normalized.

The neuron activation function is taken as the sigmoidal y(x) = f(a) = oy Where

1

1+exp(—

a =Y w;zj; w;j being the weights of connections from hidden neurons z; coming into the
J

output neuron y and a is the total input.

Considering a prior distribution (15.2) then the posterior distribution, from (15.1), similar

o0 (15.12), will be:

p(WT) = Zis exp(~G — aBw) = Zis exp[—S(w))

where Zg is the normalization coefficient.

Considering a quadratic approximation as in (15.13), the distribution may be approxi-
mated as:

1 1
p(W|T) = Z= P (—S(W*) -3 AWTHSAW> (15.18)
s
Z% being the normalization coefficient, and | p(W|T') dW = 1 gives: 0 Zzg
W

Zh = /eXp (—S(W ) — = AWTHSAW> dW = ¢=5(W7) H ,/ (15.19)
w =1

(see also the mathematical appendix).

As the network output is interpreted as probability, i.e. y(x, W) = P(Cy|x, W) then, for a
new vector x the Bayesian learning involves an integration over all possible weights, in the
form:

P(Ci[x,T) = / P(Cy[x, W) p(IW) AW = / y(x, W) p(W') AW
w

125ee chapter “Error functions” — section “Cross entropy” .
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Assuming a linear approximation of weights for the total input a then
a(x,W) =a*(x) + g" AW (15.20)
Oa*, g where a*(x) = a(x, W*) and g(x) = Va(x, W)|w=.
The posterior probability of a may be written as:
palx.T) = [ plalx, W) p(VIT) aW = [ op(a— a® — g"AW) p(WIT) aW  (15.21)
w w
Since, from (15.20), a and AW are linearly related, and p(W|T') is a Gaussian, then the
distribution of a is also a Gaussian of the form:
_ 1 (a—(a))
p(a|X,T) = m exp <—T (1522)
O (a), s with the mean (a) and variance s being:

and s’ =g'Hgsg

(a) = a*

Proof. 1. Using (15.21) and (15.18):

(a)

675(W*> T 1 T
T//aép(a—a*—g AW) exp (_EAW HSAW) dW da
s
AW

o= S(W*)

Z3

1
/(a* +gTAW) exp (—5 AWTHSAW) dW
w

Replacing (15.19), considering that ¢* = const. and [ gTAWexp (—3 AWTHgAW) dW = 0 because
w

the integrand is odd function!® in AW (and dW = d(AW)) and the integral is done over a origin centered
interval, then (a) = a*.

2. The variance is:

eiS(W*>
exp

1
52://(a—a*)2 op(a—a* —gTAW) —— (—5 AWTHSAW) dW

Z
AW s
e~ S(W") . 1
=— /(gTAW)Z exp (—5 AWTHSAW) dW
S

Let u; be the eigenvectors and \; the eigenvalues of Hg, i.e. Hsu; = A\;u;. As Hg is symmetrical, then
it is possible!* to build an orthogonal system of eigenvectors. Let consider:

AW = ZA’U}Z u; and g = Zgiui
i i

and by replacing into the above expression of variance:

5 e SV ’ 1 2
55 = —— Z giAw; | exp | —= X\ Aw] | dW
Z§ ; 2

w

13An function f is odd when f(—x) = —f(—z).
14See mathematical appendix.
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Developing the square of the sum, the variance becomes a sum of two types of integrals. The first one,Vi # 7,
is of the form

oo o0
1 .
/ / giAw; gjAw; exp (—5 (N Aw? +AjAw§)) d(Aw;) d(Aw;) =
—00 —00
00 1 ) oo 1 )
= gi Aw; exp 5 AiAw] | d(Aw;) gj Aw;j exp 5 Aj Aw; d(Aw;)| =0

because the integrand are odd function and the integral is done over origin centered interval. The second
one is for i = j:

7 A Aw? 2 2
/ (g: Aw;)? exp (771 2wi ) d(Aw;) = 9i —ﬂ

— 00

. w
As the Hg matrix may be diagonalized using the eigenvalues then s> = 3 L g7 = gTHgg. O

The posterior probability P(Cy|x,T) may be written in terms of total neuronal input a as:

P@[xT) = [ P@la)plalx.T)da = [ F(a)plalx.T) da
A A

which does not have generally an analytic solution but may be approximated by:

[N

P(C1]x,T) =~ f(a*k(s)) where &(s)= (1 + E) B

8
|:| Remarks:

O For the simple, two class problem described above, the decision boundary is
established for P(Cy|x,T) = 0.5 which corresponds to a = 0. The same result is
obtained using just the most probable weights W* and just the network output:
y(x,W*) = 0.5 = a = 0. Thus the two methods give the same results unless
there are some more complex rules involved, e.g. a loss matrix.

D15.4 The Evidence Approximation For a« And 3

As the parameters « and 3 which do appear in the expression of posterior weight distribution
— see equation (15.12) — are them-self not known, then the Bayesian framework require
an integration over all possible values:

p(W|T) = / / p(Wla, 8,T) pla, BIT) dex d (15.23)

One possible way of dealing with « and /3 parameters is known as the evidence approximation  evidence
and is discussed below. approximation

The posterior distribution of a and 3, i.e. p(«a, B|T), it is assumed to have a “sharp peak” O p(a,B|T), o,
/6*

154GSee [Bis95] pp. 406—415.
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hyperprior

evidence

around the most probable values a* and *. Then p(a*,*|T) < 1 and , using also
the normalization condition [[ p(a*,3*|T)dadB = 1, the distribution (15.23) may be
approximated as:

MWH»:MWMﬁﬁﬂv//Mmmndmw=pmmfﬁﬂﬂ

i.e. the integral over all possible values of o and 3 is replaced with the use of the most
probable values: a* and 3*.

To find the most probable o* and (3* values, it is necessary to estimate the posterior proba-

bility for & and 3. This is achieved by using the Bayes theorem p(«, 8|T) = %}f(a’ﬁ)

where p(a, 3) is the prior probability density, also known as the hyperprior. If little is known
about the model to be build then the hyperprior should give a relatively equal value for all
possible o and (3 parameters, the same way p(W) prior operates. The term p(T'|a, 3) is
named evidence. The term p(T') is the normalization factor.

The evidence may be written in the form of explicit dependencies over o and 3 in the
posterior distribution of targets and weights:

Mﬂmm2/MNWmmMWMﬁMW=/MNWmMWMMW

as the prior weight distribution is independent of 3 (which is data related) p(Wla,3) =
p(W|a) and the likelihood function is independent of a: p(T|W, a, 8) = p(T|W, 3) — see
equations (15.2) and (15.7).

From the same set of equations — (15.2) and (15.7):

1 _ ZS(a,ﬁ)
ZM@%@/“W“WWW‘mwMWn

and considering the values of Zg, Zyw and Zr from (15.14), (15.5) and (15.11) respectively
and as S(W*) = aFEy, + BET then:

p(Tle, B) =

Nw + P

1 N P
lnp(T|er, ) = ~aByy — BE} — 5 In|Hs| + Twlna—i— Fhf- ="

In(27)
(15.24)

Considering Ew an quadratic form on weights then:
Hs = (V-VY(aEw + BEr) =al + 3(V -VY)Er =al + H

H being the Hessian of error function. As the Hessian is a symmetric matrix then it may

be diagonalized using its eigenvalues'® \; and, obviously, Hs have the eigenvalues \; + «
and |Hg| = [[(\i + «). Finally:

i

d d [ LG |
— In|Hg| = —1 i = =TrH:! 15.2
= n|Hg] dﬂn(H(A +a)> Z)\i+a rHg (15.25)

i=1 i=1

where 1/(A\; + @) are the eigenvalues of H§1 and the ); eigenvalues were supposed to be

a-independent, i.e. Er is also a quadratic of weights.

15See mathematical appendix.



15.4. THE EVIDENCE APPROXIMATION FOR a AND 3

289

The condition of minimum of lnp(T'|a,3) with respect to « is % = 0 which, from

(15.24), gives:

. Nw o Nw \i Nw
2aEW:NW—Z)\i+a =+ where 7:2/\i+a :Z% (15.26)
i=1 i=1 i=1

and may be interpreted as follows:

e The prior distribution of weights is usually chosen to be centered in origin and with
a spherical symmetry, so, in the absence of data, the most probable weight vector is

W* =0 and consequently Ej, = 0.

e When there are data available, the Ej;, shifts to a position given by (15.26). Consider-
ing a system of coordinates rotated such that the axes are parallel to the eigenvectors

of H then the quantities by which W* is shifted (from the origin) along each axis are

given by v; = )\fia.

For \; K a = 7v; 20, i.e. w; 2 0, w; is not shifted much from the origin and the

~

main contribution to this particular weight(s) is given by the prior weight distribution.

For \i > a = v; <1, ie w; <1, the main contribution to this weight is given by

~

data (trough )\;). These kind of w; weights are named well-determined parameters.

Thus v measures the effective number of weights changed by the data present in the
training set (all others being given rather small values from the prior distribution).

The Hessian is H = 3(V - VI)Er this means that \; oc 3 (as the Hessian may be
diagonalized using the eigenvalues) = d\; « df and then:

d\; N
=— 15.27
Using this result, and similar to the previous derivative:
NW NW
d d 1 Ai
— In|Hg| = —1 Ai =- 15.28
dB s dﬂn(il—{(z+a)> ﬂi:l)\i+a ( :
The condition of minimum of Inp(T'|«, 3) with respect to 3 is Bé%p = 0 which, from
(15.24), gives:
Nw
20E; =P — L =P-— 15.29
OEr ; Ai+a v ( )

and the same comments as above apply.
As S = aEw + BEr then, from (15.26) and (15.29), S(W*) = P/2.

To find out the a and (3 parameters an iterative algorithm may be used. Starting with
some initial values ap and [y, the values at step ¢t + 1 may be computed from (15.26) and
(15.29):

_ _w
At+1) = 3By (o)

3 _ Py
(t+1) = 2EB7,

Oy, v

well-determined
parameters

effective number



290 CHAPTER 15. BAYESIAN TECHNIQUES

For large training sets, i.e. P > Ny, all weights may be approximated as well-determined
parameters and then 7; = 1 and v & Ny which leads to the much faster updating formulas:
_ N
At+1) = 35y

ﬂ _ P
(t+1) = 3F1,

Considering a Gaussian approximation for p(T'|«, 3) then:

p(T|lna,InB) = p(T|Ina*,In ™) exp ( —AL 2TIA, a)

Ing Ing
2 2
g a
Ina — Ina* In o In o
where Alncv: <1 1 * Y= 9 111[3 and:
Ilﬂ Ilﬂ Ulna Ulnﬁ
Ing3
(—=1)2 (=1)2 2 9
Oln o Oln a 1 Oin B “Oha
S SN ) Qe
- —1)2 1)2 D) 2 — 1 _
Olnag Ong Oma%mnp ~ %na Omo  Thna
In 3 In 3 In 3

Note that the logarithm of o and [ have been considered (instead of «, /) as they are
scaling hyper-parameters.

Ié]

From the above equations and because =« %, and same for (3, then:

In

0_( 12 0'12nﬁ . 82111]) __ai aalnp
e op O — an% ~ 9(na)2 T da o

0.( 1)2: 0121101 — 621np _ ﬂ_<ﬂ3lnp>
MO o WO — Py Op) a5 \” "8

_Ulznoz 2

D2 In 3 _ 0°lnp :ﬂi Oé@lnp

%g% Ul2n ao-l2n[3 - O-?ng 81110( 81nﬂ aﬂ 8@

By using (15.24) when calculating the last set of derivatives from the above equations (and
using (15.25), (15.28) and (15.27) as well):

(-2 _ 1 Nw al\; 1)2 al\;
Olna aby + 5 Zm ) Ump’ =BEp + 5 Z Dita)
N
2 I~ a)

o = oA
ng 2= (\i+a)?
and then, using (15.26) and (15.29):

1)2 0 1)2 1)2 N—’Y —1)2
l(na) 2 +Ul(n ) and Ul(nﬁ) - D) +Ul(na)

lnB Ing
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(-1)2 .
The U%g% is a sum of terms m
it reduces to A;/a < 1; the only significant terms come from A ~ « which are usually in a

small number. Then the the following approximations may be performed:

for A; > «a it reduces to a/A; < 1 while for \; < a

Ul(;;)z < Ul(;;)z ’ l(nct)2 < l(nﬁl)2
In 3 In 3
(15.30)
g2, Loy e L Py
Inaa — Ul2na -9 ’ Ing - Ul2nﬁ - 9

and the a and 3 parameters may be considered statistically independent and their distribu-
tion is of the form:

p(T|Ina) = p(T|Ina™) exp <—
(15.31)
p(T'|InB) = p(T'|In 8) exp (—

[ ]15.5 Integration Over a And 3

The Bayesian approach require an integration over all possible values for unknown parame-
ters, i.e. the posterior probability density for weights is:

pWIT) = [[ p0W0,817) dads = [ [ pOVIT 0.8 p(0,0) da d

Using the Bayes theorem (15.1) and as p(T'|W, a, B) = p(T'|W, 3) (is independent of «, see
also section 15.1.4) and p(W|a, 8) = p(W]a) (is independent of /3, see also section 15.1.2)
and considering also that a and (3 are statistically independent, i.e. p(a, 8) = p(a) p(8)
(see also section 15.4) then:

p(W|T) = // (T|W, ) p(W|a) pla) p(8) da dB

Now, a form of p(«) and p(3) have to be chosen. The best option would be to choose
them such that p(ln @) and p(In 8) have a relatively large breath. One possibility, leading
to easy integration, would be:

po) = and p() = 5

and the integrals over @ and 8 may now be separated.

Using (15.2) and (15.5) the prior of weights becomes?®:

oo

1 1
/p Wla) p(a) da = /m exp(—aEw) - da

0 0

155See [Bis95] pp. 415-417.
16See also mathematical appendix regarding Euler functions.
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o0

1 Nw _
B RGE / exp(—aBw)a ' da =

)

L'e(Nw/2)
@nEw )Nw /2

where ' is the Euler function.

The p(T|W) distribution is calculated in the same way, using (15.7) and (15.11):

T's(P/2)
TW) = ———=%
From the above equations, the negative logarithm of the posterior distribution of weights is:

p N
~lnp(W|T) = 5 nEr + TW In Ew + const.

and then its gradient may be written as:

—VnpW|T) = 8.VEr + a.VEw (15.32)
O ae, Be where
Nw P
= — = — 15.
Q. 2By and S, T (15.33)

are the current values of the parameters.
The minima of —Inp(W|T') may be found by iteratively using (15.32) and (15.33)

|:| Remarks:

O While the direct integration over @ and 3 seems to be better that the evidence
approximation (see section 15.4), in practice the approximations required after
integration may give worst results.

[ ]15.6 Model Comparison

Let consider that there are several models {M,,} for the same problem and set of data 7.

O P(Mpy), The posterior probability of a particular model M, is given by the Bayes theorem
T|\M
p(T| M) PMIT) = p(T| M) P(Mp,)
m|T) =
p(T)
M, evidence where P(M,,) is the prior probability for model M, and p(T| M, ) is the evidence for M,,,.

An interpretation of the model evidence may be given as follows below. Let consider first
the weight dependency: in the Bayesian framework:

T\ Myn) = / (T, My) p(W | M) AW (15.34)
w

O Awprior, Awpost ~ and let consider one single weight: the prior distribution p(W|M,,) have a low maximum

156See [Bis95] pp. 418-422.
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Figure 15.4: The prior and posterior distribution of weights. The
prior distribution p(W|M,,) have a (relatively) low
mazimum and a wide width Awprior — all weights have
approximatively the same probability, denoting the ab-
sence of data on what to make a decision. The posterior
probability density p(W|T, M,,) have a high mazimum
and a narrow width Awpost.

and a large width Awpior (in fact it should be almost constant over a large range of weight
values) while the posterior distribution p(W|T', M,,) have (usually) a high maximum and
a small width Awpes. See figure 15.4.

Considering a sharp peak of the posterior weight distribution around some maximum w*
the the integral (15.34) may be approximated as

p(T|Mm) = p(ThU*: Mm) p('LU* |Mm) Awpost

and also the prior distribution (as is normated) should have a inverse dependency of its
widening p(W|Mp,) o< 1/Awpgrior (the wider is the distribution, the smaller is the maximum
and subsequently all values) and then:

P(TIM,) o p(T ', M) L8
A'wprior
which represents the product between the likelihood p(T'|w*, M,,,), estimated at the most
probable weight value, and a term named the Occam factor. A model with a good fit will
have a high likelihood, however these models are usually complex and consequently have a
very high and narrow posterior distribution peak, i.e. a small Occam factor, and reciprocal.
Also for different models which make the same predictions, i.e. have the same p(T'|W) the
Occam factor advantages the simpler model, i.e. the one with a larger factor.

Let consider the o and 3 hyper-parameter dependency. The Bayesian framework require an
integration over all possible values:

PT|My) = / / (T)e, B, Mym) plev, Bl M) der dB (15.35)

where p(T'|a, 3, M) represents the evidence for « and 5 — see section 15.4.

Occam factor
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The « and 8 parameters are considered statistically independent (see again section 15.4).
By using the Gaussian approximation given by (15.31) and considering an uniform prior

HRY) distribution p(a) = p(8) = 1/In 2, where Q is a region containing o* respectively 8*, then
the integral (15.35) may be split in the form:

p(TIM,y) = P57 M) 70exp <—M> d(lna) x

(In )2 202
X / exp (_—(ln ﬂ2;12h;ﬂ*)2> d(Inp) =

27"-O-ln aOln 3

= p(T|o*, B*, M) (In Q)2

The above result was obtained by integrating over a single Gaussian. However in networks
with hidden neurons there is a symmetry and many equivalent maximums!’, thus the model
evidence p(T'|M,,) have to be multiplied by this redundancy factor R, e.g. for a 2-layer

OR network with H hidden neurons there are R = 2H [ equivalent maximums, and the model
evidence have to be multiplied by this factor.

On similar grounds as for (15.24), and using (15.30), the logarithm of evidence becomes:
1 N P
I p(T| M) = = a" By — " Ej — 5 In|Hs| + TW o’ + 3"+ R

1.~ 1. P-—
—§1H§—EIHT+C0nSt.

where the additive constant is model independent.

By the above means it is possible to calculate the probabilities of various models. However
there are several comments to be made:

e The model evidence is not particularly easy to calculate due to the Hessian |Hg|.

o Choosing the model with highest evidence is not necessary the best option as there
may be several models with significant/comparable evidence.

D15.7 Committee Of Networks

Usually the error have several local, non-equivalent, minima, i.e. not due to the symmetry!8.

O may, The posterior probability density may be written as a sum of all posterior distributions
corresponding to the local minima m;,:

pWIT) = 3 p(Wym|T) = 3 p(Wi, T) P(imy|T)

17 See chapter “Multi Layer Neural Networks”, section “Weight-Space Symmetry “.
157See [Bis95] pp. 422—424.
18See footnote 17.
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By using the above distribution decomposition, other parameters may be calculated by
integration over the weight space W, e.g. the averaged output is:

@>=/y&M0MWWUﬂN=§:HmmW)/y&JVm@WmWTM“f
w m Wi,

= 3 PmulT) (yn)

where T; is the portion of the weight space corresponding to the minima m,, and (y,,) is O Wy, (ym)
the output average corresponding to m,,. The above formula shows an weighted average
of the outputs corresponding to different local minima.

D15.8 Monte Carlo Integration

The Bayesian techniques often require integration over a large number of weights, i.e. the
computation of integrals of the form: oz

7- /F(W)p(W|T) aW (15.36)
w
where F'(W) is some integrand. As the number of weights is usually very big, the classical
numerical methods of integration leads to a large computational task.

One way to approximate the above type of integrals is to use Monte Carlo method, i.e. to  Monte Carlo
select a sample set of weight vectors {W;}, ;7 from the distribution p(W|T) (i.e. the  method

weights are randomly chosen such that their distribution equals p(WW|T')) and then approx-
imate the integral by a finite sum:

where Vyyr is the volume of weight space and Vyy /L replaces (approximate) dW. O Vw, L

While usually the posterior distribution p(W|T') may be calculated relatively with ease, the
selection of sample set {W;} may be difficult. An alternative is to draw the sample weight

set from another distribution ¢(17), in which case the integral (15.36) becomes: O ¢(W)
T T

As the normalization of p(W|T') requires itself an integration of the type (15.36) with  importance
F(W) =1 (e.g. see the calculation of Zy, Z7 in previous sections) then the integral may  sampling
be approximated by using the non-normalized distribution p(W|T): O p(W|T)

158See [Bis95] pp. 425-429.
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Metropolis
algorithm

random walking

0 p(e)

simulated
annealing
or

7~=L (15.37)

this procedure being called importance sampling.

The importance sampling method still have one problem requiring attention. In practice the
posterior distribution is usually almost zero in all weight space except some narrow areas
(see section 15.1.3 and figure 15.2 on page 278). In order to ensure the computation of
integral (15.37) with enough precision it is necessary to choose an L big enough such that
the areas with significant posterior distribution p(W|T') will have adequate coverage.

To avoid the previous problem, the Metropolis algorithm was developed. The weight vectors
in the sample set {W;} form a discrete time series in the form:

Wit =W +e

where e is a randomly chosen vector from a distribution (e.g. Gaussian) with spherical
symmetry; this kind of series being named random walking. Then the new W) are

accepted or rejected following the rules:

accept if p(Wiqny|T) > p(Wy)|T)
accept with probability % if p(Wies)|T) > p(Wiy|T)
and considering an error function of the form E = —Inp(W|T'), then the above rules may
be rewritten in the form:
accept . - if Et41) < Eg) (15.38)
accept with probability exp[—(E11) — E))] if Eq1) > E

The Metropolis algorithm still leaves a problem with respect to local minima. Assuming
that the weights are strongly correlated this means that around (local) minima the hyper-
surfaces corresponding to constant distribution p(WW|T") = const. are highly elongated hyper-

ellipses!®. As the distribution of €, i.e. p(€), have spherical symmetry this will lead, according
to the rules (15.38), to many rejected W and the algorithm have a tendency to slow down
around the local minima. See figure 15.5 on the next page.

To correct the problem introduced by the Metropolis algorithm the rules (15.38) may be
changed to:

accept if Egi1) < Eg

accept with probability exp [—%] if Biy1) > E
leading to the algorithm named simulated annealing. The T(;,,) — named “temperature”
— is chosen to have large starting value T(g) > 1 and decreasing in time, this way the

algorithm jumping fast over local minima found near the starting point. For T' = 1, the
simulated annealing is equivalent to the Metropolis algorithm.

19See chapter “Parameter Optimization”, section " Local quadratic approximation”
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FE = const.

local minima

»
L
w

1

Figure 15.5: The Metropolis algorithm. Only the W 141y which falls
in the “area” which may be represented (sort of) by the
intersection of the dotted circle (p(€) = const.) and the
ellipse E = const. are certainly accepted. Only some of
the other W 4.1y — from the rest of the circled area —
are accepted. As the (hyper) volumes of the two areas
(of certainly acceptance, respectively partial acceptance)
are proportional with the weight space dimensionality the
algorithm slows more around local minima in the highly
dimensional spaces, i.e. the problem worsens with the
increase of weights number.

[ ]15.9 Minimum Description Length

Let consider that a “sender” wants to transmit some data D to a “receiver” such that the 0O D

message have the shortest length possible. Beyond of the simple method of sending the

data itself; if the quantity of data is sufficiently large then there is a possibility to shorten the

message by sending a model M of the data plus some information regarding the difference

between the actual data set and the generated (by the model) data set. In this situation

the message length will be the sum between the length of the model description L(M) and

the length of the difference L(D|M), which is model dependent: 0 L(M),
L(D|IM)

message length = L(M) + L(D|M)

The L(M) quantity may also be seen as a measure of model complexity (as the more
complex a model is the bigger its “description” is) and the L(D|M) may also be seen
as the error of model (difference between model output and actual data target). The the
message length may be written as:

message length = model complexity + error (15.39)

The more complex the model is, i.e. L(M) is bigger, the more accurate its predictions are,
and thus the error L(D|M) is small. Reciprocally a simple model, i.e. L(M) small, will

159See [Bis95] pp. 429-431.
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generate many errors, leading to a large L(D|M). This reasoning involves that there should
be an optimum balance (tradeoff) between the two, resulting in a minimal message length.

For some variable z the information needed to be transmitted is — In p(x) where p(z) is the
probability density?®. Then:

message length = —Inp(M) — In p(D|M)

where p(M|D) is the probability

and by using the Bayes theorem: p(M|D) = % (

density for the model M, given the data D) it becomes:

message length = —Inp(M|D) — Inp(D)
Let consider that the model M represents a neural network. Then the message length
becomes the length of the weight vector and data, given the specified model, L(W, D|M).
The model complexity is measured by the probability of the weight vector given the

model —Inp(W|M) and the error is calculated given the weight vector and the model
—Inp(D|W, M). The equation (15.39) becomes:

L(W,D|IM) = = lnp(W|M) — In p(D|W, M) (15.40)

To transmit the distributions, both the sender and receiver must agree upon the general
form of the distributions. Let consider the weight distribution as a Gaussian with zero mean
and 1/« variance:

p(WIM) = (%)NTW exp (=5 I1WP°)

and the error distribution as a Gaussian centered around data to be transmitted. Assuming
one output for network y and P number of targets {¢,} to be transmitted then:

£ P
PO M) = (4) oo [—g S lutx,) - tpP]

The message length becomes the sum-of-squares error function with the weight decay reg-
ularization factor:

ﬂ P
HDIM) = 53 ) ~ b + 2w

D15.10 Performance Of Models

15.10.1 Risk Averaging

Given a input vector x, a classifier M will categorize it of class Cj, for which the posterior
probability is maximum (according to the Bayes rule?!) P(Cy|x) = max P(C¢|x). Then the

20See chapter “Error Function”, section “Entropy”.
15.10.15ee [Rip96] pg. 68.
21See chapter “Pattern Recognition”.
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probability of the model to make a correct classification equals to the probability of the class
chosen (according to the Bayes rule and for given x) to be the correct one, i.e. its posterior
probability:

Pcorrect(x) = P(CHX) = g{m?'XP(CdX)}

(as the posterior probability is also W -dependent, and T¥ have a distribution associated,
the expected value of maximum was used).

The probability of misclassification is the complement of probability of correct classification:

Pmc(x) =1~ Pcorrect(x) =1- 5{m?XP(C[|X)}

The above formula for misclassification does not depend on correct classification of x and
then it may be used successfully in the situations where gathering raw data is easy but the
number of classified patterns is low. This procedure is known as risk averaging.

K
As the probabilities are normated, i.e. Y, P(Ci|x) = 1 then the worst value for max P(C¢|x)
k=1

is the one for which P(Cy|x) =1/K,Vk =1, K, and:
> 1
(E{l—m?xP(CAx)}) < (1— E) E{l—m?XP(CAx)}

The variance?? of max P(Ce|x) is:
V{mlaxP(Ci|x)} =&{[(1- m?xP(Cdx)) -&{1- m?xP(Cdx)}]Z}

=&{(1- max P(Ce|x))?} — [5{1 - m?XP(Cdx)}

< (1 - %) Prc(x) = Pac(x)

|:| Remarks:

O In the process of estimating the probability of misclassification is better to use
the posterior class probability P(Cr|x) given by the Bayesian inference, rather
than the one given the most probable W set of parameters, because it takes
into account the variability of W and gives superior results especially for small
probabilities.

22Variance of a random variable  being defined as V{(z — £{z})?}.

risk averaging






CHAPTER ]_ 6

Tree Based Classifiers

D16.1 Tree Classifiers

The decision trees are usually built from top to bottom. At each (nonterminal) node a  leaf
decision is made till a terminal node, named also leaf, is reached. Each leaf should contain

a class label, each nonterminal node should contain a decisional question. See figure 16.1

on the following page.

The main problem is to build the tree classifier using a training set (obviously having a
limited size). This problem may be complicated by the overlapping between class areas, in
which case there is noise present.

The tree is build by transforming a leaf into a decision making node and growing the tree
further down — this process being named splitting. In the presence of noise the resulting  splitting
tree may be overfitted (on the training set) so some pruning may be required.

|:| Remarks:

00 As the pattern space is separated into a decision areas (by the decision boundaries)
the tree based classifiers may be seen as a hierarchical way of describing the
partition of input space.

O Usually there are many possibilities to build a tree structured classifier for the same
classification problem so an exhaustive search for the best one is not possible.

16.1Gee [Rip96] pp. 213-216.
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Gini index

from previous level

decision making node

Figure 16.1: The tree based classifier.

[ ]16.2 Splitting

In general the tree is build considering one feature (i.e. component of the input vector) at a
time. For binary features the choice is obvious but for continuous ones the problem is more
difficult, especially if a small subset of features may greatly simplify the emerging tree.

16.2.1 Impurity based method

One method of deciding over the splitting method (feature selection and decision boundaries
among features) is to increase “purity”, i.e. the pattern vectors who passes trough new
build path should be, with greater probability, from some class(es) (rather than other).
Alternatively the target is to decrease “impurity” which is easier to define in quantitative
terms.

Impurity i(n) at the output of node n should be defined such that is zero if all P(Cy,|x) are
zero except one (which will have the value 1, due to normalization) and be maximum if all
P(Ci|x) are equal. Two definitions of impurity are widely used — the probabilities refer to
the current node n:

K
e Entropy: i(n) = — Y P(Ck|x)In P(Ck|x).
k=1

Because IlgimOPlnP = 0 (by L'Hospital rule), In1 =0and P <1 = InP <0, then
—
the defining conditions for impurity are met.

K K
e Giniindex: i(n) = 5. P(Cglx) P(Celx) =1— 5 P?(Ck|x)
ké;:kl k=1
2

K
(last equality derived from normalization condition, squared, i.e. (Z P(Ck|x)> =1).
k=1

1625ee [Rip96] pp. 216-221.
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The average decrease in impurity after splitting by feature z is:

_Ai(n) = / (@) i(n) dz

X
such that usually the algorithm building the tree classifier will try to choose that feature
who maximize the above expression.

The average impurity of the whole tree may be defined as
K
itree = »_ qri(k) (16.1)
k=1

where ¢, is the probability of a pattern vector reaching leaf k (assuming that the final tree
have a leaf for each class).

16.2.2 Deviance based method

Another approach to the building of the decisional tree is to consider is as a probabilistic
model. Each leaf k& may be associated with a distribution which show the probability that
a pattern reaching the node is of some particular class, i.e. P(Cy, k).

Considering P(n) the probability of a pattern to reach node n then the conditional proba-
bility density p(C¢|n) is:

P(Com) =P P = P(Cdn) = T (16.2)

Also, taking the number of patterns (from the training set), arriving at leaf %k and of class
Cy, as being Py, then the likelihood of the training set is:

K K

¢ = [T TTiPcdrnr

k=1 =1
The deviance! is:

K K
Diree = 2 (In L)sor pertect —2InL =Y Dy where Dy = =2 Py In P(Cilk) (16.3)
model =1 —1

because for the perfect model p(C¢lk) = 1 for Pie > 0 and equals zero otherwise (and
lin%)xlnm = 0) and thus the deviance term associated with the perfect model cancels.
z—

If the total number of patterns arriving at leaf k is P, then an estimate of p(C¢|k) would
be p(C¢|k) = Pre/Pr. (also from (16.2): p(C¢, k) x Npe, p(k) o Ni), note also that the
training set is assumed to be a unbiased sample from the true distribution). From (16.3),

1See chapter “Pattern Recognition” for the definition.

O qx

O Pre
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0T, R(T),
S(T)

0 a, Ra(T)

O T(w)

K
and using Y Py = Py:
k=1

K K

Dyree = 2 ZPk In P, — Z Preln Py
k=1 lk=1

Considering the tree impurity (16.1) then ¢ would be g = P;/P and for the entropy
impurity:

Pu | Pu N PP, P Dyee
S0 L SRR o IS

and so the entropy and deviance based splitting methods are equivalent.

|:| Remarks:

O In practice it may well happen that the training set is biased, e.g. it contains a
larger number of examples from rare classes than it would have been occurred
in a random sample. In this case the probabilities P(C,|k) should be estimated
separately. One way to do this is to attach “weights” to the training patterns
and consider Py, Py, and P as the sum of “weights” rather that actual count of
patterns.

O If there are “costs” associated with misclassification then these may be inserted
directly into the Gini index in the form:

K
= Y CreP(Cilx) P(Celx)
k=1
k#£¢C

where Cp¢ is the cost for misclassification between classes Cr and C;. Note
that this leads to completely symmetrical “costs” as the total coefficient of
P(Cr|x) P(Ce|x) (in the above sum) is Ci¢ + Cy. Thus this approach is in-
effective for two class problems.

[ ]16.3 Pruning

Let R(T) be a measure of the tree T such that the better T is the smaller R(T") becomes
and such that it have contributions from (and only from) all (its) leaves. Possible choices
are the total number of misclassification over a training/test set or the entropy or deviance.
Let S(T') be the size of the tree T proportional to the number of leaves.

A good criterion for characterizing the tree is:

R,(T)=R(T)+ aS(T) (16.4)
which is minimal for a good one. « is a positive parameter that penalizes the tree size; for
a = 0 the tree is chosen based only on error rate.

For a given R, (T") there are several possible trees, let T'(a) be the optimal one.

16:3See [Rip96] pp. 221-225.
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Let consider a tree T' and for a non-leaf node n the subtree T}, having as root the node n.
Let g(n,T) a measure of reduction in R by adding T, to node n, relative to the increase
in size:

R(n) — R(Ty)

90uT) = 55

(16.5)

S(n) is the size corresponding to one node n, it is assumed that S(7),) represents a subtree
with at least two nodes (it doesn't make sense to add just one leaf to another one) and
thus S(T,) > S(n). R(n) is the measure R of node n, considering it a leaf.

From (16.4): R,(n) = R(n) + aS(n) and R.(T,,) = R(T}) + aS(T,,) and using (16.5)
then g(n,T) may be written as:

R.o(n) — Ry (Ty)

T) = 16.6
As the denominator is always positive then:
gn,T)>a < Ry(n) > Ro(Th) (16.7)

Proposition 16.3.1. Let consider a tree T' and number its nodes from bottom up such that
each child node have a number label smaller than its parent node. Let visit each node in its
number order (i.e. from bottom up) and prune at the current node n if Ry(n) < Ro(T),)
where T" is the current tree. After visiting all nodes the result is T'(«).
Proof. It is demonstrated by induction.
For the unpruned tree T all leaves are optimally pruned.
Let consider a current node n. This one is either pruned with the value R (n) or is not, in which case

Ra(T})= Y Ra(Tg) < Ra(n)

branches B

the sum being done over all branches B of node n.

But if it is not pruned then it's not possible to have a tree T}/ with a smaller R, because in this case it will
be (at least) one branch B such that R, (Tj) < Ra(Tj) and thus T;, wouldn't be optimally pruned; i.e.
if the tree is not pruned at node n then the whole subtree (from node n downwards) is optimally pruned.

After analyzing the last node, which (according to the numbering scheme) is the root of whole tree, the
tree is optimally pruned. O

Proposition 16.3.2. Let «; be the smallest value of g(n,T') for any non-leaf node of T.
The optimally pruned tree is either T for o < «y or T'(«1) obtained by pruning all nodes
with g(n,T) = ay.

Proof. «j is chosen such that a1 = ming(n,T) < ¢g(n,T), Vn non-leaf node.
n
Let consider the first case when a < ai. But then a < g(n,T') for all non-leaf n and thus from (16.7) it

follows that R (n) > Ra(T%) for all non-leaf nodes and according to the previous proposition no pruning
is performed and the tree is T'(cv).

Considering the second case, after pruning all nodes with g(n,T’) = a1 = ming(n,T’), for all non-terminal
n

nodes left in the tree: g(n,T) > a;. This means that, according to (16.7), Ra,(n) > Ra, (Tn) and, by
using previous proposition, no node pruning takes place and the tree is T'(a). O

Proposition 16.3.3. For 8 > «, T(B) is a subtree of T'(«)

uT,

oT

Da1
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Proof. It will be shown by induction that 75, (3) is a subtree of T}, («) for any node n and thus for the root
node as well.

The proposition is true for all terminal nodes (leafs).

It have to be shown that if Ro(n) < Ra(Tn) is true then Rg(n) < Rg(Th) is also true and thus when
pruning by the method described in the first proposition (above) then T'(«) will contain T'(3).

From (16.4):

{Ra(n) = R(n) + aS(n)

Ry(n) = R(n) + 8S(n) = 10 = Ral(m)+ (5 =a)Sn)

and also (the same way)

= Rg(Th) = Ra(Th) + (8 — ) S(Th)

Ra(Tn) = R(Ty,) + aS(Ty,)
Rg(Tn) = R(Tw) + BS(Tn)

and by subtracting the above two equations:

Rg(n) — Rg(Tn) = [Ra(n) — Ra(Tw)] + (8 — a)[S(n) — S(Tw)] (16.8)

Considering R (n) < Ra(Tn) and as 8 > « and S(n) < S(Tn) then Rg(n) — Rg(Tn) < 0. O

The last two propositions show the following:

There are a series of parameters a; < ay ... found by ordering all g(n,T'). For each
(ai—1, ;] there is only one optimal tree T'(c;).

For j > i the T'(«j) is embedded in T'(a;) (as a; > «; and by applying the last
proposition).

[ ]16.4 Missing Data

One of the advantages of the tree classifiers is the ease by which the missing data may be
treated.

The alternatives when data is partially missing from a pattern vector are:

“Drop”. Work with the available data “pushing” the pattern down the tree as far as
possible and then use the distribution at the reached node to make a prediction (if
not a leaf, of course).

Surrogate splits. Create a set of surrogate split rules at non-terminal nodes, to be
used if real data is missing.

Missing feature. Consider the “missing” as a possible/supplemental value for the
feature and create a separate branch/split/sub-tree for it.

Split examples. When an pattern vector (from the training set) reaches a node where a
split should occur over its missing features then it is split in fractions over the branches
nodes. Theoretically this should be done using a posterior probability conditioned on
available data but this is seldom available. However it is possible to use the probability
of going along (the node's) branches using the (previous) complete (without missing
data) pattern vectors.

164See [Rip96] pp. 231-233.



CHAPTER ]_ 7

Belief Networks

[ ]17.1 Graphs

Definition 17.1.1. A graph is a collection of vertices and edges.

The vertices represent (in the context of belief networks) a set of random variables (each
drawn from some distribution).

A edge represent a pair of distinct vertices.

If the pair is ordered then the graph is directed, otherwise the graph is undirected. For
the ordered edges, the first vertex is named parent and the second child.

The graphs are represented visually by using nodes for vertices and connecting lines for
edges, ordered edges are shown using arrows. See figure 17.1 on the next page.

Definition 17.1.2. A path is a list of vertices each of them being connected trough an
edge. A cycle is a path which ends on the same vertex where it started and do not go
trough a vertex more than once.

A subgraph is a subset of vertices (from the same graph) together with all edges connecting
them.

A (sub)graph is connected if there is a path for every possible pair of vertices.
A (sub)graph is complete if every possible edge is present.
A maximal complete subgraph (of a graph) is named clique.

Definition 17.1.3. A tree is a connected graph with no cycles. A directed tree is a con-
nected directed acycled graph, abbreviated DAG.

A directed tree have the property that there is a vertex, named root, such that there is a

17.15ee [Rip96] pp. 243-249.
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O
Figure 17.1: A graph. The one represented here is unconnected, have
a cycle and one ordered edge (shown by the arrow).
root directed path from the root to any other vertex and any vertex except root have exactly
one incoming edge (arrow), i.e. have just one parent.
ancestral Definition 17.1.4. An ancestral subgraph of a directed graph contains all the parents of
subgraph its vertices, i.e. it contain also the root (which have no parent).
polytree A polytree is a singly connected graph, i.e. there is only one path between any two vertices.
17.1.1 Markov Properties
ag,v Definition 17.1.5. Let consider 3 subsets of vertices: A, B,C C V', where V is the whole
set of vertices of graph G. Then C separate A and B in G if any path from any vertex in
A to any vertex in B have to pass trough a vertex from C'.
Owu Let x4 be the set of (random) variables associated with A and similarly xg, xc. Then the
conditional independence of x4 and xp, given x¢, is written as:
XA UL Xg|xc or (in short) A u B|C
0 A€, 04 Definition 17.1.6. Let A® be the complementary set of A vertices, i.e. A =V \ A. The
boundary boundary of A, notated DA is the set of all vertices from A® who are connected to a vertex

Markov properties

0 ¢o(xc)

in A trough an edge.
Definition 17.1.7. The following Markov properties are defined:
1. Global: if, for any subsets A, B and C of vertices, it is true that x4 1 Xg|Xc.

2. Local: if, for some subset A the conditional distribution of x4, given Xy\{au0a}
depends only on xp4, i.e. X4 1L Xy\[auna}|Xoa. Otherwise said, the x 4 variables
and those not directly connected to them, are conditionally independent.

3. Pairwise: if, for some subsets A and B, x, and xg are conditionally independent
given all other (stochastic) variables and there is no edge from A to B.

Proposition 17.1.1. 1. Let consider a set of (random) variables defined on the vertices of
a graph G. If the graph have the pairwise Markov property then there exists a set of positive
functions pc(x¢), defined over the cliques of G, symmetric in their arguments, such that

Pxy) o [ velxe) (17.1)

cliqgues C

1711See [Rip96] pp. 249-252.
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i.e. the probability of the graph random variables to have the values xy (all values are
collected together into a vector) is proportional to the product (over its cliques) of functions
pc (the values of components of x¢ are the same with the corresponding components of
Xy, vertex wise).

2. If P(xy) may be represented in the form (17.1) then the graph have the global Markov
property.

Proof. 1. It is assumed that for any vertex s of G the associated variable may take the value 0 (this can
be done by some “re-labeling” procedure if it's not true initially).

It will be shown by induction over the size of an subgraph A = {vertex s|zs # 0} C V.

The desired probability is built in the form:

P(xy) = P(xy =0) [] ec(xc) (17.2)

where ¢ is defined recursively as:

(17.3)

and for the empty set D = ) = ¢p(0) = 1 (the sum over D being done for all strict subsets of C). Also
pc =1 for C non-complete.

Now, for the cases when A = ) and A contains just one vertex, equations (17.2) and (17.3) gives the
identities P(0) = P(0), respectively P(x4) = P(x4,%4c = 0). so (17.1) holds.
The (17.2) and (17.3) equations are condensed to:

P(x¢,xgc = 6)

P(x4) = P(0 —
(xa) ( )01;[/4 P(x4 = 0) DI;IOLPD(XD)

If A is complete then any of its subgraphs is also part of one of its cliques, so the above equation may be
written in the form (17.1). So the proposition also holds for A complete.

Let assume that (17.1) holds for non-complete A having ¢ vertices and let study a new A with i+ 1 vertices.
As A is not complete then it is possible to write A = B U s Ut where B is a subgraph of A havingi — 1
vertices and s and t are not neighbors (there is no edge (s,t)), i.e. s 1 z¢[xB,%x4c. Also:

P(xv) = P(xp,s,7t,X yc = 0)

P(z¢|xB,zs, X 4c :6)
P(:Et = 0|XB,1'5,XAC = 6)

= P(xp,Ts,z¢t = 0,x4¢c = 6)

and considering the conditional independence of s and ¢ then:

P(x¢|xp,xs = 0,x4c = 0)

I
o

P(xy) = P(xp,xrs,xt = 0,X 4¢ —
( ) ( s sy s A P(thO‘xB,CUSZO,XACZO)

P(z¢,xB,%s = 0,x4c = 0)

= P(xp,xrs,rt = 0,%x c=0 =
( s A )P(It:(]:xB;ms:O,XAC:O)

By using (17.2) (supposed true, induction):

P(xp,ms = 0,0t = 0,x 40 =0) = P(xy =0) [] vc(xc) for xgo =0
CCB
P(xp,xs,xt = 0,x,4¢c = 6)) = P(xy = 6) H vo(xc) for X{BUs}C = 0
Ccc{BUs}

P(xp,zs =0,z¢,X4c = 6)) = P(xy = 6) H oo (xc) for X{But}c =0
Cc{BUt}
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chain

and then:

o (xcr)
o c{BUt}

M _won(xcr)
c'"cB

P(xy) = P(xy =0) H vo(xc)
Ccc{BUs}

As a complete subgraph C of A cannot contain both s and ¢ vertices (because the is no path between them)
then the P(xy ) can be finally written as:

Pr(xy) = Pr(xy = 0) H vo(xc)
Cc{BUsUt}

which shows that the A subgraph of size ¢ + 1 may be written in the same form as the A subgraph of size ¢.
2. It is assumed that (17.1) is true. For an subgraph A C G:

P(xv)

P(xv) = P(xalxsc) P(xqc) = P(xalx,c)= P(x40)

For P(xy ) the formula (17.1) may be used directly, for P(x 4c), as only x 4c is fixed and x4 may take
any value, a sum over all x4 values is to be performed:

vo(xo)
wo(xc) cliques CCG
P( ‘ ) cliques CCG CNA#D
XA|Xpc) = =
4 > II ecxc) X I[1 ¢clxc)
x4 cliques CCG XA cliques CCG
CNA#D

because, at the denominator, the terms corresponding to cliques C' disjoint from A (i.e. CN A = @) may be
extracted as a common multiplicative factor (of the sum) and then canceled with the corresponding terms
of the numerator.

C'is a clique and some of its vertices are in A. Then C C {A U JA} (assume by absurd that there is a
vertex s € A and s € C and another one t ¢ {AU A} and t € C; as s,t € C and C is complete then
the edge (s,t) does exists, then t € {A U &A}, contradiction). This means that the right-hand part of the
above equation is in fact just a function of x4u94, i.e. P(xa|x4c) = P(xalx54)-

Let be A, B, C such that C separate A and B. Let B’ be the set of vertices which may be reached from B
using a path not going trough C, thus B C B’, and let D = {B' UC}C. Then B’, C and D are disjoint
by construction (i.e. B NC =0, BBND=0and CND=0).

As A is separated from B by C, while B’ is not, then no vertex from A may be in either C or B’ thus
ACD.

By construction B’ UC U D = Vg (and they are disjoint). Also as B’ is formed by all vertices which may
be connected trough a path not passing trough C then B’ and D are separated by C, i.e. B’ 1 D|C and,
as AC D and B C B’ then A 1 B|C and thus the global Markov property. O

17.1.2 Markov Trees

Considering a tree, there is a unique path between each node; an undirected tree may be
transformed into a directed one by choosing any vertex as root and then ordering the edges
as to have the same direction as the paths leading from root to other vertices.

The simplest tree is the chain, where each vertex have just one parent and one child, and
each vertex splits the graph in two conditionally independent subgraphs.

|:| Remarks:

[0 Markov chains may be used in time series and conditional independence in this
case may be expressed as “past and future are independent, given the present”.

171.25ee [Rip96] pp. 252-254.
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Let consider that, for directed chains, each vertex is labeled with a number such that for
each ¢ its parent is ¢ — 1, the root having label 1. Then the probability of the whole tree is:

P(xv) = P(z1) HP(I'”-Tifl,i;él)

(the root doesn't have a parent and thus its probability is unconditioned).
For directed trees the above formula is to be slightly modified to:

P(xy) = P(zy) H P(x;|z;,j parent of 4)

i

Let consider a vertex t and its associated random variable ;. Let consider that the parent
(ancestor) of ¢ is s and the associated z; may take the values x; € {z51,...}. Then the
the distribution of z; is p; expressed by the means of distribution ps at vertex s:

Zps xsz xt|xsz)

(the sum being done over the possible values for ). Thus, given the distribution of root,
the other distributions may be calculated recursively, from root to leafs.

Let E, be the events on the descendants of s, E all other events and E;, = E; U E.
The distribution p,(z5) = P(zs|Es) is to be found (i.e. given the values for some random
variables at the vertices of the graph the problem is to find the probability of a random
variable taking a particular value for a given vertex). Then (using Bayes theorem):

P(zs|Es) = P(~TS|ES_:E:_) X P(Es_|wS:E:_) P(£S|Ej)
and, as E; u Ef|xs then P(E] |z, Ef) = P(E] |z5) and:
P(zs|Es) oc P(E] |s) P(£S|E:_)

The first term is:

1 if s have no children
P(E; |zs) = [1 P(E; |zs) otherwise
ciIdrfen t
or s

where P(E, |zs) = > P(E; |xt) P(2z¢|zs).

For the other term, 5 is conditionally separated from E by its parent r:

P(z,|Ef) = ZP (zs|z,) Pz, |ES)

(the sum being done over all possible values for ,.). The restriction over the possible values
of z, are given by E} trough Ef and E_; where ¢ is any child of r, except s.

P(z,|E}) = P(z,|E}) ] P(E] |2,)

and finally the ps(zs) may be calculated by using the above formulas recursively.

0O E;, B}, E
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triangulated graph

join tree

oS,

O H;, R;

17.1.3 Decomposable Trees

Definition 17.1.8. A graph is named triangulated (or chordal) if every cycle of four
vertices/edges or more have a chord, i.e. an edge connecting two non-consecutive vertices.

Definition 17.1.9. A join tree is the tree associated with a graph, having its cliques as
vertices. The vertices of the tree are connected in such a way that if all cliques containing
one vertex of the graph are removed, the join tree remains connected.

Considering a join tree and two cliques containing the same vertex (of the graph) then all
cliques sitting on the path, in the join tree, between the two contains the vertex.

For a triangulated graph, the join tree may be built according to the following procedure:

1. Numbering the graph vertices: Starting at any point, number the vertices of the
graph by maximum cardinality search, i.e. number next the vertex with the maximum
number of already numbered neighbors.

2. Starting with the highest numbered vertex, check if all its lower numbered neighbors
are also neighbors between them. If they are then the original graph is triangulated;
if they aren’t then by adding missing edges the graph may be triangulated.

3. Identify all cliques and order them by the highest numbered vertex in the clique.

4. Build the join tree by connecting each clique with a predecessor which have the most
common vertices.

The above building procedure ensures also that the (unique) path (in the join tree) from
clique C; to some C}; passes trough cliques having increasing order numbers.

For i > 2 let Cj(;) be the parent of C; in the join tree. Let S; = C; N (C1 U...UCi_y).
Then SZ C C](z)

Proof. As Cju) is one of C1,...,C;_1 then S; contains all vertices of C; N Cj(i)- There is not possible to
have a vertex s such that s € C; N C}, and k # j(i) and s & Cj(;) because of the way the join tree is built
(steps 3 and 4). Alternatively: as s € C; N Cy, then s is contained by each clique in the path between C;
and C}, (by direct consequence of the definition, see above) and the path must go trough Cj;), the parent
of C;, as is a path in a tree and by the way the clique have been numbered, C}, lies somewhere above C;
(on the way to root) or on another tree. |

Let H;=C,U...UC;_y and R; = C; \ S;. Then OR; N H; is a complete subgraph.
Proof. Let consider a vertex s from OR;, then either s € C; or s € S;.

Now, let consider an s € 9R; N H;. From the previous reasoning, either s € C; N H; = S,
or s € S;NH; CS;. In either case s € S; C Cj ) which is complete. O

Proposition 17.1.2. S; separate R; from H; \ S;, i.e. R; u (H; \ S:i)|S;.
Proof. Let consider a path P from R; to H; which contains a vertex s € Rj fora j >iand s € |J Ry

k>j
(it may happen that there is no k > j).

Let r and ¢ be two vertices before and after s, in the order of numbering given by the procedure of join tree
building, such that r,t ¢ R; but they are on P and r € R; and t € H; (P starts somewhere in R; and
ends on H;).

By the way of selecting r and ¢ and also from the numbering procedure, r,t € OR;. Being in the vicinity
of R; then r, t are either in S; C Hj or in 9C; C H;. Thus r,t € OR; N Hj. As OR; N H; is complete
then the edge (r,t) does exists.

17.13See [Rip96] pp. 258-261.
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If the (r,t) edge exists then r and t should be members of the same clique Cy. As r € R; then k > i and
asr,t € Hj then k < j.

If kK > 4, as H, C Hj, then r,t € Cp N H, C Cy, where £ > k. Repeat this procedure as necessary,
considering C; instead of Cy, till £ =i and thus t € C; N H; = S;, i.e. S; separates R; and H; \ S;. O

Proposition 17.1.3. A distribution which is decomposable with respect to a graph G can
be written as a product of the cliques C; of G divided by the product of the distributions
of their intersections S;:

o) =L

known as the set-chain/marginal representation. If any denominator term is zero then the
whole expression is considered zero.

Proof. For a given j: U R; = J C; = H;
i<j i<j

and then P(xv) = [[ P(xg;|XR,,--- »XRr;_,) = [ P(zr;|xm;) and, as xg, u xp,|xs, (see proposi-
i i

tion 17.1.2), then P(xy) = [] P(xg, |xs;)-
i

C; = R; US; and then P(x¢,;) = P(xg;,Xs;) = P(xg;|xs;) P(xs;) and the final result is obtained by
replacing back into P(xy). O
Proposition 17.1.4. Let consider the sets of cliques C'4 and C'g, in the join tree, separated
by Cc. Considering that C'4 contains the set of vertices A, C'g contains B and C¢ contains
the set of vertices C, then x4 1 Xp|xc, i.e. A and B are separated by C.

Proof. It is first proven, by contradiction, that C separates A\ C and B\ C on G.

Let consider that there is a path from vg € A to v, € B, passing trough vertices vy,... ,vp—1 € C.

Let consider that vg € Cy € 5,4 (where Cq is some clique containing vp). Let consider some vertex v;
such that v;_1,v; € C; (some Cj, note that (v;_1,v;) is an edge so there some clique containing it). As

vj_1,v; € C then Cj_1,C; ¢ Cc. Then, in the join tree, the path C;_; to C; do not pass trough 5(;,
as all contain the v; vertex (by the way the join tree was built).

In this way, by repeating the procedure (with vj_», v;_1, e.t.c), it is possible to build a path from 6’,4 to
Cg not passing trough 5( Contradiction.

Finally, by using the global Markov property, the proposition is demonstrated. O

|:| Remarks:

O Instead of working of the original graph G, it is possible to work on triangulated
G* (obtained from G by the procedure previously explained). o gt

As G* have all edges of G plus (maybe) some more then the separation properties
on G2 hold on the original G.

|:| 17.2 Casual Networks

Basically the casual networks are represented by DAG’s. The vertices are numbered accord-
ing to the topological sort order, i.e. each vertex have associated a number i grater than

1725ee [Rip96] pp. 261-265.
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recursive model

moral graph

the order number of its parent j(i). Then, considering the graph, the probability of xy is:
P(xy) = P(z1) [ | P(@ilzjcs)) (17.4)
i>1

(of course the root having no parent its distribution is unconditioned). The directions being
from root to the leafs this also means that:

Ty 1 zilwy)  for k<

the DAG having the above property being also named a recursive model.
Definition 17.2.1. The moral graph of a DAG is build following the procedure:
1. All directed edges are replaced by undirected ones.
2. All the (common) parents of a vertex are joined by edges (by adding them if necessary).

Proposition 17.2.1. A recursive model on a DAG have the global Markov property and a
potential representation on its associated moral graph of the form (17.1).

Proof. The potential representation is built as follows:

1. The potential of each clique is set to 1.

2. For each vertex 4, select a clique (any) which contain both i and its parent j(¢) and multiply its
potential by P(xz;|x;;))-

In this way the expression (17.4) is transformed into a potential representation of the form (17.1). By using
proposition 17.1.1 it follows that the graph have the global Markov property. O

|:|17.3 The Boltzmann Machine

The Boltzmann machine have binary random variable associated with the vertices of a graph
completely connected. The probability of a variable z; associated to vertex i is obtained
considering a regression over all other vertices. The join distribution is defined as:

1
P(xy) = Z exp Z (A where 7 = Zexp Z (A

4,3, <] Xv i,3,1<j

the parameters w;; are the “connection weights”, symmetric (w;; = wj;); Z is the normal-
ization constant (obtained from > P(xy) = 1).

Xv
The Boltzmann machine learns the join distribution of some inputs x; and outputs xy; some
vertices x g are “hidden”. The join probability over (given) input and output xg = x;Uxy
is obtained by summation over all possibilities for the hidden vertices:

P(xs) =) P(xv)

1735ee [Rip96] pp. 279-281.
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The problem is to find the weights w;; given the training set. This is achieved by a gradient
ascent method applied on the log-likelihood function:

L= Z In P(xy) = Z In Zexp Z Wi T —InZ

training training XH i,J,1<j
set set

The derivative of In Z is:

omnz 1

—8wij = - Zl’il’j exp Z ‘wijl’il‘j = P(l'z =1l,z; = ]_)
xv 1,5, <]

as all terms for which 2; = 0 or «; = 0 cancels.

Considering L1, the contribution of just one training pattern to the log-likelihood function
then:

Sxixjexp | > wiixix;
0Ly  xm Y hici O0lnZ

8wij o B 6wij
Sexp| Y wijmiz;
xH

.3, 1<j

=P(x; =1,2; =1|xg) — P(z; = 1,z = 1)

and for the whole log-likelihood:

= Z [Pr(z; = 1,z; = 1|x5) — Pr(z; = 1,z; = 1)]

training
set

8wi]~

|:| Remarks:

O To evaluate the above expression there are necessary two simulations: one for
P(z; = 1,z; = 1) and one for P(z; = 1,z; = 1|xg) (with “clamped” inputs
and outputs). The resulting algorithm is very slow.

O Ly
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CHAPTER ]_ 8

Matrix Operations on ANN

[ ]18.1 New Matrix Operations

As already seen, ANN involves heavy manipulations of large sets of numbers. It is most
convenient to manipulate them as matrices or vectors (column matrices) and it is possible
to write fully matrix formulas for many ANN algorithms. However some operations are the
same across several algorithms and it would make sense to introduce new matrix operations
for them, in order to avoid unnecessary operations and waste of storage space, on digital

simulations.
Definition 18.1.1. The addition/subtraction on rows/columns between a constant and a R R C O
vector or a vector and a matrix is defined as follows: O, e 9 0
a. Addition/subtraction between a constant and a vector:
R ~ ¢ ~
a®x’ =al” +xT adx=al+x
R ~ ¢ ~
aox’ =al” —xT aox=al —x

b. Addition/subtraction between a vector and a matrix:
TR g C = AT
x PA=1x"+ A xbA=x1"+4

R ~ C ~
xFoA=1xT-4 x0A=x1T—- 4

|:| Remarks:

O These operations avoid an unnecessary expansion of a constant/vector to a vec-
tor/matrix, before doing an addition/subtraction.

319
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OH

O The operations defined above are commutative.

0 When the operation involves a constant then it represents in fact an addi-
R
tion/subtraction from all elements of the vector/matrix. In this situation &

c R C
is practically equivalent with @ and © is equivalent with © (and they could be
replaced with something simpler, e.g. ® and ©). However, it seems that not
introducing separate operations keeps the formulas simpler and easier to follow.

Definition 18.1.2. The Hadamard product between a matrix and vector (row/column ma-
trix) is defined as follows:

R ~ c ~
xI'OA=1xT 0 A and x0A=x1To A

|:| Remarks:

[0 These operations avoid expansion of vectors to matrices, before doing the Hada-
mard product.

0 They seems to fill a gap between the operation of multiplication between a con-
stant and a matrix and the Hadamard product.

Definition 18.1.3. The (meta)operator H takes as arguments two matrices of the same
size and three operators. Depending over the sign of elements of the first matrix, it applies
one of the three operators to the corresponding elements of the second matrix. It returns
the second matrix updated.

Assuming that the two matrices are A and B, and the operators are o, [3 and 7 then
H{A,B,a,,v} = B, the elements of B' being:
Oé(bij) I'fai]' >0
b;J = ﬂ(bm) ifaij = 0
’y(bij) ifaij <0

where a;;, b;; are the elements of A, respectively B.

|:| Remarks:

O While H could be replaced by some operations with the sign function, it wouldn’t
be as efficient when used in simulations, and it may be used in several ANN
algorithms.

[ ]18.2 Algorithms

18.2.1 Backpropagation

Plain backpropagation
Using definition 18.1.1, formulas (2.7b) and (2.7c) are written as:

C I—
Vo E=cW)i Vo EQ 201 © (192041)| for (=1L —1
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¢ -
(VE)g:c{VZZEG)Z;;@(l@Zg)] -7y for ¢t =1,L

and equations (2.10b) and (2.10c) becomes:

C _
VaE=cW}, - [VzHlE@ZHl ©(lezp)| for=1,L—-1
o~ c
(VE),=c {VZZE ®z® (1o Zl):| "7, for ¢ =1,L

Backpropagation with momentum

Formulas (2.12a), (2.12b) and (2.12c) change to:

C C
(VE)Z,pseudo =c {VZ[E © |:Z[ © (1 © Z() &) Cf:| } . Z}ll

—~—

(VE)l,pseudo = {VZZE © |:fl(a€) ég cf:| } _2’}‘71

—_~—

¢ _c N
(VE) prent = ¢ {VZZE ® [Zf 01828 cf] } ar

Adaptive Backpropagation
From (2.13) and using definition 18.1.3, (2.14) is replaced by:

p(t) = H{AW (1) © AW (t — 1), u(t = 1), Z-,1-,D-}

SuperSAB

Using the H operator, the SuperSAB rules may be written as:

u(t) = H{AW (t) © AW (¢ — 1), u(t — 1), 7,7, D"}

AW (t+1) = —u(t) © VE — HIAW () © AW (t — 1), AW (£),= 0,= 0, —a-}

(note that the product AW (t) ® AW (¢t — 1) is used twice and it is probably better to

calculate it just once, before applying these formulas).

18.2.2 SOM/Kohonen Networks

The algorithms heavily depend over the dW/dt equation chosen to model the learning

process.

R
The trivial equation (3.1) is changed to: &Y = ax™ & 8.
ax’

. . . . dW _
The Riccati equation (3.5) becomes: - =

~ C
% =alxT — pae W).

R C
o (Wx) © W (see proof of (3.5),
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Uo

The more general equations (3.2.1) and (3.2.2):

dw

¢
e aWxx! —y(Wx) oW

R ¢
% =ax' Cy(Wx)OW and

The trivial model with a neuronal neighborhood and a stop condition (3.22) will be writ-
ten as:

c C R
W(t+1)=W(t) + 7(t)h(|xx) © T(x)R|) © <04XT o 5W>

|:| Remarks:

[0 The above equations are just examples. There are many possible variations in
SOM/Kohonen networks and it's very easy to build own equations, according to
the model chosen.

18.2.3 BAM/Hopfield Networks

BAM networks
The (4.3) formulas change to:

x(t +1) = H{WTy(t),x(t),= +1,=,= —1}

Y(t + 1) = H{Wx(t + 1)7Y(t)7 =+1,== _1}

and for working in reverse, (4.4) become:
y(t+1) =H{Wx(),y(t),=+1,=,= -1}
x(t+1) = H{W y(t + 1), x(t), = +1,=,= -1}
The final algorithm change accordingly.

Discrete Hopfield memory

Formula (4.6) transforms to:

y(t+1)=H{Wy(t) +x—t,y(t),= +1,=,=0}

Continuous Hopfield memory

(4.10) may be written as:

1 c c
v+ 1) =30+ [y +x - Teom (vo o 0 8y0)] oy 0 Sy

c
Here @ signify the element-wise division between y(¢) and 1©y(¢). The In function follows
the convention used in this book for scalar functions applied to vectors: it applies to each
vector element in turn.
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D18.3 Conclusions

The new matrix operations seems to be justified by their usage across several very different
network architectures. The table 18.1 shows their usage.

Operation  ANN architectures

SOM
momentum

backpropagation, momentum, SOM, continuous Hopfield

SOM
adaptive backpropagation, SuperSAB, BAM, discrete Hopfield

X Oa Or 0o ®a Om G=

Table 18.1: The usage of new matriz operations across ANN archi-
tectures.

R R
It may be seen that two operations, i.e. & and ® were not used in the ANN algorithms
studied here. However they were defined because:

e there are many other yet unchecked algorithms and they may find an usage;

e together with the rest of operations, they form a complete (symmetrical) system
allowing for a large variety of matrix/vector manipulations.

The fact that so different ANN architectures could be expressed in terms of fully matrix
equations strongly suggests that many other algorithms (if not all) may be converted to full
matrix formulas.

One other operator, the element-wise “Hadamard division” @, also seems to be useful; it
represents the “opposite” of Hadamard product, possibly filling a gap in matrix operations.

The usage of matrix formulas on numerical simulations have the following advantages:

e splits the difficulty of implementations onto two levels: a lower one, involving matrix
operations, and a higher one involving the ANNs themselves;

e leads to code reusage, with respect to matrix operations;

e makes implementation of new ANNs easier, once the basic matrix operations have
been already implemented;

o ANN algorithms expressed trough the new matrix operations, do not lead to unneces-
sary operations or waste of memory;

e makes heavy optimization of the basic matrix operations more desirable, as the result-
ing code is reusable; see [Mos97] and [McC97] for some ideas regarding optimizations;

e makes debugging of ANN implementations easier.
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In order to fully take advantage of the matrix formulas, it may be necessary to have some
supplemental support:

e scalar functions when applied to vectors, do in fact apply to each element in turn.

e some algorithms use the summation over all elements of a vector, i.e. a operation of
type xT1.



APPENDIX A_

Mathematical Sidelines

|:|A.1 Distances

A.1.1 Euclidean Distance

Let be two real vectors x, y € R™ of dimension n € N. Ox,y,n

The Euclidean distance d between the vectors x and y is defined as: Od

d=|x-yll=

Also, considering the vectors as column matrices then d = /xTy.

A.1.2 Hamming Distance

The Hamming space of dimension n is defined as:
H" = {x" = (21 ...z,) €ER"|2; € {-1,1}}

so in an Euclidean space the Hamming space can be represented as a set of 2" points at
equal distance from origin (corners of a hyper-cube).

The Hamming distance between 2 (Hamming) points x and y is defined as:

h=|x-yly= Zé(xi,yi) where  &(z;,y;) = { .
= 1 ifz; £y,
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Figure A.1: The generalized spherical coordinates. The angles 6; are
measured from the position vector of the point to the azes
of a Cartesian system of coordinates.

i.e. h represents the number of mismatched components of x and y.

|:| Remarks:

O For 2 Euclidean vectors x and y subject to the restriction that z;,y; € {—1, 1}

then (see (A.1)): (: — y:)® = {0 if 2 = y;

4 ifx; £y

|:|A.2 Generalized Spherical Coordinates

Considering an n-dimensional space it is possible to define the position of an arbitrary point
by the means of n angles and a distance: {6i,...,60,,r}. r represents the distance from
the (current) point to the origin of the coordinates system while the angles 6; are measured
between the position vector and the axes of a Cartesian orthogonal system. See figure A.1.

|:| Remarks:

O Note that the system {r,6;,6,} have n + 1 elements and thus the coordinates
are not independent.

By using repetitively the Pitagora theorem:

n
r[> = (rcos6i)? + -+ (reosfn)® = Y cos’f; =1
i=1
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[ ]JA.3 Properties of Symmetric Matrices

A matrix A is called symmetric if it's square (4;; = Aj;) and symmetric, i.e. the matrix is
equal with its transposed A = AT.

Proposition A.3.1. The inverse of a symmetric matrix, if exists, is also symmetric.

Proof. It is assumed that the inverse A—! does exist. Then, by definition, A—1A = I, where I is the unit
matrix.

For any two matrices A and B it is true that (AB)T = BTAT. Applying this result, it gives that
ATA-IT =T,

Finally, multiplying with A=!, to the left, and knowing that AT = A4, it follows that A=!T = A", O

A.3.1 Eigenvectors and Eigenvalues

Let assume that there are a set of eigenvectors {“i}i=1,_n and a corresponding set of eigen- [0 u;, \;
values {\;} such that

i=1,n’

Alli - )\illi , 1= l,TL (A2)

The eigenvalues are found from the general equation:
Ax=Xx & (A-X)x=0

If the matrix A — AI would have an inverse, then by multiplying the above equation by its

inverse it would give that x = 0, ie. all eigenvectors are zero. To avoid this situation is
necessary to impose the condition that A — A\l matrix is not inversable, i.e. its determinant
is null:

|A— M| =0

and this leads to the characteristic polynom of A, of the n-th degree in A, whose roots are

the eigenvalues. The set of {Ai}i:L—n is also named the spectrum of A.

Proposition A.3.2. If two eigen vectors are parallel then they represent the same eigen
value — assuming that they are non-zero.

Proof. Let assume, by absurd, that the above proposition is not true, i.e. there are two eigenvectors
u1 || u2 & u1 = aus, where « is a any non-zero constant, such that Au; = Aju; and Auz = Aau2 and

A1 # Ao
But then the following is also true: Au; = Aju; and Aau; = Azau; and, by subtracting the equations it
follows that 1 — e = A1 — aX2. Finally, for a = 1 it gets that the two eigenvalues are equal. O

The eigenvectors are defined up to a multiplicative constant; if a vector u; is an eighenvector
then the «;u; is also an eighenvector for the same eigenvalue (where «; is some constant).

Let consider two arbitrary chosen eigenvectors u; and u;. By multiplying (A.2) with u;.r

. _ . T.
and the equation Au; = Aju; with u;:

T oy T T ey — y 4T
ujAui—)\lujul and u; Au; = A\ju; u;

A3See [Bis95] pp. 440-443.



328

APPENDIX A. MATHEMATICAL SIDELINES

uavu

OA

Considering A is symmetric then uj Au; = uj Au; (using (AB)" = B"AT) and uju; =

uf u; (whatever u; and u;). By subtracting the two above equations:

(i = Aj)uju; =0

Two situations arises:
e )\ #)\j: Then ulu;, i.e. u; Lu; — the vectors are orthogonal.
e )\, = \;: by substituting \; and respectively \; in (A.2) and adding the two equation
obtained, it gets that a linear combination of the two eigenvectors au; + Su; is also

an eigenvector. Because the two vectors are not parallel u; }f u; then they define a
plane and, a pair of orthogonal vectors as a linear combination, of the two may be
chosen.

The same rationing may be done for more than 2 equal eigen values.
Considering the above discussion, then the eigenvector set {u;} may be easily normalized,
such that uw;u; = d;;5, Vi,j. Also the associated matrix U, built using {u;} as columns, is
orthogonal UTU = UUT =1, i.e. UT = U~! (by multiplying the true relation UTU = I,
to the left, by U™ 1).
Proposition A.3.3. The inverse of the matrix A have the same eigenvectors and the 1/)\;

eigenvalues, i.e. A™'u; = - u;.

Proof. By multiplying (A.2) with A~ to the left and A='A = I it gives u; = ;A" 1u;. a

|:| Remarks:

O The A matrix may be diagonalized. From Au; = A;u; and, by multiplying by
u;-f to the left: uJTAui = X;d;j, S0, in matrix notation, it may be written as
A1 - 0
UTAU = A, where A=[ - - - ). Then:
0 - Xn

UTAU| = [UT||A||U] = |UTU|A| = |1]|4] = |A] = |A| = [T
i=1

Proposition A.3.4. Rayleigh Quotient. For A a square matrix and any a vector, it is
true that:
aTAa
laf|?

g >\max

where Amax = max \; is the maximum eigenvalue; Euclidean metric being used here.
(2

Proof. The above relation should be unaffected by a coordinate transformation. Then let use the coordinate
transformation defined by matrix U. The new representation of vector a is then a’ = Ua and respectively
a'T =aTUT (use (AB)T = BTAT). The (Euclidean) norm remains unchanged ||a’||? = a’Ta’ = aTa =
[|a]|? (UTU = I). Then:

aTAa a’TAa’ aTUT AUa
Rz SAme @ g SAme & g S A
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and as UTAU = A then the above inequation is equivalent with:

aTAa = Z/\ia? < Amaxl|a]|? = Amax Za?
i i

which, obviously, is true. O
Definition A.3.1. A matrix A is positive definite if x* Ax > 0, Vx # 0.

From (A.2), considering a orthonormal set of eigen vectors and by multiplying to the left
by u} then \; = uf Au; and the eigen values are positive for positive definite matrix.

A.3.2 Rotation

Proposition A.3.5. If the matrix U is used for a coordinate transformation, the result is a
rotation. U is supposed normated.

Proof. Let X = UTx. Then ||X|]? = XTX = xTUUTx = ||x||? (use (AB)T = BT AT), i.e. the length of
the vector is not changed.

Let be two vectors X1 = UTx; and X» = UTx2. Then XxT%> = xTUUTx = x[x, i.e. the angle between
two vectors is preserved.

The only transformation preserving lengths and angles is the rotation. O

A.3.3 Quadratic Forms

A quadratic form of type: F(x) = x" Ax where A is an arbitrary square matrix.

By using the eigenvectors of A the function F(x) becomes:

F(x) =x"Ax =x"UUTAUU x = X"UTAUR = X"AX = ) N}

i=1
(because UUT =1, x = Utx and UT AU = A).
[ ]JA.4 The Gaussian Integrals
A.4.1 The Unidimensional Case
Let I = [ e=**de and then 12 = [ e=**dx [ e=V'dy = [[e=*+9")dS, where
—0o0 —0o0 —0o0 R2

dS = dz dy is the elementary surface.

2

By switching to polar coordinates, see figure A.2 on the following page, 2 + y? = r? and

dS = dr - r dy; then the integral becomes:

0o 27 e 1 0
I’ = // e’ dS = //e_rzrdrdcp = 27r/re_r2dr =27 (—5 e_’"2> =7
R2 0 0 0 0

A4See [Bis95] pp. 444-447.
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Figure A.2: Polar coordinates: The surface element dS.
Finally [ e *'de = /7 and [e " dz = ¥ because e~ is an even function (same
—00 0
value for z and —z).
A.4.2 The Multidimensional Case
Let I = [ exp (—%) dx where A is a n x n square and symmetric matrix and x € R”
RTL
(dx = dxq - dxo ... dxy).
Since A is symmetrical, it is possible to build a orthonormal set of eigenvectors {u;}, 7=
such that ulu; = §;; (see section A.3), and then the x vector may be written as x =
Z a;u;.
i=1
The change of variable from {z;},_17; to {a;};_1; is done. Then xT Ax = 3~ X;af, where
i=1
{/\i}i:L—n are the eigenvalues of A, and dx = ‘{%} do; ...day,.
ilij
O w; 32@ = u;j — where u;; is the i-th element of the vector u; — and, because the {u;},_

is orthonormal, then for the associated matrix U is true that UTU = T (the matrix is

8.ti
Doy

orthogonal, see section A.3) and the Jacobian determinant |J| = ‘{ }‘ becomes:
ij

TP =|UP =|UT||U|=|UTU|=|I|=1 = |J|=1

(the integrand exp (— "T;"‘) is positive over all space R, then the integral is positive and
then the solution |J| = —1 is not acceptable). Finally the integral becomes:
n o0 D n
)\ia% 2T
I= e —— | do; = —
LI [ e (57) =105
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Because |A| = H A; then I = (%2

A.4.3 The multidimensional Gaussian integral with a linear term

Let I = [ exp( xAx A" +c x) dx where A is a n X n square and symmetric matrix,

x € R" and ¢ € R" is a constant vector (dx = dz1 - dzs . . . dx,,).

Let {u;} be the set of orthonormated eigenvectors of A.

i=1,n

n

The ¢ vector may be written by means of the eigenvectors set as ¢ = > c;u; where
i=1

¢; = cTu;, (as u;u; = d;;), are called the projections of ¢ on u;.

Finally, similar to the multidimensional Gaussian integral (above) the integral may be trans-
formed into a product of independent integrals

n

I—H /exp< i + ¢ Z> day .. .day,

2 ) 2
A square is forced in the exponent: —A’;l +cia; = 4 (ai - f\—) + 2)\ , such that the

i

- c? Y Ai e\’
I:Hexp< : ) /exp l——z (ai——l> ] day
Pty 2)\; 2 Ai

— 00

integral becomes:

A new change of variable is done: a; = a; — 1+, then da; = da;, the integral limits remain
the same, and:

oo

n 2 n ~9
_ c; AiQey
I =exp (ZQ_&> H /exp (— 5 ) da;
=1 =1 oo
)/ n
Similar as for multidimensional Gaussian integrals: [ = (2”_2 <Z ;; ) Because
14 i=1 ‘

n 2
A7'u; = & uy (see section A.3) then: ¢ A7te = 37 <& and, finally:

(2m)n/? . <cTAlc>
= X S —
VAT P2

|:|A.5 The Euler Functions

A.5.1 The Euler function

The Euler function I'g(x) is defined as being: OTlg



332

APPENDIX A. MATHEMATICAL SIDELINES

Tp(z) = / ettt (A.3)

and is convergent for z > 0.
Proposition A.5.1. For the Euler function it is true that I'g(z + 1) = 2T g(x)
Proof. Integrating by parts:

T

7 t
Ie(z) = /e_tt’”_ldt: e”t

T
0

* 1

1
+7/e_tt_’”dt: —Tg+1) O
x

0 T

Proposition A.5.2. Ifn € N then n! = T'g(n + 1) where 0! = 1 by definition.

Proof. It is demonstrated by mathematical induction.

For n = 0: I'g(l) = 0fofftalt = —e |7 =1 = 0!and for n = 1, by using proposition A.5.1:

Fg(2)=1-Tr(l) =1 :01!.

It is assumed that n! = T'g(n + 1) is true and then:
(n+1)!=mn+1)-nl=Mn+1)gn+1) =Tgn+2)

the equation (n + 1)! = T'g(n + 2) is also true. |

A.5.2 The sphere volume in the n—dimensional space

It is assumed that the volume of a sphere of radius r into a n-dimensional space V,, is
proportional with the power n of the radius:

V,=C,r"® , C, = const.

where C,, is to be found.
The integral:

o0 o0

In:/---/exp[a(x%+---+wi)] dry ...dx, , a= const.

is calculated in two ways:

0 n
1. The integrals from I,, are decoupled such that I,, = ( I e‘”zdx> = (g)n/Z.

2. The change of variable from Cartesian coordinates to generalized spherical coordinates
is performed:

m%{——}-l‘i :’I“2 N dl‘l dl’n :an :ncnrnildr

where the elementary volume in spherical coordinates may be assumed as an infinites-
imal spherical layer, due to the symmetry of the integrand relatively to origin. Then

oo
2
I, becomes: I, = nC, [ r"~te=" dr.
0
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Figure A.3: The gradient vectors Vf and Vg into a bidimensional
space.

dr = —2\1/5 2 dx
A new change of variable is performed: ar? = z = L L ._1 and the
rtT = = T2z
a3

integral becomes:

I, = 22272 fm”/zlemdm = 271@—2’72 I'rg (g) = Cn I'e (E + 1)
0

/2

By comparing the two results C), = T2 (340) and finally:

7.‘.n/2
Vp=o0"+———71"
I'e (% + 1)

|:|A.6 The Lagrange Multipliers

The problem is to find the stationary points of a function f(x) subject to a relation between
the components of vector x, given as g(x) = 0.

Geometrically, g(x) = O represents a surface in the X™ space, where n is the dimension of
that space. At each point Vg represents a vector perpendicular on that surface and V f
may be expressed as Vf = V| f + VL f, where V| f is the component parallel with the

surface g(x) = 0 and V f is the component perpendicular on it. See figure A.3. 0V, Vo

|:| Remarks:

O Considering a point in the vicinity of x, on the g(x) surface, such that it is defined
by the vector x + &, where e lies within the surface defined by g(x) = 0, then
the Taylor development around x is:

g(x +e) = g(x) + €' Vg(x)

A6See [Bis95] pp. 448-450.
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Lagrange
multiplier

and, on the other hand, g(x + €) = g(x) = 0 because of the choice of €.
Then €T Vg(x) = 0, i.e. Vg(x) is perpendicular on the surface g(x) = 0.

As V f || Vg (see above), then it is possible to write V| f = —AVg where X is called the
Lagrange multiplier or undetermined multiplier, and V| f = Vf + AVg.

The following Lagrange function is defined:
L(x,A) = f(x) + Ag(x)
such that VL = V| f and the condition for the stationary points of fis VL = 0.

For the n-dimensional space, the VL = 0 condition gives n + 1 equations:

oL
83% -

. OL
0,i=1,n and a—g(x)—O

and the constraint g(x) = 0 is also met.

More general, for a set of constrains g;(x) = 0, ¢ = 1,m, the Lagrange function have the
form:

L(X,)‘la"' ,)\m) = f(X) +Z)‘lgl(x)

|:|A.7 Useful Mathematical equations

A.7.1 Combinatorics

Let consider IV different objects. The number of ways it is possible to choose n objects out

of the N set is:
N\ _ N!
n) (N —n)n!
Considering the above expression then:
N-1\ (N —n)! _N-n/(N\_ (N (N-1
n (N—-n-1)!'n! N n) \n n—1

representing the recurrent formula: (V) = (V) + (V).

A.7.2 The Jensen’s inequality

Let consider a convex function, i.e. a function for which all points from a chord, between
any two points of the graph, are “below” the graph of the function. See figure A.4 on the
facing page.

A7See [Str81] pp. 200-201.



A.7. USEFUL MATHEMATICAL EQUATIONS

335

Figure A.4: A convex function f. A chord between arbitrary points a
and b is under the graph of the function.

Proposition A.7.1. Considering a convex function f. a set of N > 2 points {z;}, 1~

N
and a set of N numbers {c;},_1 such that ) o; =1 and o; > 0, Vi then it is true that:

i=1

N N
f Zaiwi Z Zaif(l’i)
i=1 i—1

which is called Jensen's inequality.

Proof. Let first consider two points a and b and two numbers 0 < ¢ < 1 and 1 — ¢; such that they respect
the condition of the theorem.

The points (a, f(a)) and (b, f(b)) defines a chord whose equation is (equation of a straight line passing
trough 2 points):

bf(a) —af(b)  f(b) — f(a)

d =
(@) b—a b—a

then, for any z € [a, b] it will be true that d(z) < f(z). See also figure A.4.

By expressing x in the form of x = a + t(b — a), t € [0,1], and replacing in the expression of d(z), it gives:
fla) +[f(b) = fla)] < fla+tb—a)] & [fI[(1—t)a+tb] > (1 —1)f(a)+tf(b)

i.e. the Jensen’s inequality holds for two numbers (¢ and 1 — t).

Let ¢ be a point inside the [a,b] interval, f’ (c) the derivative to the left of f(x) at ¢ and f' (c) the
derivative to the right of f(z) at the same point ¢. For a continuous derivative in ¢ they are equal:
f(e) = fi(e) = f'(e).

The expression % represents the tangent of the angle between the chord — passing trough the

points (z, f(z)) and (c, f(c)) — and the Oz axis. Similarly f’(c) represents the tangent of the angle made
by the tangent.

Let m be a number f/ (c) < m < f/ (c). Because f is convex then it is true that:

I (C Y (O )

r —cC r —cC

<m forz>c

see also figure A.5 on the following page.

Finally, from the above equations, it is true that f(z) < m(z — ¢) + f(¢), Vz € [a, b].

Jensen’s inequality
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Figure A.5: A convex function f, its derivatives in point ¢ — to the
left: f_(c); and to the right f+(c). The chords for x < ¢
and respectively for x > ¢ are drawn with dashed lines.
Parameters f' (c), fi(c) and w are the tangents

of the angles between the tangents in c, respectively the
chords, and the Ox azis.

Considering now a set of numbers {z;}, 7 € [a,b] and a set of parameters {a;}, 7 € [0,1] such that

N N
> a; =1then: a <z; <b= aja < a;x; < a;band after a summation over i: a < > a;z; < b.
i=1 i=1

N
Let c = Y ayz; € [a,b], then:
i=1

f(@i) <m(z; —c)+ fle) =  a;f(z) < m(az; — a;e) + i f(c)

and the Jensen's inequality is obtained by summation over i = 1, N. O

A.7.3 The Stirling Formula
Proposition A.7.2. Forn € N*, n>> 1 it is true that:

n
Inn!~nlnn—-—n=nln—
e

(o o]
Proof. The Euler function Tg(z + 1) [ e~tt®dt (see (A.3)) is estimated for 2 — oo by the method of
0

saddle point — the integrand is developed in series around maximum and then the superior order terms are
neglected.

The derivative of integrand e~ t#® = exp(—t + xInt) is zero at maximum:

d
7 [exp(—t+zIlnt)] =0 < (—1 + %) exp(—t+xlnt) =0
i.e. maximum is at point ¢t = z (because the exp is never 0).

The exponent is developed in series around t = z:

_ (t —x)? d?
—t+azlnt=—-z+zlnhz+ ot ﬁ(fterlnt)

(t—=z)?
2x

+...~—x+zlhzr —
t=x
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because %(ft +xlnt) =0, and just the first term from the series development is kept. Then:
=z

oo
(t—
Fep(z+1) ~exp(zlnz — x) /exp{ 2) :|dt
0

and the ¢t — t — x change of variable is performed and then:

oo

Fe(x+1) ~exp(zlnz — z) / exp (7—) dt
—T
and by using the limit x — oo:

(oo}
2
Tep(x+1) ~exp(zlnz —x) / exp (72—) dt
x
— 00

. . _ _t i .
and finally another change of variable s = —= (see also section A.4):

oo

Fg(z+1) ~V2 exp(xlnmfm)/e_szds:va exp(zlnx — z) /7
— 00
Forlargez =n € N*: InTg(n+1)=Ilnn! ~¥nlnn —n+Inv2mn ~nlnn —n. O

|:|A.8 Calculus of Variations

The change in a function f(z) when the variable z changes by a small amount dz is:

5f = % 5z + O(622)

where O(6z?) represents the superior terms (depending at most as dz2).

For a function of several variables f(z1,...,z,) the above expression becomes:

6f = Z (5%-}-061‘)

A functional E[f] is a form which takes a function as variable and returns a value.

Considering an arbitrary function 0 f(x), which have small values everywhere, then the
variation of E is (by similarity with §f, > — f)

SE = E[f + 0f] — E[f] = 5f(z) dz + O(S£2) (A.4)

5f( )
X being the space of z.

Proposition A.8.1. The fundamental lemma of the calculus of variations. The con-
dition of stationarity for E, to the lowest order in § f, involves the requ1rement =0,

assuming the continuity of E.
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Proof. Stationarity, to the lowest order, involves §E = 0 and O(5f2) ~ 0. (A.4) gives f d0fdx = 0.

Let assume that there is an Z for which %f ‘ # 0. Then the continuity condition implies that there is a

whole vicinity [Z1,Z2] of Z, such that ‘fs—? # 0 and keeps its sign.

TE€[T1,T2]

# 0 and keeps its sign = € [Z1,Z2]

. . Then, it follows that
=0 In rest

As df is arbitrary then it is chosen as Jf = {

f df dxr # 0 and the lemma assumptions are contradicted. O

|:| Remarks:

O A functional form, used in regularization theory, is:

E[f] =/ 2+ <%>2] dz (A.5)

X
Then, by replacing f with f + df in the above equation:

Bl +of1= B+ 2 [ [ o1 + LD as v 067
X

The term f % %zf)dm, integrated by parts, gives %(H‘ - dz—féf.

X boundaries

= 0) then (A.5) be-

Considering the boundary term equal to 0 (
X boundaries

dx

comes:
5B = / [Qf—Q—} 5fde + O f?)
a’f
By comparing the above equation with (A.4) it follows that =2f—-23%.
Defining the operator D = % then the functional and its derivative may be
written as:
9 9 oF
E= [ [f?+(Df)] dx and 5f_2f+2DDf
X
where D = —% is the adjoint operator of D.

[ ]A.9 Principal Components

Let consider, into the space X of dimensionality n, a set of orthonormated vectors {u;}, i

lliTllj = 5ij (A6)
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v

and a set of vectors {x;}, i having the mean (x) = + > x;.

i=1

The residual error E is defined as:

1 & & 2
E:§.Z Z[u?(xj—(x»] , K=const. €[0,1,...,n—1]
i=K+1 j=1

and may be written as (use (AB)T = BT AT matrix property):

n N
E= %i:;rlu?Zui where ¥ = ;(xi — (X)) (x; — (x))T

¥ being the covariance matrix of {x;} set.

The problem is to find the minima of E, with respect to {u;}, subject to constraints (A.6).
This is done by using a set of Lagrange multipliers {y;;}. Then the Lagrange function to
minimize is:

1 n n
L=E-3 S0 il ay -6y

i=K+1 j=K+1
(because of symmetry u/u; = uju; then p;; = p1j; and each term under the sums appears
twice and thus the factor 1/2 is inserted to count each different term once).

Let consider the matrices:

HE+1,K+1 " HK+1,n
U:(uKH un) and M:( : >

Nn,}{+1 Mn..n
U being formed using u; as columns and M being a symmetrical matrix. Then the Lagrange

function becomes:

1 1
L=3T (U'tzU) - 5 Tr (M (U'U -1)]
Minimizing L with respect to u; means the set of conditions % =0, i.e. in matrix format
(use (AB)T = BT AT matrix property):

EC+NHU-UM+MYY=0 = U=UM
and, by using the property of orthogonality of {u;}, i.e. UTU = I, it becomes:

UTsU = M (A7)

One particular solution of the above equation is to choose {u;} to be the eigenvectors
of ¥ (as X is symmetrical it is possible to build an orthogonal system of eigenvectors)
and to choose M as the diagonal matrix of eigenvalues (i.e. p;; = 0;;A; where ); are the
eigenvalues of ¥).

An alternative is to consider the eigenvectors of M: {t;} and the matrix ¥ built by using
them as columns. Let A be the diagonal matrix of eigenvalues of M, i.e. {A};; = i\

As M is symmetric, it is possible to choose an orthogonal set {¢;}, i.e. ¥TW¥ = I.

ux

ou, M

Oy, U, AN
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From eigenvector equation M¥ = WA, and by multiplying to the right by ¥T:
A=9TME.
By replacing M from (A.7)
A=0"UTSU® = (U)'S(UT) =UTSU
0uU where U = UW.

This means that if there are a particular solution U to (A.7) then U = U'¥ is also solution:
U'sSU =M
and the residual error may be written as:

_1 Ty — L _ 1 (AT
B =Tt (UTSU) = 5 (M) = 5 T (U70)

|:| Remarks:

[0 There is an invariance to the orthogonal transformation defined by V.



APPENDIX B

Statistical Sidelines

|:|B.1 Probabilities

B.1.1 Probabilities and Bayes Theorem

Let consider some pattern vectors {x,} and some classes {Cj,} these patterns have to be 0O x,, Ci,
classified into.

Definition B.1.1. The prior probability P(C}) represents the probability of a pattern as [ P(Cy,)
being of class k while belonging to a very large set of samples:

number of patterns of class Cy,

P(Cr) =
(Cr) total number of patterns

€[0,1] (B.1)

when “total number of patterns” — oo.

Definition B.1.2. The join probability P(C;,X,) represents the probability of a pattern 0 P(Cy, X/)
as being of class k and — at the same time — the pattern vector being in the pattern
subspace Xy C X ; the pattern belonging to a very large set of samples.

number of patterns of class C;, with x € X

P(Ck,X[) = € [0, 1] (B2)

total number of patterns
when “total number of patterns” — cc.

|:| Remarks:

O For discrete pattern spaces x € X, may be replaced with x € {Xj,...}, where
X1, ... are also pattern vectors.

B-11See [Bis95] pp. 17-28 and [Rip96] pp. 19-20, 75.

341
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O For continuous pattern spaces either X, defines a volume in pattern space, in
which the point x should be, or a point in which case x € X, is replaced with

x = X/ but, in this case, P(Cy, X/) represents an infinitesimal quantity.

O P(X|Ck) Definition B.1.3. The class-conditional probability P(X,|C},) represents the probability
for a pattern of class Cj, to have its pattern vector in the pattern subspace area defined
by Xg.

number of patterns of class C;, with x € X
P(X|Cr) = 0,1 B.3
(XelCr) total number of patterns of class Cy, €[0.1] (B3)
when “total number of patterns of class C;,” — oo.
O P(Xy) Definition B.1.4. The distribution probability P(X,) represents the probability of a pat-
tern to have its associated vector x in the subspace X;.
number of patterns with x € X,
P(X,) = 0,1 B.4
(Xe) total number of patterns €[0.1] (B.4)
when “total number of patterns” — co.
O P(Cr|Xy) Definition B.1.5. The posterior probability P(Ci|X,) represents the probability for a

pattern which have its associated vector in subspace X, to be of class Cy,:

number of patterns with x € X, and of class Cy,
total number of patterns with x € X,

P(Ck|Xe) = €[0,1] (B.5)

when “total number of patterns with x € X;” — 0.

|:| Remarks:

O Regarding X, and probabilities same previous remarks apply.

O The the prior probability refers to knowledge available before the pattern vector
is known while the posterior probability refers to knowledge available after the
pattern vector is known.

O By assigning a pattern to a class for which the posterior probability is maximum,
the errors of misclassification are minimized.

Theorem B.1.1. Bayes. The posterior probability is the normalized product between prior
and class-conditional probabilities:

P(X(|Cy) P(Cy)

P(Cr| Xe) = P(Xy) (B.6)
P(X,) being the normalization factor.
Proof. By multiplying (B.3) and (B.1) and comparing the result with (B.2) it follows that
P(Cr, X¢) = P(X¢|Ck) P(Ck) (B.7)
similarly, from (B.5) and (B.4)
P(Cy, X)) = P(Cr|Xy) P(Xy) (B.8)

The final result is obtained by comparing (B.7) and (B.8). a
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|:| Remarks:

B.1.2

O When working with classification, all patterns belong to a class: if a pattern can
not be classified into a “normal” class the there may be a outliers class containing
all patterns not classifiable in any other class.

O P(X;) represents the normalization factor of P(X;|Cy) P(Ck).

Proof. Because each pattern should be classified into a class then

K
> P(CklX) =1 (B.9)
k=1

By using the Bayes theorem (B.6) in (B.9) the distribution probability may be expressed as:

K
P(X¢) =Y P(X¢|Ck) P(Ck)
k=1

K
and then P(Cy|X/) is normalized, i.e. >, P(Cy|X,) =1. O
k=1

Probability Density, Expectation and Variance

Definition B.1.6. The probability density function p(x) is the function for which

P(Xg):/x p(x) dx (B.10)

where X, is a pattern subspace.

Similarly, the following probability densities may be defined:

e Join probability density p(Cx,x):

P(Ck, Xe) :/ p(Cr, x) dx

X

e Class-conditional probability density p(x|C}):

P(X[|Ck):/ p(x|C) dx

Xy

e Posterior probability density p(Cj|x):

P(C| Xe) :/ p(Cr|x) dx

Xe

Definition B.1.7. The expectation (expected value) E{Q} of a function Q(x) is:

&mzﬁmwww

The variance V{Q} of a function Q(x) is:

wm=¢éww—ammwﬂ

probability
density

expectation
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Proposition B.1.1. Using probability densities, the Bayes theorem B.1.1 may be written
as:

p(x|Cx) P(Cy)

PO = =0

(B.11)

Proof. For X, being a point in the pattern space, (B.10) may be rewritten as:

dP(x) = p(x) dx
and similarly with the other types of probabilities; the final formula is obtained doing the replacement
into (B.6). |
As in Bayes theorem, p(x) is a normalization factor for P(Cj|x).

Proof. The p(x) represents the probability density for the pattern vector of being x no matter what class,
it represents the sum of join probability densities for the pattern vector of being x and the pattern being of
class Cy, over all classes:

K K
p(x) = > p(Ci,x) = > p(x|Ck) P(Ck)
k=1 k=1
and comparing to (B.11) it shows that P(Cj|x) is normalized. a

|:| Remarks:

O The p(x|Ck) probability density may be seen as the likelihood probability that
a pattern of class Cy will have its pattern vector x. The p(x) represents a
normalization factor such that the sum of all posterior probabilities sum to one.
Then the Bayes theorem may be expressed as:

likelihood x prior probability
normalization factor

posterior probability =

[ ]B.2 Modeling the Density of Probability

Let be a training set of classified patterns {xp}L—P. The problem is to find a good approx-
imation for probability density starting from the training set. Knowing it, from the Bayes
theorem and Bayes rule! it is possible to built the device able to classify new input patterns.

There are several approaches to this problem:

e The parametric method: A specific functional form is assumed. There are a small
number of tunable parameters which are optimized such that the model fits the training
set. Disadvantages: there are limits to the capability of generalization: the functional
forms chosen may not generalize well.

e The non-parametric method: The form of the probability density is determined from
the data (no functional form is assumed). Disadvantages: The number of parameters
grow with the size of the training set.

e The semi-parametric method: Tries to combine the above 2 methods by using a very
general class of functional forms and by allowing the number of parameters to vary
independently from the size of training set. Feed-forward ANN are of this type.

1See “Pattern Recognition” chapter.
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B.2.1 The Parametric Method

The parametric method uses functions with few tunable parameters to model the probability
density. These functions are named distributions. The most widely used is the Gaussian
due to its properties and good approximation of many real world processes.

Gaussian Unidimensional

For a unidimensional space the Gaussian distribution is defined as:

1 N2
p(z) = o exp [—%} , 0O, = const. (B.12)

This function have the following properties:

1. p(x) is normalized, i.e. [ p(z)dz =1.

— 00

o0
2. Expected value of z is , i.e. E{z} = [ ap(z)dz = p.

— 00

3. The variance (standard deviation) of z is o, i.e.

o0
V(o) = | [l Efe)Ppta)do = o
—00
Proof. 1. By making the change of variable:
T — dx

= & dy =
V20 yﬁa

oo oo
and because [ e’ dr = VT (see the mathematical appendix) then [ p(z)dz = 1 i.e. the probability
— 00 — 00
1
Var o

density is normalized (this is the role of the factor) as it should be, because the probability of finding

x in the whole space is 1 (certainty).

2. The mean value of x is the expectation (see definition B.1.7)

oo

E{z} = / zp(z) dx

— 00

and by making the same change of variable as above (z = v2 0y + p)

E{x}:ﬁ /(\/iay-l—u)e_yz\/iady

o0
2 7 7y2d n n 70 7y2d
=4/—0 e — e =
p Y Y N Y =Hp
—o0 —o0

o0
because the first integral [ ye~% dy is 0 — the integrand is an odd function (the value for —z is minus
— 00

the value for ) and the integration interval is symmetric relatively to origin; and the second integral is /7
(see the mathematical appendixes).

B-215ee [Bis95] pp. 34-49 and [Rip96] pp. 21, 30-31.
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3. The variance is (see definition B.1.7):

[o%e}

Vigh = [ @) da

— 00
(as &{z} = p) and same change of variable leads to an integral solvable by parts:
2

V{ie} = ﬁ 7(:v—u)2exp (—(m;;) ) dz = % 7y26_y2dy

oo
2 2 2‘00

9 o0
,m+%/e_y2dy=a2 O
—00

o

_ ya(ev?) == 2y

ﬁ VT
|:| Remarks:

O To apply to a stochastic process calculate the mean and variance of training set,
then replace in (B.12) to find an approximation of real probability density by an
Gaussian.
Gaussian Multidimensional
In general, into a N-dimensional space, the Gaussian distribution is defined as:

1 (X_“)Tzl(x_“)> (813)

7(271_)1\,/2\/@ exp <— 2

where p is a N-dimensional vector and ¥ is a N x N matrix, symmetric and inversable.

p(x) =

This function have the following properties:
0 dx 1. p(x) is normalized, i.e. [, p(x)dx = 1, where dx = dz; ...dxn.
2. Expected value of x is p, i.e. E{x} = [~ Xp(x)dx = p

3. Expected value of (x — p)(x — )T is %, i.e.
Hx-—mx-w}=3

Proof. 1. Because det(E 1) det(X) = det(371X) = det(I) = 1 then det(X~1) = det(E) and, by making
the change of variable X = x — p, the integral become:

/ (>dx—\'T o (F2F) =
n

271' N/Z

(see also the mathematical appendix regarding Gaussian integrals).

2. The mean value for x is the expectation

S{X}:/ ()(i)(,(\2/7|r21\,—/2 Xep{ (X—M)Tz;2 (x—u)}d

RN

X

and, by making the same change of variable as above X = x — p, it becomes

RV - XTo-1x\ XxTe—1x\
E{x} = (om) V72 /xexp T dx+,u/exp T dx
RN RN
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xTs—1x
2
integral is an odd function and, the interval of integration being symmetric to the origin, the integral is

1 —1] — _1 H —
eV and, as |27 = =T then finally £{x} = pn
3. The expectation value for that matrix is:

elx = wx = )™} = [ (x = wlx =)o) dx

The function exp (f ) is even (same value for X and —X), such that the integrand of the first

zero. The second integral have the value

N
ﬁ / = o - (x—u>T22-l<x—u>) i

Same change of variable as above X = x — p and:

E{x— wx— T} = \/\2—/“ e (X = 1;‘) P

2m)N/2 2

Let {u;}, 1 be the eigenvectors and {A;};_1 7 the eigenvalues of X such that Su; = A;u;. The consider
the set of eigenvectors chosen such that is orthonormated (see the mathematical appendix regarding the
properties of symmetrical matrices).

Let be U the matrix build using the eigenvectors of ¥ as columns and A the matrix of eigenvalues A;; = §;;\;
(0;; being the Kronecker symbol), i.e. A is a diagonal matrix with eigenvalues on main diagonal and 0 in
rest.

By multiplying £{(x — p)(x — )T} with UT to the left and with U to the right and because the set of
eigenvectors is orthonormated then UTU =1 = U~! = UT = UUT =T and it gets that:

V= xTUUTS-l0UTx
UTe{(x — p)(x —w)TIU (27|r N/2 UTxxTUexp ( f) dx

A new change of variable is performed: y = UTX and then yT = XTU and dy = dX — because

this transformation conserve the distances and angles. Also ~~! have the same eigenvectors as X, the

eigenvalues being {/\L}
) i=1,N

UTE{(x — p)(x — )T I = F/yy exp( yIA- y) dy

and respectively the eigenmatrix A~ is defined by A L= 6” . Then:

N/2 2
\/ =t \/ T y;
N/2 yy T exp 22/\ ay = o N/2 Yy HeXP )
RN
i.e. the integrals now may be decoupled. First the yyT is of the form
y1 i o yyN
ywh=| o o o) =
yn yNnyr Y

Each element of the matrix {UTE{(x — p)(x — p)(}U}; ; is computed separately. There are two cases:
non-diagonal and diagonal elements. Also [, < [0

The non-diagonal elements are

{UTe{(x—m)(x — )30} i
i#£j

O ug, A

ou, A
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Mahalanobis
distance

2
and because the function y; exp (— 2?’;) is odd, the corresponding integrals are 0 such that

{UTe{(x —m)(x— )"} i; =0
i#]
The diagonal elements are

(U= e = Wb = 45 g[/kw<;&>@m [/y%w(ﬁ)dw]

ki -

and the individual integrals appearing above are:

® 2 s 2
/ exp Yk dyr = /27X, and / y;-z exp (f Yi ) dy; = X\iV/ 21\
22X 2);
— o —o0

N
(calculated same way as for the unidimensional case) and |Z| = [T A;; so finally
i=1

UTe{(x - wx - W)W =A = Elx—p)x-w=UAUT =% O

|:| Remarks:

O By applying the transformation (equivalent to a rotation)
X=U"(x—p)
the probability distribution p(x) becomes (similar to the above calculations)

y-1 "'TUTz(fl)U"’ »-1 xTA-1x
VI |exp <_x x> WV |eXp (_x x>

p(X) = (27T)N/2

2 ~ (2m)N/2 2
N ~ N
_ VIET AN
= (2o SR T 25 ) =1l»
i=1 i=1
where p; is

1 N2
P=emveyy, P (‘ 2 z&)

i=1

and then the probabilities are decoupled, i.e. the components of x are statistically
independent.

0 The expression

A= /(x-S (x—p)

is called Mahalanobis distance between vectors x and p.

O For A = const. the probability density is constant so A represents surfaces of
equal probability for x.
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Figure B.1: Equal probability density for Gauss probability density in
two dimensions. The ellipse represents all points where
p(x1,x2) = e~ Y/2. The p vector points to the center of
the ellipse.

O By applying the transformation X = U™ (x — p) the Mahalanobis distance be-
comes:

N
A? =)\
i=1

i.e. the surfaces of equal probability are hyper-ellipsoids. The main axes of the

ellipsoid are proportional with /\;. The p vector points to the location of highest
probability density. See figure B.1

The transformation X = UY (x— ) is from (z1,22) to {u;, us}, i.e. a translation
by p then a rotation such that {u;,u>} becomes the new set of versors.

The probability density for a two dimensional pattern space is shown in figure B.2
on the following page.

O The number of parameters defining the Gaussian distributionis 1 +--- + N =

%ﬂ) for ¥ (symmetrical matrix) plus N parameters for pu so the Gaussian

(N+3)
2

distribution is completely defined by N number of parameters.

Definition B.2.1. A N-dimensional vector x it is said to be normal, i.e. x ~ Ny{pu,X} if 0O Ny{p,X}
it have a Gaussian distribution of the form (B.13) with a mean pu and covariance matrix .

|:| Remarks:

O Let consider a set of several classes 1,..., K such that each may be modelled linear discriminant
using a multidimensional Gaussian, each with its own g, and X;. Considering analysis
that the prior probabilities P(Cy,) are equal then the biggest posterior probability
for a given vector x is the one corresponding to the minimum of the Mahalanobis
distance Agx = mein Ayx This type of classification is named linear discriminant

analysis.
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0 X

UK

— 0.10
— 0.08
4 — 0.06
-1 | — 0.04
| — 0.02
— 0.001

-5 -3 -1 1 3 5

a) p(z1,72) b) level curves for p

Figure B.2: The Gaussian probability density function in two dimen-
sional pattern space for p = 0 and ¥ = (§9). The
function was sampled in Az > = 0.5 steps.

O Considering the covariance matrix equal to the identity matrix, i.e. ¥ = I, then
the Mahalanobis distance reduces to the simple Euclidean distance (see math-
ematical appendix) and then the pattern vectors x are simply classified to the
class Cy, with the closest mean g,

B.2.2 The non-parametric method

Non-parametric method try to solve the problem of finding a probability distribution of data
using a training set and without making any assumption about the form of the distribution
function.

Histograms

In the histogram method the pattern space is divided in subspaces (areas) X} and the
probability density is estimated from the number of patterns in each area. See figure B.3
on the next page.

The size of X, determine the model complexity: if it is too large then it fits poorly the data,
if it is too small then it overfits the exceptions/noise which may be present in the training
set, i.e. the size of X}, controls the model complexity. See figure B.3 on the facing page.

Let take one area X and let K be the number of patterns from the training set which are
in the area X}.

Assuming a sufficiently large number of patterns in the training set (such that the training
set is statistically significant) then the probability that a pattern will fall in the area X, is
approximatively:

P(Xk) ~

Sl =

B.225ee [Bis95] pp. 49-59 and [Rip96] pp. 190, 201-206.
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A

a) Simple model b) Complex model

AN o
\_l/

b) Good model

Figure B.3: Histograms: probability density p versus pattern space X .
The true probability density is shown with a dotted line.
The estimated probability density is shown with a thick
line. The rectangles represent the mumber of patterns
from the training set which falls in the designated regions
Xy. The small circles represents the patterns.

On the other hand, assuming that the probability density is approximatively constant to
p(x) in all points from X}, then:

P(X) = / p(x) dx = §(x) / dx = p(x)V,
X

X
where Vx, is the volume of the pattern area Xj. Finally:
- Kp
~ = B.14
PO) = Bx) = (B.14)

where p(x) is the estimated probability density.
To solve (B.14) further, two approaches may be taken.

o X, respectively Vx, is fixed and Kp is counted — this represents the kernel based
method.

e K is fixed and the Vx, is calculated — this represents the K-nearest-neighbors
method.

O Vx,

0 p(x)

kernel method

K nearest
neighbors
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Figure B.4: The kernel-based method. The dashed line is the real
probability density p(x); the continuous line is the esti-
mated probability density p(x) based on counting the pat-
terns in the hypercube sorounding the current point and
represented by a dashed rectangle.
The kernel-based method
Let X be a hypercube having the side of length ¢ and being centered in x. Then its volume
is Vx, = ¢ (N being the dimension of the pattern space).
O H(x) The following kernel function? H(x) is defined

H(x) 1 ifg;<ifori=1N
X) =
0 otherwise

such that H(x) is 1 if the point x is inside the unit hypercube centered in the origin and

0 otherwise. Then H (x_lxp) will indicate if the x;,, point from the training set is in the

hypercube X, or not. The total number of patterns falling in X}, is:
P X — Xp
K= pz::l H < ; >
and then, the estimate for the probability density is:

1 L 1 X—X
ﬂx)zﬁze_NH( ¢ p)
p=1

this may be visualized as a sliding hypercube in the pattern space, centered in the current
point x. While moving it, some of the x,, points will enter it while others will leave it such

that — unless the total number remains constant — p(x) will have a step jumps. See
figure B.4.

The function p(x) may be “smoothened” by replacing the kernel function with a continuous

2Known also as the Parzen window.
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function:

z%(x)::zi;§375eXp (__ﬂgﬂi>

and then the estimation of the probability density becomes:
P
N 1 [x = x,?
P =5 1,2::1 2r2)Nz P <_ 202

In general any function bounded by the conditions:

H(x)>0 and H(x)dx =1
/

is suitable to be used as a kernel function.

Let examine the expectation of the estimated probability density, considering that P — oco:
P
- 1 1 X — Xp 1 x —x no
E{p(x)}:FI;S{Z—NH< 7 >}—>/£—NH< 7 >p(x)dx
= X

(where x' represents the integral variable).

This formula shows that the expectation of the estimated probability density is a convolution
of the (true) probability density with the kernel function.

For £ — 0 and P — oo the estimated probability density approaches the true one while the
kernel function approaches the §-Dirac function.
The K—nearest—neighbors method

Let K be fixed and X} a hyper-sphere centered in x and with variable radius, such that it
will contain always the same number K of vectors from the training set. See figure B.5 on
the following page.

The estimation of probability density is found from:

5(x) K
X) =
P PVx,
The volume V() of a sphere, of radius r in the N-dimensional space is: 0 Viny
/2 N Ji tye—1
Viny=—F~——7r where T’ m:/e*tm*dt

0

I'r being the Euler function, see the mathematical appendix.

Let consider a set of classes and a training set. Let Pj be the number of patterns of class

Ci in the training set such that >~ P, = P. Let K} be the number of patterns of class Cy,
k

in the hyper-sphere of volume V. Then

Ky,
PV "’

Ppx) = o and p(Cy) = E
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Figure B.5: The K—nearest—neighbors based method. The dashed line
is the real probability density p(x); the continuous line is
the estimated probability density p(x) based on estimating
the volume of the hyper-sphere with variable radius and
represented by a dashed circle (the hyper-sphere is defined
by fizing the K number).

From the Bayes theorem

p(x|Ck) p(Cy) _ ﬁ

p(Cube) = PEERTE = 2

which is known as the K—nearest—neighbors classification rule. This means that once the
volume of the hyper-sphere was established (by fixing K') a new pattern x is classified as
being of that class which have most representatives (K} ) included into the hyper-sphere,
i.e. to that class C;, for which:

p(Cr|x) = m?Xp(CAx)

(according to the Bayes rule, see “Pattern Recognition” chapter).

|:| Remarks:

O The parameters governing the smoothness of the histogram method are V' for
kernel based procedure and K for K nearest neighbors procedure If this tunable
parameter is to large then an excessive smoothness occurs and the resulting model
is too simple. If the parameter is chosen too small then the variance of the model
is too large, the model will approximate well the probability for the training set
but will have poor generalization, the model will be too complex.

B.2.3 The Semi—-Parametric Method

The mixture model

The mixture model consider that the probability density is a superposition of probability
densities, each of them having a different weight by which contributes to the total.

B.235ee [Bis95] pp. 59-73.
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The procedure below is repeated for each class Cy, in turn.

Considering a superposition of M probability densities then:

M
p(x) = > p(x|m)P(m) (B.15)

m=1

where p(x|m) represents the probability density of pattern as being x, from all patterns
generated by component m of the superposition, and the weight is P(m), the prior prob-
ability of the pattern x having been created by the component m of the superposition.
M becomes also a parameter of the model.

All these probabilities have to be normalized:

M
Z Pm)=1 , P(m)e€[0,1] and /p(x|m) dx =1
m=1 X

|:| Remarks:

O The training set have the patterns classified in classes but does not have the
patterns classified by the superposition components m, i.e. the training set is
incomplete and the complete model have to provide a mean to determine this.

The posterior probability is given by the Bayesian theorem and is normalized:

p(x|m)P(m)

Plmbo ===

M
and ) P(m[x) =1 (B.16)

The problem is to determinate the components of the superposition of probability densities.

|:| Remarks:

O One possibility is to model the conditional probability densities p(x|m) as Gaus-
sian, defined by the parameters w,, and ¥, = o, I

1 [1x = pl?

and then a search for optimal parameters u and o may be done.

O To avoid singularities the conditions:
bpFxp, m=1M,p=1P and 0, #0 m=1,M
have to be imposed (x, are the training vectors).

The maximum likelihood method

The parameters are searched by maximizing the likelihood function, defined as®:

P
£ =] rw) (B.18)

p=1

3See “Pattern Recognition” chapter.

oM

0 p(x|m), P(m)

incomplete
training set
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equivalent to minimize the negative log-likelihood function £ = —1In £ which may act as
an error function.

M
E=—-InlL=- Zlnp (xp) = ZIH[Z (xp|m)P(m) (B.19)
p=1 m=1
|:| Remarks:
O Considering the Gaussian model then from (B.16) and (B.17):
p(xp) P(m|xp) 1xp — Bl
|3 M) o (Lt
p:
The minimum of E is found by searching for the roots of its derivative, i.e. E is
minimum for those values of p,, and o, for which:
P X, — 1
Vu E=0 & ZP(m|xP)% =0 and
p=1 m
P
oF [1xp — Bl
o =0 & I;P(mmp) <N—T =0
(the denominator of derivative shouldn't be 0 anyway, also o, # 0, see previous
remarks).
The above equations gives the following estimates for p,, and o, parameters:
P P )
> Plmlx,)x, % Ity — P (i)
fh, = and 5, =% e (B.20)
> P(mlxp) N > P(m|xp)
p=1 p=1
In order to automatically ensure normalization, the P(m) parameters may be expressed by
the means of M parameters a,, as follows:
P(m) = — am €R, m=1,M
D, et
g=1

softmax These expressions are called softmax functions. Then the «,, are also parameters of the

function model and E which depends upon them have to be minimized with respect to them, i.e. its

derivative with respect to «,,, should be 0 at minimum.

M
From the softmax expression: 881;(73) = 0mqP(m)—P(m)P(q), also BE =3 8?3](5(1) 881;(1),

(Omgq being the Kronecker symbol) and then from (B.19):

M P

28 Z{Z %} (g P(m) — P(m)P(q)]
m E U S e lor()

Mz

(=1
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_ 3o ZdmPO) SRS pl0P@)
M M
7 L Pl P == 3 Pl OP(0)

By applying the Bayes theorem and considering the normalization of P(m|x), see (B.16),
the first term becomes:

while the second term is:

UL pix,le) P ;) X Pl
PemY Y s —— =Py —F = PPm)
g=1p=1 gl (x,]0)P(0) P=1 p(x,) gl P(lxp)
so finally:
9E _ v o pomy= L ip B.21
2 _ () = 5 3 Plnix) (B.21)

The EM (expectation—maximisation) algorithm

The algorithm works with formulas (B.20) and (B.21) iteratively, in steps, starting with
some initial values for the parameters at the first step ¢ = 1 and then recalculating fi(; 1),

O(t+1)m and the estimated ﬁ(tﬂ)(m) by using the old values at the previous step ﬁ(t)m,

O(tym and ﬁ(t) (m). It is supposed that E function gets smaller at each step till it reaches
the minimum.

The variation in the error function E (given by (B.19)), from one step to the next, is:

P
AE=Egy—Ey=-3In P+ (%) (B.22)

=1 P) (xp)

and, using (B.15) for p(;41)(xp):

i Mg

P
& [ e Pen () b nx,)
AE=-)In (B.23)
= Pty (Xp) Pyy(mlxp)

|:| Remarks:

0 The Jensen's inequality states that given a function f, convex down on an interval
[a,b], a set of P points in that interval {z,} _15 € [a,b] and a set of numbers

Jensen’s inequality
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P
{ap},—15 € [0,1] such that }_ a, =1, then:
; =
P P
f (Z ap-rp> = Z apf(xp)
p=1 p=1
see the mathematical appendix.
By applying the Jensen's inequality to (B.23): f < In and a, & Py)(m|x,) (P (m|xp)
are normated) then:
AE < Z Z Py (mxp) ln[ (140 (M) Py (M) | Q (B.24)
p=1m=1 ' Py (%p) Py (m[xp)
0@ and E(; 1) < E) +Q, ie. Ezyy) is bounded above and it may be minimized by minimizing

. Generally Q@ = Q(W;,1)), the old parameters W being already established at the
(t+1) (t) &
previous t step. Eventually, minimizing @) is equivalent to minimizing:

Q=- Z Z Py (mlxp) In [Pei1) (M) pee-41) (xxm)] (B.25)

p=1m=1

For the Gaussian distribution, see (B.17), Q becomes

llxp — N(t+1)m||2
_ Z Z Py(m|xp) [In Pypry(m) — NInogyiy, — e
p=1m=1 (t+1)m

+ const.
The problem is to minimize Q with respect to (¢ +1) parameters, i.e. to find the parameters
at step ¢ + 1, such that the condition of normalization for P; 1)) ( Z Piy1y(m) = 1)
is met. The Lagrange multiplier method* is used here. The Lagrange functlon is:

M
> Pusry(m) - 1]

m=1

L=Q+\

The value of the parameter X\ is found by putting the set of conditions: m =

which gives:

E:H”mkp +A=0 , m=1,M
P(tJrl) ) )

and by summation over m, and because both P (m|x,) and P;41)(m) are normated:

M M
Z Py (m|xp) =1 and Z Piy1y(m) =
m=1 m=1

4See mathematical appendix.
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then A = M.

The required parameters are found by setting the conditions:

=0, oo amd 2 9

\Y
aO'm (9P(t+1) (m)

H(t+1)m

which gives the solutions:

P
21 Py (mlx,) xp
K(ir1ym = pip (B.26a)
Zl Py (mxp)
p:

P
21 P (mlxp)lxp — l‘l‘(t+1)m||2

O(t+1)m = = B (B.26b)
N 3 Puy(mlxp)
p=1
| P
P41)(m) = N Z Py (m|xp) (B.26¢)
p=1

As discussed earlier (see the remarks regarding the incomplete training set) usually the data
available is not classified in terms of probability components m, m = 1, M. A variable zp,

zp € [1,..., M] may be associated with each training vector x,, to hold the probability O z,
component. The error function then becomes:

P P
E=-Inf=- Zlnp(t+1)(xp, zp) = — ZIH[P(t+1)(Zp)P(t+1)(Xp|Zp)]
p=1 p=1
P M
== e, I[Py (2p) Pt (%p12)]
p=1m=1

P (2plx,) represents the probability of 2z, for a given x,, at step ¢. The probability of
P
E for a given set of {z,},_15 is the product of all Py (2[xp), i.e. [[ P)(2plxp). The
: )
expectation E{E} is the sum of E over all values of {z,}_75 weighted by the probability
of the {z,} 7 set:

M P

E{EY==3 > E]] Polzlxp)

z1=1 zp=1 p=1

P M M

M
__ Z Z Z Omz, H Py (241%¢) | In[Pe41) (2p) Peg1) (Xpl2p)]

p=1m=1 L z1=1 zp=1 g=1
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On similar grounds as for E{E'}, the expression in square parenthesis from the above equation
represents the expectation {0, }:

M M P

g{5mzp} = Z Z 6mzp H P(t) (zplxp) = P(t) (mxp)
z1=1 zp=1 p=1

which represents exactly the probability P (m|x,). Finally:

P M
E{E} == > Puy(mlxp) In[Pq1)(m) pesr) (xp]m)]

p=1m=1

which is identical with the expression of Q, see (B.25), and thus minimizing Q is equivalent
to minimizing E{E} at the same time.

Stochastic estimation

Let consider that the training vectors came one at a time. For a set of P training vectors
the p(py,, parameter from the Gaussian distribution is (see (B.26a)):

M~

P(m|x,) x,
Kpym = 2

M|

1P(mlxp)

p

and, after the P + 1 training vector have arrived:

P+1
> P(m|xp)x,
p=1
Bp+ym = “prr T B(Pm + ap+1)m (XP+1 - u(p)m)
> P(m|x;)
p=1
where
_ P(m|xps)
Q(P+1)m = B
Y. P(m|xy)
p=1

P+l
To avoid keeping all old {x, },_i5 (to calculate }  P(m|x;)) use either (B.21) such that:
: =

o _ P(mixea)
(PHOm = (P 1 1)P(m)
or, directly from the expression of a(pi1)p:
1

A(P+1)m = P(m|xp)
apym P(m|xp41)
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[ |B.3 The Bayesian Inference

Unlike other techniques where the probabilities are build by finding the best set of W
parameters, the Bayesian inference assumes a probability density for W itself.

The following procedure is repeated for each class Cy, in turn. First a prior probability is
chosen p(1W), with a large coverage for the unknown parameters, then using the training
set {x,} p the posterior probability density p(W|{x,}p) is found trough the Bayes theorem. 0O {x,}p

The process of finding p(W|{x,}p), from p(W) and {x,}p, is named Bayesian learning. ~ Bayesian

Let p(x|{x,}pr) be the probability density for a pattern from {x,}p to have its pattern learning

vector x and let p(x, W|{x,}p) be the join probability density that a pattern from {x,}r O p(x|{x,}pr).
have its pattern vector x and the parameters of the probability density are defined trough  p(x, W|{x,}p)
W. Then:

p(xl{x,} p) = / p(%, W|{x,} p) AW (B.27)
w

the integral being done over all possible values of W, i.e. in the W space.

p(x, W|{x,}p) represents the ratio of pattern vectors being x with their probability density
characterized by W and being into the training set {x,}p relative to the total number of
training vectors:

no. patterns being x, with W, in {x,}p

p(x, WH{xp}p) = no. patterns in {x,}p

p(x|W, {x,}p) represents the ratio of pattern vectors being x with their probability density O p(x|W, {x,}p)
characterized by W and being into the training set {x,} p relative to the number of training
vectors with their probability density characterized by W from the training set {x,}p:

no. patterns being x, with W, in {x,}p
pIW,{x,}p) = -

no. patterns with W, in {x,}p

p(W|{xp}p) represents the ratio of pattern vectors with their probability density charac- O p(W|{x,}p)
terized by W and being into the training set {x,}p relative to the number of training

vectors:

no. patterns with W, in {x,}p

P(W{xp}r) = no. patterns in {x,}p

Then, from the above equations, it gets that:

p(x, Wi{xp}p) = p(x|W, {xp}r) p(W|{xp} P)

The probability density p(x|W,{x,}p) have to be independent of the choice of the sta-
tistically valid training set (same ratio should be in any training set) and consequently it
reduces to p(x|W). Finally:

p(xl{x,}p) = / D)W {3y} ) AV (B.28)
w
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|:| Remarks:
O By contrast with other statistical methods who tries to find the best set of param-
eters W, the Bayesian inference method performs an weighted average over the
W space, using all possible sets of ¥ parameters according to their probability
to be the right choice.
The probability density of the whole set {x,}p is the product of densities for each x,
(assuming that the set is statistically significant):
p({xp}p|W) = Hp xp| W)
From the Bayes theorem and using the above equation:
p{xp} W) p(W) _
p(W{xp}p) = p(x,|W) (B.29)
v P({(x,}r) {x,,}P H v
p({Xp}p) plays the role of a normalization factor, and from the condition of normalization
for pWI{x,}p): [ P(WI{x,}p) dW = 1, it follows that:
p(ix,}r) = [ oV Hp xp|17) d (8.30)
w
|:| Remarks:
O Let consider a unidimensional Gaussian distribution with the standard deviation
o known and try to find the parameter u from a training set {x,}p.
The probability density of p will be modeled also as a Gaussian characterized by
O py. oy parameters 1, and o,.

p(p) = \/%Uu exp {_%]

where this form of p(u) expresses the prior knowledge of the probability density
for 1 and then a large value for o, should be chosen (large variance).

(B.31)

Using the training set, the posterior probability p(u|{xp}p) is calculated for p:

P(ul{xp}p) Hp (p 1) (B.32)

Assuming a Gaussian distribution for p(zp|u) then:

_ 1 _(l'p_,u)z
agh) = o exp | -2t (.39

From (B.30) and (B.33)

oo P
p({xp}p) = / p(u) T (el dp (B.34)

YN p=1
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_ 1 i (1 = pu)”
a (2#)%0 of /exp[ 207, 20’2 Z zi)
B — 00
P
Let () = > x, be the mean of the training set. O (z)

p=1

Replacing (B.31), (B.33) and (B.34) back into (B.32) gives:

p(ul{x,} p) ox exp (—“_2 o P uP<w>> .

202 UZ 202 o2
L+ by g P\ ®
(o (o8 O'
p(pl{xp}p) = const. exp | ——— p— l+£
aﬁ 2

(const. being the normalization factor). This expression shows that p(u|{x,}p)
is also a Gaussian distribution characterized by the parameters:

_ Poi(x) + 07, ind 5 — o202
#= Po? + o2 o Po? + o2

For P — oo: it — (z) and & = 0. Plim o = 0 shows that, for P — oo, p itself
— 00
will assume the limit value (z).

0 There is a relationship between the Bayesian inference and maximum likelihood
methods. The likelihood function is defined as:

P{{xp}p|W) = HPXpIW L(W)

then from (B.29):

LW)p(W)

p(W) represents the prior knowledge about W which is low and so p(W) should
be relatively flat, i.e. all W have (relatively) the same probability (chance). Also,

by construction, £(W) is maximum for the most probable value for W, let W

be that one. Then p(W|{x,}p) have a maximum around w.

If the p(W|{xp}p), maximum in W, is relatively sharp then for P — oo the
integral (B.28) is dominated by the area around W and:

p(x|{x,}p) = / P(XIW) p(W| {3y} ) ATV

w

~ p(x[T¥) / p(W |{x,}p) AW = p(x|TV")
w
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o f

regression
function

Figure B.6: The regression function f(w) approximate the x(w) de-
pendency. The roots wq of f are found by the Robbins—
Monro algorithm.

(because [ p(W|{x,}p)dW =1, ie. p(W|{x,}p) is normalized).
W

The conclusion is that for a large number of training patterns P — oo the
Bayesian inference solution (B.27) approaches the maximum likelihood solution

p(x|W).

|:|B.4 The Robbins—Monro algorithm

This algorithm shows a way of finding the roots of a function stochastically defined.

Let consider 2 variables x and w which are correlated x = x(w). Let £{x|w} be the
expectation of x for a given w — this expression defines a function of w

flw) = &{x|w}

this types of functions being named regression functions.

The regression function f expresses the dependency between the mean of x and w. See
figure B.6.

Let wg be the wanted root. It is assumed that x have a finite variance:
E{(x— f)2|w} = finite (B.35)

and, without any loss of generality, that f(w) < 0 for w < wg and f(w) > 0 for w > wy,
as in figure B.6.

Theorem B.4.1. The root wy, of the regression function f is found by successive iteration,
starting from a value w1 in the vicinity of wy, as follows:

Wir1 = wW; — a;x(w;)

B-4See [Fuk90] pp. 378-380.
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where «; have to satisfy the following conditions:

lim a; =0 (B.36a)

i—00

Z a; = 00 (B.36b)
i=1

> af = finite (B.36c¢)

Proof. The x(w) may be expressed as a sum between the regression function f(w) and some noise &:
x(w) = f(w) + & (B.37)
then, from the definition of the regression function f
Efglw} = E{x|w) — f(w} =0
(f is well defined, so its expectation is f itself).
The difference between w; 1 and wy is
Wit1 —Wo = W; — wo — a; f(w;) — o€
where &; is the noise from x(w;). Taking the expectation of the square of the above expression:

E{(Wit1 —w0)®} — E{(wi — wo)?} = af f2(wi) + afE{€7} — 20;E{(w; — wo)f(wi)}
(E{f(wi)€;} = E{f(w;)}E{€;} because f and £ are statistically independent, so 2a;E{f(w;)€;} =
20a; f(w;)E{€&;} = 0 because of the expectation of &).

By repeating the above procedure over N steps and doing the sum gives:
N

N
E{(Wni1 = wo)’} —E{(wi —wo)’} =D af [f2(wi) + E{€]}] =2 ai&{(wi — wo)f(w:)}

i=1 i=1

It is reasonable to assume that w; is chosen such that f2 is bounded in the chosen vicinity of the searched
root, then let f2(w;) < Fforalli € {1,...N+1} and let £{£2} < E2. (it is assumed that ¢2 is bounded,
see (B.35) and (B.37)). Then:

N N
E{(Wns1 = wo)?} = E{(w1 —wo)?} < (F — E?) Za? - QZaif{(Wi —wo)f(wi)}  (B.38)

E{(wn41 — wo)2} > 0 as being the expectation of a positive quantity. As it was already discussed, w1
is chosen such that £[(w1 — wp)?] is limited. Then the left part of the equation (B.38) is bounded below
by 0.

N-1

The (F —E2) 3 a? term is also finite because of the condition (B.36¢) then, from (B.38):
i=1

N N
0<2) aif{(wi —wo)f(wi)} < (F —Z%)) af =finite =
i=1 =1

N
> ai{(wi — wo) f(w;)} = finite
i=1

Because of the conditions put on the signs of f and w; then (w; —wyp)f(w;) > 0, Vw;, and its expectation
is also positive. Eventually, because of the condition (B.36b) and the above equation then:

Jim E{(wi —wo)f(wi)} =0

i.e. lim w; = wop. and because f changes sign around wy then it's a root for the regression function. [
11— 00

0¢g

og;



366 APPENDIX B. STATISTICAL SIDELINES

|:| Remarks:

O Condition (B.36a) ensure that the process of finding the root is convergent.
Condition (B.36b) ensure that each iterative correction to the solution w; is large
enough. Condition (B.36c) ensure that the accumulated noise (the difference
between x(w) and f(w)) does not break the convergence process.

O The Robbins—Monro algorithm allows for finding the roots of f(w) without know-
ing the exact form of the regression function.

O A possible candidate for a; coefficients is

1
ai:i—n , ne€(1/2,1]

|:|B.5 Learning vector quantization

|:| Remarks:

0 my O Vector quantization is used in signal processing to replace a vector x € Cj, by
a representative my, for it's class. The collection of all representatives {m} is
codebook named codebook. Then, instead of sending each x, the codebook is send first

and then just the index of my, (closest to x) instead of x.

The representatives are chosen by starting with some set and then updating it
using a rule similar to the following: at step ¢ a vector x from the “training set”
is taken in turn and the representatives are updated/changed in discrete steps:

My(p41) = My + aft) (X —my))  for my closest to x
Mmy(s41) = My(s) no change, for all other my,

O «aft) where «(t) is a function of the “discrete time” ¢, usually decreasing in time.

The my, vectors should be chosen as representative as possible. It is also possible to choose
several my, vectors per each class (this is particularly necessary if a class is represented by
some disconnected subspaces X € X in the pattern space).

There are several methods of updating the code vectors. The simplest method is named
LVQ1 LVQ1 and the updating rule is:
Mypy1) = My + at) (x — mk(t)) for x € Cy, (B.39)

my(;41) = My — at) (X —my) for all other my

i.e. not only the my, is pushed towards an “average” of class Cj, but all others are spread in
the opposite direction. The «(t) is chosen to start with some small value, a(0) < 0.1 and
decreasing linearly towards zero.

oLvQ1 Another variant, named OLVQ1, uses the same rule (B.39) but different a(¢) function for
&93
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each my,
. (T
ar(t+1) = f:’ék)(t) for x € Cy, (B.40)
ap(t+1) = 1 —koiz)(t) otherwise

i.e. ay, is decreased for the correct class and increased otherwise. The above formula may O 4(¢)
be justified as follows. Let §(¢) be defined as:

+1 for correct classification
—1 otherwise

then, from (B.39), it follows that:

my ;4 1) = Myp) + 0(t) at) [xe) — my(y] = [1 = 0(2) a(t)Jmy ) + 0(2) a(t) x()
myy =[1=6(t—1)at —1)Jmyg_1) +6(t — 1) a(t —1)x;_1) -
my41) = [1 =) a®)][l =6t = 1) at = D]my_y) (B.41)
+[1=0() a®)]6(t —1) alt — 1) xq_1) +6(t) a(t) X
i.e. the code vectors my,;; 1) are a linear combination of the training set and the initial code

vectors my, ().

Now let consider that x(;_1) = X(4), then consistency requires that my;) = my 1) and
thus 6(t — 1) = 6(t). x;—1) and x4 being identical should have the same contribution to
my;41), i.e. their coefficients in (B.41) should be equal:

[1—6(t) a(®lalt — 1) = a(t)

which leads directly to (B.40).

Another procedure to build the code vectors is LVQ2.1. For each x the two closest code LVQ2.1
vectors are found. Then these two code vectors are updated if:

e one is of the same class as x, let m—_ be this one, Om=, my, f
e the other is of different class, let m_. be that one and

e X is near the middle between the two code vectors:

—m_ — 1—
i (el e maly 1
=l = m_] ) 7 T+

where f ~ 0.25.

|:| Remarks:

O The last rule from above may be geometrically interpreted as follows: let consider
that the x is sufficiently close to the line connecting m— and m... See figure B.7
on the next page.

In this case it is possible to make the approximations:

lx —m-|| ~d= and |[|Jx —my| ~ds
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[[x — m|]

Figure B.7: The geometrical interpretation of the LVQ2.1 rule. The
x point is projected onto the line connecting m— and m.

and there are 2 cases, one of them being

. (d= dy de _1—f 1+ f
= Z )\ =2=s 4 d d—1J
mm(d#’d:) d¢>1—|—f = ¢<,1_f
2 d- _1—-f
d=d d— < d——— =
= £+ d= < d= 1—f = d > 5
the other case giving a similar result: %f— > % i.e. in either case the projection

of x is at least at a fraction (1 — f)/2 of d from m— and m_.
The updating formula for LVQ2.1 is:

m_ ;1) = Mo(y) + a(t)[x - m:(t)]
M (1) = My () — at)[x — my)]

While the LVQ2.1 updates the codebook less frequently than the previous procedures it
tends to over adapt the code vectors.

The LVQ3 was developed to prevent the over adaptation of LVQ2.1 method. This algorithm
is similar to LVQ2.1 but if the two closest code vectors, let m’_ and m” be the ones, are
of the same class then they are also updated according to the formula:

m_ ) =ml +ea(t)x —m_,] and

ml(t_,'_l) = ml(t) + €a(t)[x — ml(t)]

where ¢ is a tunable parameter, usually chosen in the interval [0.1,0.5].

|:| Remarks:

O In practice usually OLVQ1 is run first (on the rapid changing code vectors part)
and then LVQ1 and/or LVQ3 is used to make the fine adjustments.
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2/3 rule, 85, 86, 94, 98, 101

activation function, see function, activation
adaline, see percepton
adaptive backpropagation, see algorithm, back-
propagation, adaptive
Adaptive Resonance Theory, see ART
algorithm
ART1, 99
ART?2, 107
backpropagation, 16, 162, 320
adaptive, 21, 23, 321
batch, 163
momentum, 20, 23, 24, 321
quick, 224
standard, 13, 19
SuperSAB, 23, 321
vanilla, see standard
BAM, 49, 53, 322
branch and bound, 242
CPN, 81
EM, 181, 240, 357
expectation—maximization, see EM
gradient descent, 218
Levenberg-Marquardt, 234
line search, 225
Metropolis, 296
model trust region, 235
optimal brain damage, 266
optimal brain surgeon, 267
Robbins—Monro, 124, 181, 219
sequential search, 243
simulated annealing, 296
SOM, 40, 321
ANN, iii, 3
output, 112, 190
asymmetric divergence, 125, 211

BAM, 48
Bayes
rule, 116, 119, 354
theorem, 288, 342
Bayesian learning, 361
bias, 18, 123, 129, 160, 188, 254
average, 254
bias-variance tradeoff, 255
Bidirectional Associative Memory, see BAM
bit, 211
Boltzmann constant, 208
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certain event, 210
city-block metric, see error, city-block metric
class, 111
classification, 116, 197
clique, 307
codebook, 366
complexity criteria, 273
conditional independence, 308
confusion matrix, 120
conjugate direction, 226, 228
conjugate directions, 226
contrast enhancement, 86, 108
function, see function, contrast enhance-
ment
counterpropagation network, see network, CPN
course of dimensionality, 113, 237, 255
cross-validation, 273
curse of dimensionality, 241
cycle, 307

DAG, 307, 313
decision
boundary, 116, 117, 119
region, 116
tree, 301
splitting, 301
delta rule, 12, 142, 143, 145, 146, 162, 163, 219
deviance, 127
dimensionality reduction, 237, 245
discrete time approximation, 219
distance
Euclidean, 325, 350
Hamming, 325
Kullback-Leiber, see asymetric divergence
Mahalanobis, 241, 348
distribution, 191
Bernoulli, 136
conditional, 194
Gaussian, 191, 209, 261, 274, 345
multidimensional, 346
unidimensional, 345
Laplacian, 192

edge, 307
eigenvalue, 36, 327, 328
spectrum, 327
eigenvector, 36, 327, 347
encoding
one-of-k, 68, 73, 81, 108, 197, 203, 205,
212, 239
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entropy, 208, 210, 302
cross-entropy, 202, 203
differential, 209
equation
Riccati, 33
simple, 32
trivial, 32
error, 163, 176, 186, 212, 215, 218
absolute, 203
bar, 191
city-block metric, 192
cross-entropy, 213
function, 114, 185
gradient, 12-15, 17
Minkowski, 192, 213
quadratic, 232
relative, 203
RMS, 115, 187
root-mean-square, see error, RMS
sum-of-squares, 11, 12, 15, 17, 19, 114,
137, 143, 149, 163, 167, 171, 176,
177, 182, 190, 203, 213, 253, 268,
274, 279-281
surface, 12, 20, 24, 26, 215, 217, 256
Euler-Lagrange equation, 176
evidence, 288
approximation, 287
exception, 115
exemplars, 47
expectation, 87, 90, 343

feature extraction, 114, 237
feedback, 31

auto, 54
indirect, 30, 91
lateral, 41, 91

feedforward network, see network, feedforward
Fisher criterion, 148, 152, 199
Fisher discriminant, 149, 265
flat spot elimination, 20
Fletcher-Reeves formula, 230
function
¢-Dirac, 125, 176, 197, 204, 353
activation, 3-6, 40, 57, 90, 92, 134, 198,
217
exponential-distribution, 7
hyperbolic-tangent, 6
identity, 48, 175, 199
logistic, 5, 6, 10, 15, 19, 135, 163, 202,
206, 259
pulse-coded, 7
ratio-polynomial, 7
sigmoidal, 157, 285
threshold, 5, 6, 7, 135, 154
BAM
energy, 51
contrast enhancement, 102
discriminant, 117
energy
BAM, 52, 56
error, see error
Euler, 192, 292, 331, 353
even, 330

feedback, 30, 74, 75, 91
Gaussian, 174, 175
Green, 176
Heaviside, 160
Hopfield
energy, 55, 56, 57, 59
kernel, 178, 195, 248, 352
Lagrange, 334
Liapunov, 51
likelihood, 121, 123, 185, 192, 202, 205,
261, 315
multi-quadratic, 174
radial basis, 173, 174
regression, 364
softmax, 195, 206, 263, 272, 356
stop, 43

generalization, 15, 112, 115
Gini index, 302
graph, 307
ancestral, 308
boundary, 308
chordal, see graph, triangulated
complete, 307
connected, 307
directed, 307
directed acycled, see DAG
moral, 314
polytree, 308
tree, 307
chain, 310
join, 312
triangulated, 312
undirected, 307

Hadamard product, iii
Hamming
distance, see distance, Hamming
space, 50, 325
vector, see vector, bipolar
Hessian, 127, 166, 172, 256, 266, 281, 288
inverse, 166, 168
Hestenes-Stiefel formula, 230
histogram, 350
K-nearest-neighbors, 351, 353
kernel method, 351
hyperprior, 288

importance sampling, 296

information, 210
criterion, 128

input normalization, 238

invariance, 247
translation, 250

Jacobian, 164, 247
Jensen’s inequality, 132, 335, 357

Karhunen-Loéve transformation, 245

kernel function, see function, kernel

Kohonen, see SOM

Kronecker symbol, 118, 165, 196, 197, 347, 356
Kroneker symbol, 38, 48, 61
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L'Hospital rule, 302
Lagrange multiplier, 334
layer
competitive, 74, 75, 88, 91
hidden, 73
input, 68
output, 76
learning, 5, 11, 112, 217
ART1
fast, 94, 95
ART2
fast, 104
batch, 219
Bayesian, 275, 276
constant, 12, 17, 22, 27, 81, 107, 142, 163,
181, 219
adaptive decreasing factor, 22
adaptive increasing factor, 22
error backpropagation threshold, 17
flat spot elimination, 20, 27
momentum, 20, 27, 221
convergence, 146
incomplete, 38, 40, 45
reinforced, 112
sequential, 219
set, 5, 112, see set, learning
speed, 221
stop, 218
supervised, 5, 11, 112, 182
unsupervised, 5, 29, 31, 39, 112, 243
Learning Vector Quantization, see LVQ
least squares technique, 182
lexicographic convention, 65
linear discriminant analysis, 349
linear separability, 129, 132, 146
loss matrix, see matrix, loss
LvVQ
LVQ1, 366
LVQ2.1, 367
LVQ3, 368
OoLVvQl, 366

macrostate, 207
Markov
chain, 310
properties, 308
matrix
covariance, 198
between-class, 148, 151
within-class, 148, 151
loss, 117, 201
positive definite, 329
pseudo-inverse, 140
memory, 20, 22, 24
associative, 47
interpolative, 47
autoassociative, 48, 54
crosstalk, 52
heteroassociative, 47, 67
Hopfield
continuous, 57, 60, 322
discrete, 54, 60, 322
gain parameter, 57

saturation, 52
microstate, 207
misclassification, 304

penalty, 117, 118
missing data, 97, 239, 306
mixture model, 179, 194
mixture of experts, 271
moment, 248

central, 248

regular, 248
momentum, see algorithm, backpropagation, mo-

mentum
Monte Carlo method, 295
multiplicity, 207

Nadaraya-Watson estimator, 178
nat, 211
network
ART, 85, 155
ART1, 85
ART2, 100
autoassociative, 245
backpropagation, 9
BAM, 48
cascade correlation, 264
committee, 218, 268
CPN, 67, 155
architecture, 67
feedforward, 3, 4, 9, 153, 154, 170
growing method, 264
higher order, 5, 250
Hopfield
continuous, 57
discrete, 54
Kohonen, see network, SOM
layer
hidden, 26
output, 197
performance, 113
pruning method, 264
recurrent, 3
SOM, 4, 29
neuron, 3
excitation, 68
gain control, 85, 88
hidden, 72
instar, 71, 73
neighborhood, 31, 39, 41, 42
function, 41
output, 70
outstar, 76
pruning, 268
reset, 85
saliency, 268
winner, 41
neuronal neighborhood, see neuron, neighborhood
Newton direction, 233
noise, 52, 97, 98, 186, 253
norm
Lg, 192
Euclidean, 102, 107, 189
NP-problem, 60
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Occam factor, 293 average, 254
operator input dependent, 193
Nabla, 126 vector
outlier, 113, 188, 193, 343 binary, 50, 96, 99, 136, 155
overadaptation, 142 bipolar, iv, 50, 52, 53
overtraining, 16 bynary, iv
code, 366
Parzen window, see function, kernel normal distribution, 349
path, 307 orthogonal, 50
pattern, 111 target, 114, 197
reflectance, 71 large, 203
space, 112 threshold, 55
perceptron, 136, 144, 179 vertex, 307
Polak-Ribiere formula, 230 child, 307
postprocessing, 237 parent, 307
prediction, 191 root, 307
preprocessing, 237, 248 vigilance parameter, 97
principal component, 243, 245
probability weight, 112
class-conditional, 342 decay, see regularization, weight decay
density, 343 effective number, 274, 289
distribution, 342, 343 saliency, 266
doubt, 117 shared, 250
join, 341 soft, 261
misclassification, 116 space, 31, 39
posterior, 116, 197, 342 symmetry, 161, 215
prior, 341 well-determined, 289
pruning, 266 whitening, 238

winner-takes-all, see layer, competitive

random walking, 296
Rayleigh quotient, 38, 328 XOR problem, 134
recursive model, 314
reflectance pattern, see pattern, reflectance
regression, 112
regularization, 115, 247, 255

parameter, 176, 248, 255

weight decay, 280
reject area, 119
rejects, 113
representation

marginal, 313

potential, 314

set-chain, see representation, marginal
risk, 117

averaging, 299

Self Organizing Maps, see SOM
sequential parameter estimation, 123
set

learning, 10, 114

test, 15, 199

training, 253

validation, 218, 258
signal function, see function, activation

SOM, 40

SuperSAB, see algorithm, backpropagation, Su-
perSAB

theorem

noiseless coding, 211
training, see learning

variance, 191, 218, 238, 254, 343



